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Preface

This volume contains the proceedings of ICTAC 2005, the second ICTAC,
International Colloguium on Theoretical Aspects of Computing. ICTAC 2005
took place in Hanoi, Vietnam, October 17-21, 2005.

ICTAC was founded by the International Institute for Software Technology
of the United Nations University (UNU-IIST) to serve as a forum for practition-
ers, lecturers and researchers from academia, industry and government who are
interested in theoretical aspects of computing and rigorous approaches to soft-
ware engineering. The colloquium is aimed particularly, but not exclusively, at
participants from developing countries. We believe that this will help developing
countries to strengthen their research, teaching and development in computer
science and engineering, improve the links between developing countries and
developed countries, and establish collaboration in research and education. By
providing a venue for the discussion of common problems and their solutions, and
for the exchange of experiences and ideas, this colloquium supports research and
development in computer science and software technology. ICTAC is attracting
more and more attention from more and more countries.

Topics covered by ICTAC include:

— automata theory and formal languages,
— principles and semantics of programming languages,
— logic and its applications,
— software architectures and their description languages,
— software specification, refinement and verification,
— model checking and theorem proving,
— formal techniques in software testing,
— models of object and component systems,
— coordination and feature interaction,
— integration of formal and engineering methods,
— service-oriented and document-driven development,
— models of concurrency, security and mobility,
— theory of parallel, distributed and Internet-based (grid) computing,
— real-time and embedded systems,
— type and category theory in computer science.
Research papers in these topics are always considered by ICTAC.

ICTAC 2005 received 122 paper submissions from 29 countries, and accepted
35 papers. We would like to thank the authors of all submitted papers.

Selecting papers for a program from the large number of submissions in a
fair and competent manner is a hard job. Luckily, ICTAC 2005 had an excellent
Program Committee with highly qualified members from diverse backgrounds
to carry out the job. Each submission was reviewed carefully by at least three
referees working in relevant fields. Borderline papers were further discussed dur-
ing an intensive on-line meeting of the Program Committee. We believe that



VI Preface

the program resulting from this excellent job of the Program Committee was
scientifically very strong. In addition to the contributed papers, the proceedings
also include contributions from invited speakers: Reiko Heckel, Zhiming Liu, José
Meseguer, Rocco De Nicola, and Do Long Van.

Five tutorials were selected as affiliated events of ICTAC 2005. The abstracts
of the tutorials are also included in the proceedings. We express our thanks to
all of the people who submitted tutorial proposals.

Special thanks are due to the Program Committee members and all the ref-
erees, whose names are listed on the following pages, for their assistance in re-
viewing and selecting papers. The help from the Advisory Committee, especially
Zhiming Liu, was invaluable. We express our appreciation to the Organizing
Committee, especially Ho Si Dam, Le Hai Khoi, Le Quoc Hung and Bui The
Duy, and the Publicity Chair, Bernhard Aichernig, for their efforts in making
ICTAC 2005 such a successful and enjoyable event. We would particularly like
to thank Kitty Iok Sam Chan of UNU-IIST for her hard work in maintaining
the conference administration system. We would also like to express our thanks
to all UNU-IIST staff for their active support of ICTAC 2005. Last but not least
we are grateful to Springer for its helpful collaboration and quick publication.

October 2005 Dang Van Hung and Martin Wirsing
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A Rewriting Logic Sampler

José Meseguer

University of Illinois at Urbana-Champaign, USA

Abstract. Rewriting logic is a simple computational logic very well
suited as a semantic framework within which many different models of
computation, systems and languages can be naturally modeled. It is also
a flexible logical framework in which many different logical formalisms
can be both represented and executed. As the title suggests, this pa-
per does not try to give a comprehensive overview of rewriting logic.
Instead, after introducing the basic concepts, it focuses on some recent
research directions emphasizing: (i) extensions of the logic to model real-
time systems and probabilistic systems; and (ii) some exciting applica-
tion areas such as: semantics of programming languages, security, and
bioinformatics.

1 Introduction

Rewriting logic is now a teenager; a quinceanera, as they call adolescent women
reaching 15 in Spain and Latin America. There are hundreds of papers; five
rewriting logic workshops have already taken place and a sixth will meet in
Vienna next March; and a host of tools and applications have been developed.
Taking pictures of this “young person” as it grows up is a quite interesting
intellectual exercise, one that can help other people become familiar with this
field and its possibilities. I, with the help of others, have done my share of
picture taking in earlier stages [6I70[T2/67]. In particular, the “roadmap” [67]
that Narciso Mati-Oliet and I wrote, gives a brief but comprehensive overview
and cites 328 papers in the area as of 2002. This paper takes a different tack. I
will not try to give you an overview. I will give you a sampler, some rewriting
logic tapas if you will, to tease your curiosity so that hopefully you may find
some things that you like and excite your interest.

I should of course say something about my choice of topics for the sampler;
and about some important developments that I do not cover. At the theoretical
level, one of the interesting questions to ask about a formalism is: how general,
flexible and extensible is it? For example, how does it compare in generality to
other formalisms? how can it deal with new application areas? how well can it
be extended in new directions? can it represent its own metalevel? I address
some of these questions by my choice of topics, but I consciously omit others.
The most glaring omission is the theoretical extension from ordinary rewrite
theories to generalized rewrite theories [10], that substantially extend the logic’s
expressive power. For the sake of a simpler exposition, this whole development

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 1-28] 2005.
© Springer-Verlag Berlin Heidelberg 2005



2 J. Meseguer

is relegated here to Footnote [Il T do however discuss two other important the-
oretical extensions, namely, real-time rewrite theories [87] (Section B2l), which
extend rewriting logic to deal with real-time and hybrid systems; and proba-
bilistic rewrite theories [63J642] (Section B3]), that bring probabilistic systems,
as well as systems exhibiting both probabilistic and nodeterministic behavior,
within the rewriting logic fold. In both cases, the generality aspect is quite
encouraging, in the sense that many models of real time and of probabilistic
systems appear as special cases. However, to keep the exposition short, I do not
discuss all those models except in passing, and refer to [87] and [63] for detailed
comparisons. For the generality of rewriting logic itself see [67]. Reflection, that
allows rewriting logic to represent its own metalevel, is of such great theoretical
and practical importance that I also discuss it in Section

At the practical level, one can ask questions such as: how well is this formal-
ism supported by tools? (this I briefly answer in Section 24)); and what are some
exciting application areas? I have chosen three such areas for the sampler: (1)
semantics of programming languages and formal analysis of programs (Section
BI); (2) security (Section [34); and (3) bioinformatics (Section [3.0). Enjoy!

2 What Is Rewriting Logic?

A rewrite theor is a tuple R = (X, E, R), with:

— (X, E) an equational theory with function symbols X' and equations E; and
— R a set of labeled rewrite rules of the general form

rit—t

with ¢, X-terms which may contain variables in a countable set X of vari-
ables which we assume fixed in what follows; that is, ¢ and ¢’ are elements of
the term algebra T'x:(X). In particular, their corresponding sets of variables,
vars(t), vars(t') are both contained in X.

! To simplify the exposition I present here the simplest version of rewrite theories,

namely, unconditional rewrite theories over an unsorted equational theory (X, F). In
general, however, the equational theory (X, F) can be many-sorted, order-sorted, or
even a membership equational theory [71]. And the rules can be conditional, having
a conjunction of rewrites, equalities, and even memberships in their condition, that
is, they could have the general form

rit— 1t if (/\Ui:u;)/\(AUjZS]')/\(/\'LU[ — w))
i j 1

Furthermore, the theory may also specify an additional mapping ¢ : ¥ — P(IN),
assigning to each function symbol f € X (with, say, n arguments) a set ¢(f) =
{it,..yik}, 1 < i1 < ... <ix < n of frozen argument positions under which it is
forbidden to perform any rewrites. Rewrite theories in this more general sense are
studied in detail in [I0]; they are clearly more expressive than the simpler uncon-
ditional and unsorted version presented here. This more general notion is the one
supported by the Maude language [T7/18].
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Intuitively, R specifies a concurrent system, whose states are elements of the
initial algebra T'x/p specified by (X, E), and whose concurrent transitions are
specified by the rules R. The equations ¥ may decompose as a union £ = EyUA,
where A is a (possibly empty) set of structural axioms (such as associativity,
commutativity, and identity axioms). To give a flavor for how concurrent systems
are axiomatized in rewriting logic, I discuss below a fault-tolerant communication
protocol example specified as a Maude [T7JI§] moduld?

mod FT-CHANNEL is

protecting NAT .

sorts NatList Msg MsgSet Channel .
subsorts Nat < NatList

subsorts Msg < MsgSet .

op nil : -> NatList .

op _;_ : NatList NatList -> NatList [assoc id: nil]
op null : -> MsgSet .
op __ : MsgSet MsgSet -> MsgSet [assoc comm id: null]

op [_,_]_[_,_] : NatList Nat MsgSet NatList Nat -> Channel .
op {_,_} : Nat Nat -> Msg .
op ack : Nat -> Msg .

vars NM I J K : Nat .
vars L P Q R : NatList
var MSG : Msg .
var S : MsgSet .

rl [send] : [J ; L,N] S [P,M] => [J ; L,N] {J,N} S [P,M]
rl [recv] : [J ; L,N] {J,K} S [P,M] =>
if K == M then [J ; L,N] S ack(M) [P ; J,s(M)]
else [J ; L,N] S ack(K) [P,M] fi .
rl [ack-recv] : [J ; L,N] ack(K) S [P,M] =>
if K == N then [L,s(N)] s [P,M]

else [J ; L,N] S [P,M] fi .
rl [loss] : [L,N] MSG S [P,M] => [L,N] S [P,M]
endm

This rewrite theory imports the natural numbers module NAT and has an order-
sorted signature X' specified by its sorts, subsorts, and operations. All its equa-
tions are structural axioms A, which in Maude are not specified explicitly as
equations, but are instead declared as attributes of their corresponding opera-
tor: here the list concatenation operator ; has been declared associative and

2 The Maude syntax is so close to the corresponding mathematical notation for defin-
ing rewrite theories as to be almost self-explanatory. The general point to keep in
mind is that each item: a sort, a subsort, an operation, an equation, a rule, etc., is
declared with an obvious keyword: sort, subsort, op, eq (or ceq for conditional equa-
tions), rl (or crl for conditional rules), etc., with each declaration ended by a space
and a period. Another important point is the use of “mix-fix” user-definable syntax,
with the argument positions specified by underbars; for example: if then else fi.
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having nil as its identity element with the assoc and id: keywords. Similarly,
the multiset union operator has been declared with empty syntax (juxtapo-
sition)  and with associativity, commutativity (comm), and identity axioms,
making null its identity element. The rules R are send, recv, ack-recv, and
loss; they are applied modulo the structural axioms A, that is, we get the ef-
fect of rewriting in A-equivalence classes. This theory specifies a fault-tolerant
communication protocol in a bidirectional faulty channel, where messages can
be received out of order and can be lost. The sender is placed at the left of the
channel and has a list of numbers to send and a counter. The receiver is placed
at the right, with also a list of numbers to receive and another counter. The
contents of the channel in the middle is a multiset of messages (since there can
be several repeated copies of the same message). The protocol is fault-tolerant,
in that it will work even when some messages are permuted or lost, provided
the recv and ack-recv rules are applied in a fair way (for fairness in rewriting
logic see [74]).

2.1 Rewriting Logic Deduction

Given R = (X, E,R), the sentences that R proves are rewrites of the form,
t — t/, with ¢,#' € Tx(X), which are obtained by finite application of the
following rules of deduction:

— Reflexivity. For each t € Tx;(X),
u—v Elu=vu Elv=1
u — v
— Congruence. For each f : k1...k, — kin X, and ¢;,¢]
n7

t— 1t
— Equality.
eTx(X),1<i<

ty —th ... t, —

ftr, o tn) — f(th, .. t)

— Replacement. For each substitution 6 : X — Tx(X), and for each rule
r:t — t'in R, with, say, vars(t) Uvars(t') = {x1,..., 2}, and 0(x;) = py,
1 <[ <n, then
pr—p - PP,
o(t) — 0'(t')

where for 1 < ¢ < n, 0'(x;) = pj, and for each z € X — {x1,..., 2},
0'(z) = 0(x).
— Transitivity.
i1 —ty  ta — i3
t1 — t3
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We can visualize the above inference rules as follows:

Reflexivity

t . t
Equality

u g v

| |

u g v
Congruence
Replacement
Transitivity

t1 t3
ta

The notation R + t — ¢’ states that the sequent ¢ — ¢’ is provable in
the theory R using the above inference rules. Intuitively, we should think of
the inference rules as different ways of constructing all the (finitary) concurrent
computations of the concurrent system specified by R. The Reflexivity rule says
that for any state t there is an idle transition in which nothing changes. The
Equality rule specifies that the states are in fact equivalence classes modulo
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the equations F. The Congruence rule is a very general form of “sideways
parallelism,” so that each operator f can be seen as a parallel state constructor,
allowing its arguments to evolve in parallel. The Replacement rule supports a
different form of parallelism, which could be called “parallelism under one’s feet,”
since besides rewriting an instance of a rule’s lefthand side to the corresponding
righthand side instance, the state fragments in the substitution of the rule’s
variables can also be rewritten. Finally, the Transitivity rule allows us to build
longer concurrent computations by composing them sequentially.

For execution purposes, a rewrite theory R = (X, E, R) should satisfy some
additional requirements. As already mentioned, the equations E may decompose
as a union E = Ey U A, where A is a (possibly empty) set of structural axioms.
We should require that matching modulo A is decidable, and that the equations
Ey are ground Church-Rosser and terminating modulo A; furthermore, the rules
r:t — t' in R should satisfy vars(t') C vars(t), and should be coherent with
respect to £ modulo A [I09]. In the Maude language [I7JI8], modules are rewrite
theories that are assumed to satisfy the above executability requirements (in an
extended form that covers conditional rules [17]).

2.2 Operational and Denotational Semantics of Rewrite Theories

A rewrite theory R = (X, E, R) has both a deduction-based operational seman-
tics, and an initial model denotational semantics. Both semantics are defined
naturally out of the proof theory described in Section 21l The deduction-based
operational semantics of R is defined as the collection of proof terms [6910] of
the form a : t — /. A proof term « is an algebraic description of a proof tree
proving R -t — t' by means of the inference rules of Section ZIl As already
mentioned, all such proof trees describe all the possible finitary concurrent com-
putations of the concurrent system axiomatized by R. When we specify R as a
Maude module and rewrite a term ¢t with the rewrite or frewrite commands,
obtaining a term t’ as a result, we can use Maude’s trace mode to obtain what
amounts to a proof term « : t — ¢’ of the particular rewrite proof built by the
Maude interpreter.

A rewrite theory R = (X, E, R) has also a model theory, so that the inference
rules of rewriting logic are sound and complete with respect to satisfaction in the
class of models of R [69/10]. Such models are categories with a (X, E)-algebra
structure [6910]. These are “true concurrency” denotational models of the con-
current system axiomatized by R. That is, this model theory gives a precise
mathematical answer to the question: when do two descriptions of two concur-
rent computations denote the same concurrent computation? The class of models
of a rewrite theory R = (X, E, R) has an initial model Tr [6910]. The initial
model semantics is obtained as a quotient of the just-mentioned deduction-based
operational semantics, precisely by axiomatizing algebraically when two proof
terms a : t — t' and 8 : u — v’ denote the same concurrent computation.
Of course, a and [ should have identical beginning states and identical ending
states. By the Equality rule this forces F ¢t = u, and E + ¢/ = «/. That, is,
the objects of the category 7g are E-equivalence classes [t] of ground X-terms,
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which denote the states of our system. The arrows or morphisms in 7z are equiv-
alence classes of proof terms, so that [a] = [8] iff both proof terms denote the
same concurrent computation according to the “true concurrency” axioms. Such
axioms are very natural. They for example express that the Transitivity rule
behaves as an arrow composition and is therefore associative. Similarly, the Re-
flexivity rules provides an identity arrow for each object, satisfying the usual
identity laws.

As discussed in Section 4.1 of [67], rewriting logic is a very general semantic
framework in which a wide range of concurrency models such as process calculi,
Petri nets, distributed object systems, Actors, and so on, can be naturally ax-
iomatized as specific rewrite theories. Furthermore, as also explained in Section
4.1 of [67], the algebraically-defined true concurrency models of rewriting logic
include as special cases many other true concurrency models such as residual
models of term rewriting, parallel A-calculus models, process models for Petri
nets, proved transition models for CCS, and partial order of events models for
object systems and for Actors. Note, however, that a rewrite rule

rit—t

has two complementary readings, one computational, and another logical. Com-
putationally, as already explained, it axiomatizes a parametric family of con-
current transitions in a system. Logically, however, it represents and inference
ruldd in a logic, whose inference system is axiomatized by R. It turns out that,
with this second reading, rewriting logic has very good properties as a logical
framework, in which many other logics can be naturally represented, so that we
can simulate deduction in a logic as rewriting deduction in its representation
[66].

2.3 Reflection

Reflection is a very important property of rewriting logic [22IT5I23I24]. Intu-
itively, a logic is reflective if it can represent its metalevel at the object level
in a sound and coherent way. Specifically, rewriting logic can represent its own
theories and their deductions by having a finitely presented rewrite theory U
that is universal, in the sense that for any finitely presented rewrite theory R
(including U itself) we have the following equivalence

REt—t & UF{(R,t)— (R, ),

3 The use of conditional rewrite rules is of course very important in this logical reading.
Logically, we would denote a conditional rewrite rule

rit— 1t if (/\ui:u;)/\(/\vj:sj)/\(/\wl — w))
i j 1

as an inference rule

(Niwi = ui) AN(N; 50 85) A (N wr — wp)

t—st
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where R and ¢ are terms representing R and t as data elements of /. Since U
is representable in itself, we can achieve a “reflective tower” with an arbitrary
number of levels of reflection [I5IT6].

Reflection is a very powerful property: it allows defining rewriting strategies
by means of metalevel theories that extend ¢/ and guide the application of the
rules in a given object-level theory R [15]; it is efficiently supported in the Maude
implementation by means of descent functions [16]; it can be used to build a
variety of theorem proving and theory transformation tools [I5[T920025]; it can
endow a rewriting logic language like Maude with powerful theory composition
operations [40/353742]; and it can be used to prove metalogical properties about
families of theories in rewriting logic, and about other logics represented in the
rewriting logic (meta-)logical framework [52114].

2.4 Maude and Its Formal Tools

Rewrite theories can be executed in different languages such as CafeOBJ [53],
and ELAN [7]. The most general support for the execution of rewrite theories
is currently provided by the Maude language [17/18], in which rewrite theories
with very general conditional rules, and whose underlying equational theories
can be membership equational theories [71], can be specified and can be exe-
cuted, provided they satisfy the already-mentioned requirements. Furthermore,
Maude provides very efficient support for rewriting modulo any combination of
associativity, commutativity, and identity axioms. Since an equational theory
(X, E) can be regarded as a degenerate rewrite theory of the form (X, E, &),
equational logic is naturally a sublogic of rewriting logic. In Maude this sublogic
is supported by functional modules [I7], which are theories in membership equa-
tional logic.

Besides supporting efficient execution, typically in the order of several million
rewrites per second, Maude also provides a range of formal tools and algorithms
to analyze rewrite theories and verify their properties. A first very useful formal
analysis feature is its breadth-first search command. Given an initial state of
a system (a term), we can search for all reachable states matching a certain
pattern and satisfying an equationally-defined semantic condition P. By making
P = =@, where @) is an invariant, we get in this way a semi-decision procedure
for finding failures of invariant safety properties. Note that there is no finite-state
assumption involved here: any executable rewrite theory can thus be analyzed.
For systems where the set of states reachable from an initial state are finite,
Maude also provides a linear time temporal logic (LTL) model checker. Maude’s
is an explicit-state LTL model checker, with performance comparable to that of
the SPIN model checker [58] for the benchmarks that we have analyzed [45/46].

As already pointed out, reflection is a key feature of rewriting logic, and
is efficiently supported in the Maude implementation through its META-LEVEL
module. One important fruit of this is that it becomes quite easy to build new
formal tools and to add them to the Maude environment. Indeed, such tools
by their very nature manipulate and analyze rewrite theories. By reflection,
a rewrite theory R becomes a term R in the universal theory, which can be
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efficiently manipulated by the descent functions in the META-LEVEL module. As a
consequence, Maude formal tools have a reflective design and are built in Maude
as suitable extensions of the META-LEVEL module. They include the following:

— the Maude Church-Rosser Checker, and Knuth-Bendix and Coherence Com-
pletion tools [T94TI3836]

— the Full Maude module composition tool [35/42]

— the Maude Predicate Abstraction tool [8§]

— the Maude Inductive Theorem Prover (ITP) [I5/19/25]

— the Real-Time Maude tool [82] (more on this in Section B.2))

— the Maude Sufficient Completeness Checker (SCC) [57]

— the Maude Termination Tool (MTT) [39].

3 Some Research Directions

3.1 The Rewriting Logic Semantics Project

The fact that rewriting logic specifications provide an easy and expressive way
to develop executable formal definitions of languages, which can then be sub-
jected to different tool-supported formal analyses, is by now well established
[L07URITO8IT03/9873IT05T A0 TITO6I5 14959197576 T3IT2I5026/933l9927777] . ITn
fact, the just-mentioned papers by different authors are contributions to a collec-
tive ongoing research project which we call the rewriting logic semantics project.
What makes this project promising is the combination of three interlocking facts:

1. that rewriting logic is a flexible and expressive logical framework that unifies
denotational semanticd] and SOS in a novel way, avoiding their respective
limitations and allowing very succinct semantic definitions (see [77]);

2. that rewriting logic semantic definitions are directly executable in a rewrit-
ing logic language such as Maude [I7], and can thus become quite efficient
interpreters (see [76l77]) ; and

3. that generic formal tools such as the Maude LTL model checker [45], the
Maude inductive theorem prover [19)25], and new tools under development
such as a language-generic partial order reduction tool [50], allow us to amor-
tize tool development cost across many programming languages, that can
thus be endowed with powerful program analysis capabilities; furthermore,
genericity does not necessarily imply inefficiency: in some cases the analyses
so obtained outperform those of well-known language-specific tools [51149].

For the most part, equational semantics and SOS have lived separate lives.
Although each is very valuable in its own way, they are “single hammer” ap-
proaches and have some limitations [77]. Would it be possible to seamlessly

41 use in what follows the broader term equational semantics —that is, semantics
based on semantic equations— to emphasize the fact that higher-order denotational
and first-order algebraic semantics have many common features and can both be
viewed as instances of a common equational semantics framework.
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unify them within a more flexible and general framework? Could their respec-
tive limitations be overcome when they are thus unified? Rewriting logic does
indeed provide one such unifying framework. The key to this, indeed very simple,
unification is what Grigore Rossu and I call rewriting logic’s abstraction knob.
The point is that in equational semantics’ model-theoretic approach entities are
identified by the semantic equations, and have unique abstract denotations in
the corresponding models. In our knob metaphor this means that in equational
semantics the abstraction knob is always turned all the way up to its maximum
position. By contrast, one of the key features of SOS is providing a very de-
tailed, step-by-step formal description of a language’s evaluation mechanisms.
As a consequence, most entities —except perhaps for built-in data, stores, and
environments, which are typically treated on the side— are primarily syntactic,
and computations are described in full detail. In our metaphor this means that
in SOS the abstraction knob is always turned down to its minimum position.

How is the unification and corresponding availability of an abstraction knob
achieved? Since a rewrite theory (X, E, R) has an underlying equational theory
(X, E) with X' a signature of operations and sorts, and E a set of (possibly
conditional) equations, and with R a set of (possibly conditional) rewrite rules,
equational semantics is then obtained as the special case in which R = &, so we
only have the semantic equations FE and the abstraction knob is turned up to
its maximum position. Roughly speakingE SOS is then obtained as the special
case in which E = @, and we only have (possibly conditional) rules R rewriting
purely syntactic entities (terms), so that the abstraction knob is turned down to
the minimum position.

Rewriting logic’s “abstraction knob” is precisely its crucial distinction be-
tween equations E and rules R in a rewrite theory (X, E, R). States of the
computation are then FE-equivalence classes, that is, abstract elements in the
initial algebra T's;/p. Because of rewriting logic’s Equality inference rule (see
Section [Z]) a rewrite with a rule in R is understood as a transition [t] — [t/]
between such abstract states. The knob, however, can be turned up or down. We
can turn it all the way down to its minimum by converting all equations into
rules, transforming (X, F, R) into (X, @, RU E). This gives us the most con-
crete, SOS-like semantic description possible. Instead, to make a specification
as abstract as possible we can identify a subset Ry C R such that: (1) RyU E
is Church-Rosser; and (2) Ry is biggest possible with this property. In actual
language specification practice this is not hard to do. Essentially, we can use se-
mantic equations for most of the sequential features of a programming language:
only when interactions with memory could lead to nondeterminism (particularly
if the language has threads, or they could later be added to the language in
an extension) or for intrinsically concurrent features are rules (as opposed to

51 gloss over the technical difference that in SOS all computations are “one-step”
computations, even if the step is a big one, whereas in rewriting logic, because of its
built-in Transitivity inference rule (see Section 2.1]) the rewriting relation is always
transitive. For a more detailed comparison see [76].
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equations) really needed. In this way, we can obtain drastic search space reduc-
tions, making formal analyses much more scalable than if we used only rules.

Many languages have already been given semantics in this way using Maude.
The language definitions can then be used as interpreters, and —in conjunction
with Maude’s search command and its LTL model checker— to formally ana-
lyze programs in those languages. For example, large fragments of Java and the
JVM have been specified in Maude this way, with the Maude rewriting logic
semantics being used as the basis of Java and JVM program analysis tools that
for some examples outperform well-known Java analysis tools [5149]. A similar
Maude specification of the semantics of Scheme at UTUC yields an interpreter
with .75 the speed of the standard Scheme interpreter on average for the bench-
marks tested. The specification of a C-like language and the corresponding formal
analyses are discussed in detail in [77]. A semantics of a Caml-like language with
threads was discussed in detail in [76], and a modular rewriting logic semantics
of CML has been given by Chalub and Braga in [I3]. d’Amorim and Rosu have
given a definition of the Scheme language in [27]. Other language case studies,
all specified in Maude, include: be [9], CCS [107/1089], CIAO [99], Creol [59],
ELOTOS [105], MSR [11I97], PLAN [98/99], and the pi-calculus [I03]. In fact,
the semantics of large fragments of conventional languages are by now routinely
developed by UIUC graduate students as course projects in a few weeks, includ-
ing, besides the languages already mentioned: Beta, Haskell, Lisp, LLVM, Pict,
Python, Ruby, and Smalltalk.

Besides search and model checking analyses, it is also possible to use a lan-
guage’s semantic definition to perform semantics-based deduction analyses either
on programs in that language, or even about the correctness of a given logic of
programs with respect to the language’s rewriting semantics. Work in this di-
rection includes [93/326/108/105).

Modularity of semantic definitions, that is, the property that a feature’s se-
mantics does not have to be redefined when a language is extended, is notoriously
hard to achieve. To solve this problem for SOS, Peter Mosses has proposed the
modular structural operational semantics (MSOS) methodology [80]. This in-
spired C. Braga and me to develop a similar modular methodology for rewriting
logic semantics [7HJ9]. This has had the pleasant side-effect of providing a Maude-
based execution environment for MSOS specifications, namely the Maude MSOS
Tool developed at the Universidade Federal Fluminense in Brazil by F. Chalub
and C. Braga [12], which is available on the web at http://mmt.ic.uff.br/.

3.2 Real-Time Rewrite Theories and Real-Time Maude

In many reactive and distributed systems, real-time properties are essential to
their design and correctness. Therefore, the question of how systems with real-
time features can be best specified, analyzed, and proved correct in the semantic
framework of rewriting logic is an important one. This question has been inves-
tigated by several authors from two perspectives. On the one hand, an extension
of rewriting logic called timed rewriting logic has been investigated, and has been
applied to some examples and specification languages [62I84J96]. On the other
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hand, Peter Olvecky and I have found a simple way to express real-time and hy-
brid system specifications directly in rewriting logic [85I87]. Such specifications
are called real-time rewrite theories and have rules of the form

{t} —{t}y if C

with 7 a term denoting the duration of the transition (where the time can be
chosen to be either discrete or continuous), {t} representing the whole state of
a system, and C' an equational condition. Peter Olvecky and I have shown that,
by making the clock an explicit part of the state, these theories can be desugared
into semantically equivalent ordinary rewrite theories [S5I87I82]. That is, in the
desugared version we can model the state of a real-time or hybrid system as a
pair (t,r), with ¢ the current state, and with r the current global clock time.
Rewrite rules can then be either instantaneous rules, that take no time and only
change some part of the state t, or tick rules, that advance the global time of the
system according to some time expression r and may also change the state ¢. By
characterizing equationally the enabledness of each rule and using conditional
rules and frozen operators [10], it is always possible to define tick rules so that
instantaneous rules are always given higher priority; that is, so that a tick rule
can never fire when an instantaneous rule is enabled [82]. When time is contin-
uous, tick rules may be nondeterministic, in the sense that the time r advanced
by the rule is not uniquely determined, but is instead a parametric expression
(however, this time parameter is typically subjected to some equational condi-
tion C). In such cases, tick rules need a time sampling strategy to choose suitable
values for time advance. Besides being able to show that a wide range of known
real-time models, (including, for example, timed automata, hybrid automata,
timed Petri nets, and timed object-oriented systems) and of discrete or dense
time values, can be naturally expressed in a direct way in rewriting logic (see
[87]), an important advantage of our approach is that one can use an existing
implementation of rewriting logic to execute and analyze real-time specifications.
Because of some technical subtleties, this seems difficult for the alternative of
timed rewriting logic, although a mapping into our framework does exist [87].
Real-Time Maude [83I8682], is a specification language and a formal tool
built in Maude by reflection. It provides special syntax to specify real-time sys-
tems, and offers a range of formal analysis capabilities. The Real-Time Maude
2.0 tool [R2] systematically exploits the underlying Maude efficient rewriting,
search, and LTL model checking capabilities to both execute and formally an-
alyze real-time specifications. Reflection is crucially exploited in the Real-Time
Maude 2.0 implementation. On the one hand Real-Time Maude specifications are
internally desugared into ordinary Maude specifications by transforming their
meta-representations. On the other, reflection is also used for execution and
analysis purposes. The point is that the desired modes of execution and formal
properties to be analyzed have real-time aspects with no clear counterpart at
the Maude level. To faithfully support these real-time aspects a reflective trans-
formational approach is adopted: the original real-time theory and query (for
either execution or analysis) are simultaneously transformed into a semantically
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equivalent pair of a Maude rewrite theory and a Maude query [82]. In practice,
this makes those executions and analyses quite efficient and allows scaling up to
highly nontrivial specifications and case studies.

In fact, both the naturalness of Real-Time Maude to specify large nontrivial
real-time applications (particularly for distributed object-oriented real-time sys-
tems) and its effectiveness in simulating and analyzing the formal properties of
such systems have been demonstrated in a number of substantial case studies,
including the specification and analysis of advanced scheduling algorithms and
of: (1) the AER/NCA suite of active network protocols [83/81]; (2) the NORM
multicast protocol [65]; and (3) the OGDC wireless sensor network algorithm
[104]. The Real-Time Maude tool is a mature and quite efficient tool freely
available (with source code, a tool manual, examples, case studies, and papers)
from http://www.ifi.uio.no/RealTimeMaude.

3.3 Probabilistic Rewrite Theories and PMaude

Many systems are probabilistic in nature. This can be due either to the uncer-
tainty of the environment in which they must operate, such as message losses
and other failures in an unreliable environment, or to the probabilistic nature of
some of their algorithms, or to both. In general, particularly for distributed sys-
tems, both probabilistic and nondeterministic aspects may coexist, in the sense
that different transitions may take place nondeterministically, but the outcomes
of some of those transitions may be probabilistic in nature. To specify systems of
this kind, rewrite theories have been generalized to probabilistic rewrite theories
in [63064)2]. Rules in such theories are probabilistic rewrite rules of the form

l:t(x) — t'(x,y) if cond(x) with probability y := m.(x)

where the first thing to observe is that the term ¢’ has new variables y disjoint
from the variables & appearing in t. Therefore, such a rule is nondeterministic;
that is, the fact that we have a matching substitution 6 such that 6(cond) holds
does not uniquely determine the next state fragment: there can be many different
choices for the next state, depending on how we instantiate the extra variables y
in ¢'. In fact, we can denote the different such next states by expressions of the
form t'(6(x), p(y)), where 0 is fixed as the given matching substitution, but p
ranges along all the possible substitutions for the new variables y. The probabilis-
tic nature of the rule is expressed by the notation: with probability y := 7,(x),
where m,.(x) is a probability distribution which may depend on the matching
substitution 6. We then choose the values for y, that is, the substitution p,
probabilistically according to the distribution 7,.(6(x)).

The fact that the probability distribution may depend on the substitution 6
can be illustrated by means of a simple example. Consider a battery-operated
clock. We may represent the state of the clock as a term clock(T,C), with T a
natural number denoting the time, and C a positive real denoting the amount
of battery charge. Each time the clock ticks, the time is increased by one unit,
and the battery charge slightly decreases; however, the lower the battery charge,
the greater the chance that the clock will stop, going into a state of the form
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broken(T,C’). We can model this system by means of the probabilistic rewrite
rule

rl [tick]: clock(T,C) => if B then clock(s(T),C - (C / 1000))
else broken(T,C (C / 1000))
fi
with probability B := BERNOULLI(C / 1000)

that is, the probability of the clock breaking down instead of ticking normally de-
pends on the battery charge, which is here represented by the battery-dependent
bias of the coin in a Bernoulli trial. Note that here the new variable on the
rule’s righthand side is the Boolean variable B, corresponding to the result of
tossing the biased coin. As shown in [63], probabilistic rewrite theories can ex-
press a wide range of models of probabilistic systems, including continuous-time
Markov chains [100], probabilistic non-deterministic systems [90J94], and gener-
alized semi-Markov processes [54]; they can also naturally express probabilistic
object-based distributed systems [6412], including real-time ones.

The PMaude language [6412] is an experimental specification language whose
modules are probabilistic rewrite theories. Note that, due to their nondetermin-
ism, probabilistic rewrite rules are not directly executable. However, probabilistic
systems specified in PMaude can be simulated in Maude. This is accomplished by
transforming a PMaude specification into a corresponding Maude specification
in which actual values for the new variables appearing in the righthand side of
a probabilistic rewrite rule are obtained by sampling the corresponding proba-
bility distribution functions. This theory transformation uses three key Maude
modules as basic infrastructure, namely, COUNTER, RANDOM, and SAMPLER. The
built-in module COUNTER provides a built-in strategy for the application of the
nondeterministic rewrite rule

rl counter => N:Nat .

that rewrites the constant counter to a natural number. The built-in strategy
applies this rule so that the natural number obtained after applying the rule is
exactly the successor of the value obtained in the preceding rule application. The
RANDOM module is a built-in Maude module providing a (pseudo-)random number
generator function called random. The SAMPLER module supports sampling for
different probability distributions. It has a rule

rl [rnd] : rand => float(random(counter + 1) / 4294967296)

which rewrites the constant rand to a floating point number between 0 and
1 pseudo-randomly chosen according to the uniform distribution. This floating
point number is obtained by converting the rational number random(counter +
1) / 4294967296 into a floating point number, where 4294967296 is the maxi-
mum value that the random function can attain. SAMPLER has rewrite rules sup-
porting sampling according to different probability distributions; this is based
on first sampling a floating point number between 0 and 1 pseudo-randomly
chosen according to the uniform distribution by means of the above rnd rule.
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For example, to sample the Bernoulli distribution we use the following operator
and rewrite rule in SAMPLER:

op BERNOULLI : Float -> Bool .
rl BERNOULLI(R) => if rand < R then true else false fi

that is, to sample a result of tossing a coin with bias R, we first sample the
uniform distribution. If the sampled value is strictly smaller than R, then the
answer is true; otherwise the answer is false. Any discrete probability distri-
bution on a finite set can be sampled in a similar way. The ordinary Maude
specification that simulates the PMaude specification for a clock with the above
tick probabilistic rewrite rule imports COUNTER, RANDOM, and SAMPLER, and has
then a corresponding Maude rewrite rule

rl [tick] : clock(T,C) => if BERNOULLI(C / 1000.0)
then clock(s(T),C - (C / 1000.0))
else broken(T,C - (C / 1000.0))
fi

For a continuous probability distribution 7 with differentiable density func-
tion dr, and with cumulative distribution function Fr(z) = [ d-(y)dy, we
can use the well-known fact (see for example [89], Thm 8A, pg. 314) that if U
is a random variable uniformly distributed on [0, 1], then F;1(U) is a random
variable with probability distribution 7, to sample elements according to the
distribution 7 by means of a rewrite rule

sample,, — F~'(random)

Of course, m may not be a fixed probability distribution, but a parametric family
m(p) of distributions depending on some parameters p, so that the above rule
will then have extra variables for those parameters.

In general, provided that sampling for the probability distributions used in
a PMaude module are supported in the underlying SAMPLER module, we can
associate to it a corresponding Maude module. We can then use this associated
Maude module to perform Monte Carlo simulations of the probabilistic systems
thus specified. As explained in [2], provided all nondeterminism has been elim-
inated from the original PMaude moduhﬁ, we can then use the results of such
Monte Carlo simulations to perform a statistical model checking analysis of the

5 The point is that, as explained above, in general, given a probabilistic rewrite theory
and a term t describing a given state, there can be several different rewrites, perhaps
with different rules, at different positions, and with different matching substitutions,
that can be applied to ¢. Therefore, the choice of rule, position, and substitution is
nondeterministic. To eliminate all nondeterminism, at most one rule at exactly one
position and with a unique substitution should be applicable to any term t. As ex-
plained in [2], for many systems, including probabilistic real-time object-oriented sys-
tems, this can be naturally achieved, essentially by scheduling events at real-valued
times that are all different, because we sample a continuous probability distribution
on the real numbers.
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given system to verify certain properties. For example, for a PMaude specifica-
tion of a TCP/IP protocol variant that is resistant to Denial of Service (DoS)
attacks, we may wish to establish that, even if an attacker controls 90% of the
network bandwith, it is still possible for the protocol to establish a connection
in less than 30 seconds with 99% probability. Properties of this kind, including
properties that measure quantitative aspects of a system, can be expressed in the
QATEX probabilistic temporal logic, [2], and can be model checked using the
VeStA tool [95]. See [I] for a substantial case study specifying a DoS-resistant
TCP/IP protocol as a PMaude module, performing Monte Carlo simulations
by means of its associated Maude module, and formally analyzing in VeStA its
properties, expressed as QATEX specifications, according to the methodology
just described.

3.4 Security Applications and Narrowing

Security is a concern of great practical importance for many systems, making
it worthwhile to subject system designs and implementations to rigorous formal
analysis. Security, however, is many-faceted: on the one hand, we are concerned
with properties such as secrecy: malicious attackers should not be able to get
secret information; on the other, we are also concerned with properties such as
availability, which may be destroyed by a (DoS) attack: a highly reliable com-
munication protocol ensuring secrecy may be rendered useless because it spends
all its time checking spurious signatures generated by a DoS attacker. Rewrit-
ing logic has been successfully applied to analyze security properties, including
both secrecy and availability, for a wide range of systems. More generally, using
distributed object-oriented reflection techniques [2878], it is possible to analyze
tradeoffs between different security properties, and between them and other sys-
tem properties; and it is possible to develop system composition and adaptation
techniques allowing systems to behave adequately in changing environments.

Work in this general area includes: (1) work of Denker, Meseguer, and Talcott
on the specification and analysis of cryptographic protocols using Maude [29)30]
(see also [92]); (2) work of Basin and Denker on an experimental comparison of
the advantages and disadvantages of using Maude versus using Haskell to analyze
security protocols [6]; (3) work of Millen and Denker at SRI using Maude to give
a formal semantics to their new cryptographic protocol specification language
CAPSL, and to endow CAPSL with an execution and formal analysis environ-
ment [31IB2I33I34]; (4) work of Gutierrez-Nolasco, Venkatasubramanian, Stehr,
and Talcott on the Secure Spread protocol [56]; (5) work of Gunter, Goodloe,
and Stehr on the formal specification and analysis of the L3A security protocol
[55]; (6) work of Cervesato, Stehr, and Reich on the rewriting logic semantics of
the MSR security specification formalism, leading to the first executable envi-
ronment for MSR [IT97]; and (7) the already-mentioned work by Agha, Gunter,
Greenwald, Khanna, Meseguer, Sen, and Thati on the specification and analysis
of a DoS-resistant TCP /IP protocol using probabilistic rewrite theories [IJ.

A related technique with important security applications is narrowing, a sym-
bolic procedure like rewriting, except that rules, instead of being applied by
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matching a subterm, are applied by unifying the lefthand side with a nonvariable
subterm. Traditionally, narrowing has been used as a method to solve equations
in a confluent and terminating equational theory. In rewriting logic, narrowing
has been generalized by Meseguer and Thati to a semi-decision procedure for
symbolic reachability analysis [79]. That is, instead of solving equational goals
dz. t = t/, we solve reachability goals Jz. t — t'. The relevant point for secu-
rity applications is that, since narrowing with a rewrite theory R = (X, E, R)
is performed modulo the equations F, this allows more sophisticated analyses
than those performed under the usual Dolev-Yao “perfect cryptography assump-
tion”. It is well-known that protocols that had been proved secure under this
assumption can be broken if an attacker uses knowledge of the algebraic prop-
erties satisfied by the underlying cryptographic functions. In rewriting logic we
can specify a cryptographic protocol as a rewrite theory R = (X, E, R), and can
model those algebraic properties as equations in E. Under suitable assumptions
that are typically satisfied by cryptographic protocols, narrowing then gives us a
complete semidecision procedure to find attacks modulo the equations E’; there-
fore, any attack making use algebraic properties can be found this way [79)]. Very
recent work in this direction by Escobar, Meadows and Meseguer [47] is using
rewriting logic and narrowing to give a precise rewriting semantics to the infer-
ence system of one of the most effective analysis tools for cryptographic protocols,
namely the NRL Analyzer [68]. Further recent work on narrowing with rewrite
theories focuses on: (1) generalizing the procedure to so-called “back-and-forth
narrowing,” so as to ensure completeness under very general assumptions about
the rewrite theory R [102]; and (2) efficient lazy strategies to restrict as much
as possible the narrowing search space [48].

3.5 Bioinformatics Modeling and Analysis

Biology lacks at present adequate mathematical models that can provide some-
thing analogous to the analytic and predictive power that mathematical mod-
els provide for, say, Physics. Of course, the mathematical models of Chemistry
describing, say, molecular structures are still applicable to biochemistry. The
problem is that they do not scale up to something like a cell, because they are
too low-level. One can of course model biological phenomena at different levels
of abstraction. Higher, more abstract levels seem both the most crucial and the
least supported. The most abstract the level, the better the chances to scale up.

All this is analogous to the use of different levels of abstraction to model digi-
tal systems. There are great scaling up advantages in treating digital systems and
computer designs at a discrete level of abstraction, above the continuous level
provided by differential equations, or, even lower, the quantum electrodynam-
ics (QED) level. The discrete models, when they can be had, can also be more
robust and predictable: there is greater difficulty in predicting the behavior of a
system that can only be modeled at lower levels. Indeed, the level at which biolo-
gists like to reason about cell behavior is typically the discrete level; however, at
present descriptions at this level consist of semi-formal notations for the elemen-
tary reactions, together with informal and potentially ambiguous notations for
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things like pathways, cycles, feedback, etc. Furthermore, such notations are static
and therefore offer little predictive power. What are needed are new computable
mathematical models of cell biology that are at a high enough level of abstraction
so that they fit biologist’s intuitions, make those intuitions mathematically pre-
cise, and provide biologists with the predictive power of mathematical models,
so that the consequences of their hypotheses and theories can be analyzed, and
can then suggest laboratory experiments to prove them or disprove them.

Rewriting logic seems ideally suited for this task. The basic idea is that we
can model a cell as a concurrent system whose concurrent transitions are pre-
cisely its biochemical reactions. In fact, the chemical notation for a reaction like
A B — C D is exactly a rewriting notation. In this way we can develop symbolic
bioinformatic models which we can then analyze in their dynamic behavior just
as we would analyze any other rewrite theory.

Tmplicit in the view of modeling a cell as a rewrite theory (X, E, R) is the
idea of modeling the cell states as elements of an algebraic data type specified by
(X, E). This can of course be done at different levels of abstraction. We can for
example introduce basic sorts such as AminoAcid, Protein, and DNA and declare
the most basic building blocks as constants of the appropriate sort. For example,

ops TUY S KP : -> AminoAcid .
ops 14-3-3 cdc37 GTP Hsp90 Rafl Ras : -> Protein .

But sometimes a protein is modified, for example by one of its component
amino acids being phosphorylated at a particular site in its structure. Consider
for example the c-Raf protein, denoted above by Raf1. Two of its S amino acid
components can be phosphorilated at sites, say, 259 and 261. We then obtain a
modified protein that we denote by the symbolic expression,

[Rafl \ phos(S 259) phos(S 621)]

A fragment, relevant for this example, of the signature X’ needed to symbol-
ically express and analyze such modified proteins is given by the following sorts,
subsorts, and operators:

sorts Site Modification ModSet .
subsort Modification < ModSet .

op phos : Site -> Modification .

op none : -> ModSet .
op __ : ModSet ModSet -> ModSet [assoc comm id: nonel
op __ : AminoAcid MachineInt -> Site .

op [_\_] : Protein ModSet -> Protein [right id: nonel

Proteins can stick together to form complexes. This can be modeled by the
following subsort and operator declarations

sort Complex .
subsort Protein < Complex .
op _:_ : Complex Complex -> Complex [comm]



A Rewriting Logic Sampler 19

In the cell, proteins and other molecules exist in “soups,” such as the cytosol,
or the soups of proteins inside the cell and nucleus membranes, or the soup inside
the nucleus. All these soups, as well as the “structured soups” making up the
different structures of the cell, can be modeled by the following fragment of sort,
subsort, and operator declarations,

sort Soup .
subsort Complex < Soup .
op __ : Soup Soup -> Soup [assoc comm]

op cell{_{_}} : Soup Soup -> Soup .
op nucl{_{_}} : Soup Soup -> Soup .

that is, soups are made up out of complexes, including individual proteins, by
means of the above binary “soup union” operator (with juxtaposition syntax)
that combines two soups into a bigger soup. This union operator models the fluid
nature of soups by obeying associative and commutative laws. A cell is then a
structured soup, composed by the above cell operator out of two subsoups,
namely the soup in the membrane, and that inside the membrane; but this
second soup is itself also structured by the cytoplasm and the nucleus. Finally,
the nucleus itself is made up of two soups, namely that in the nucleus membrane,
and that inside the nucleus, which are composed using the above nucl operator.
Then, the following expression gives a partial description of a cell:

cell{cm (Ras : GTP) {cyto
(([Rafl \ phos(S 259)phos(S 621)] : (cdc37 : Hsp90)) : 14-3-3)
nucl{om{n}}}}

where cm denotes the rest of the soup in the cell membrane, cyto denotes the
rest of the soup in the cytoplasm, and nm and n likewise denote the remaining
soups in the nucleus membrane and inside the nucleus.

Once we have cell states defined as elements of an algebraic data type spec-
ified by (X, E), the only missing information has to do with cell dynamics, that
is, with its biochemical reactions. They can be modeled by suitable rewrite rules
R, giving us a full model (X, E, R). Consider, for example, the following reaction
described in a survey by Kolch [61]:

“Raf-1 resides in the cytosol, tied into an inactive state by the binding of
a 14-3-3 dimer to phosphosterines-259 and -621. When activation ensues,
Ras-GTP binding ... brings Raf-1 to the membrane.”

We can model this reaction by the following rewrite rule:

r1[10]: {CM (Ras : GTP) {CY

(([Rafl \ phos(S 259)phos(S 621)] : (cdc37 : Hsp90)) : 14-3-3) }}

=>

{CM ((Ras : GTP) :

(([Raf1 \ phos(S 259)phos(S 621)] : (cdc37 : Hsp90)) : 14-3-3))
{CY}} .
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where CM and CY are variables of sort Soup, representing, respectively, the rest of
the soup in the cell membrane, and the rest of the soup inside the cell (including
the nucleus). Note that in the new state of the cell represented by the righthand
side of the rule, the complex has indeed migrated to the membrane.

Given a type of cell specified as a rewrite theory (X, E, R), rewriting logic
then allows us to reason about the complexr changes that are possible in the
system, given the basic changes specified by R. That is, we can then use (X, E, R)
together with Maude and its supporting formal tools to simulate, study, and
analyze cell dynamics. In particular, we can study in this way biological pathways,
that is, complex processes involving chains of biological reactions and leading to
important cell changes. In particular we can:

— observe progress in time of the cell state by symbolic simulation, obtaining

a corresponding trace;

answer questions of reachability from a given cell state to another state

satisfying some property; this can be done both forwards and backwards;

answer more complex questions by model checking LTL properties; and

— do meta-analysis of proposed models of the cell to weed out spurious con-
jectures and to identify consequences of a given model that could be settled
by experimentation.

Since the first research in this direction [43], on which the above summary
is based, this line of research has been vigorously advanced, both in develop-
ing more sophisticated analyses of cell behavior in biological pathways, and in
developing useful notations and visualization tools that can represent the Maude-
based analyses in forms more familiar to biologists [44JI01]. In particular, [I0T]
contains a good discussion of related work in this area, using other formalisms,
such as Petri nets or process calculi, that can also be understood as particular
rewrite theories; and shows how cell behavior can be modeled with rewrite rules
and can be analyzed at different levels of abstraction, and even across such levels.
In fact, I view this research area as ripe for bringing in more advanced speci-
fication and analysis techniques —for example, techniques based on real-time
and probabilistic rewrite theories as introduced in this paper— so as to develop
a range of complementary models for cell biology. In this way, aspects such as
the probabilistic nature of cell reactions, their dependence on the concentration
of certain substances, and their real-time behavior could also be modeled, and
even more sophisticated analyses could be developed.

4 Where to Go from Here?

This finishes the sampler. I have tried to give you a feeling for some of the
main ideas of rewriting logic, some of its theoretical extensions to cover en-
tire new areas, and some of its exciting application areas. I did not promise
an overview: only an appetizer. If you would like to know more, I would rec-
ommend the roadmap in [67] for a good overview: it is a little dated by now,
and there are many new references that nobody has yet managed to gather
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together, but this sampler puts the roadmap up to date in some areas; and
reading both papers together is the best suggestion I can currently give for an
introduction.
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Abstract. Classes of codes defined by binary relations are considered. It
turns out that many classes of codes can be defined by length-increasing
transitive binary relations. By introducing a general embedding schema
we show that the embedding problem can be solved in a unified way for
many classes of codes defined in such a way. Several among these classes
of codes can be characterized by means of variants of Parikh vectors.
This is very useful in constructing many-word concrete codes, maximal
codes in corresponding classes of codes. Also, this allows to establish pro-
cedures to generate all maximall codes as well as algorithms to embed a
code in a maximal one in some classes of codes.

Keywords: Code, binary relation, embedding problem, Parikh vector.

1 Introduction

Throughout the paper about codes we mean length-variable codes whose theory
has been initiated by M. P. Shiitzenberger and then developed by many others.
This theory has now become a part of theoretical computer science and of formal
languages, in particular. A code is a language such that every text encoded
by words of the language can be decoded in a unique way or, in other words,
every coded message admits only one facterization into code-words. A simple
application of Zorn’s Lemma showed that every code is included in a maximal
code. For thin codes, regular codes in particular, the maximality is equivalent
to the completeness, which concerns with optimal use of transmission alphabet.
Thus maximal codes are important in both theoretical and practical points of
view. For background of the theory of codes we refer to [IITTI17].

Every regular code is included in a maximal code, which is still regular [4].
There exist however finite codes, which cannot be included in any finite maximal
code [I3I5]. These facts lead to a general question of whether, for a given class
C of codes, every finite (regular) code in C' can be included in a code maximal
in C' (not necessarily maximal as a code) which is still finite (regular, resp.). We
call this the embedding problem for the class C of codes. Until now answer for the
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embedding problem is only known for several cases using different combinatorial
techniques. For prefix codes the answer is positive for the finite case (folklore, see
[1]). The embedding procedure is simple: given a finite prefix code X, it suffices
to add the lacking leaves to the tree associated with X [I]. The regular case
can be solved similarly by using deterministic finite automaton associated with
X [216]. From a well-known result of M. P. Schiitzenberger (see [1]) it follows
that it is impossible to embed a finite code with deciphering delay d # 0 into
a maximal finite code with deciphering delay d’ # 0. For the regular case, the
embedding problem for these codes has been solved positively in [3]. There is
finite bifix code, which cannot be included in any finite maximal bifix code [I]
whereas every regular bifix code is included in a regular maximal bifix code [23].
This generalizes the construction in [I4]. The finite case for infix codes is solved
positively in [I0] and later by another way in [12] together with the regular
case, etc.

H. Shyr and G. Thierrin [I8] were the first who observed that several classes
of codes can be defined by binary relations on words (see also [I7J9]). This idea
comes from the notion of independent sets in universal algebra [5]. Our work
is a further development of this idea. The paper is organized as follows. Sec-
tion 2 presents some basic notions which will be used in the sequel. In Section
3 we show that many classes of codes, well-known as well as new, can be de-
fined by length-increasing transitive binary relarions. In Section 4 we propose a
general embedding schema for the classes of codes defined by length-increasing
transitive binary relations (Theorem [Il). Using this schema, positive solutions
for the embedding problem are obtained in a unified way for many classes of
codes, well-known as well as new. In Section 5 it is shown that Parikh vectors
and their appropriate generalizations can be used to characterize several among
introduced kinds of codes (namely, supercodes, superinfix codes, p-superinfix
codes, s-superinfix codes and corresponding maximal codes). This is very use-
full in constructing many-word concrete codes, maximal codes in corresponding
classes of codes. Also, this allows to construct procedures to generate all maximal
codes as well as algorithms to embed a code in a maximal one in some classes
of codes.

2 Preliminaries

Let A throughout be a non-empty finite alphabet. Let A* be the free monoid
generated by A, that is the set of words over A. The empty word is denoted by 1
and AT = A* — 1. The number of occurrences of letters in a word u is the length
of u, denoted by |u|. Any set of words over A is a language over A. A language
X is a code if for any n,m > 1 and any z1,...,%n,Y1,---,Ym € X, the condition

T1T2...Tn =Y1Y2..-Ym

implies n = m and xz; = y; for i = 1,...,n. A code X over A is mazimal if X
is not properly contained in any other code over A. Let C' be a class of codes
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over A. A code X € C is a mazximal code in C' (not necessarily maximal as a
code) if it is not properly contained in any other code in C.

Given a binary relation < on A*. A subset X in A* is an independent set
with respect to the relation < if any two elements of X are not in this relation.
A class C of codes is said to be defined by < if these codes are exactly the
independent sets w.r.t. <. The class C' is then denoted by C. When the relation
< characterizes some property a of words, instead of < we write <, and also
C, stands for C._,. We denote by < the reflexive closure of <, i.e. for any
u,v € A% u Sviffu=voru<w.

A word w is called an infiz (a prefiz, a suffiz) of a word v if there exist words
x,y such that v = zuy (v = uy, v = zu, resp.). The infix (prefix, suffix) is proper
ifey #1 (y#1, x # 1, resp.). A word u is a subword of a word v if, for some
n>1Lu=u...Up,V = ToULXY] ... UpTy With uq,...,up,x0,...,x, € A" If
Zg...Tn # 1 then u is called a proper subword of v.

Definition 1. Let A be an alphabet and X C A™T.

(i) X is a prefix code (suffix code) if no word in X is a proper prefix (proper
suffiz, resp.) of another word in X ;
(il) X s a bifix code if it is both a prefiz code and a suffix code;
(iii) X is an infix code (a p-infix code, a s-infix code) if no word in X is an infix
of a proper infix (a proper prefiz, a proper suffix, resp.) of another word in
X;
(iv) X is a hypercode if no word in X is a proper subword of another word in it.

The classes of prefix codes, suffix codes, bifix codes, infix codes, p-infix codes,
s-infix codes and hypercodes are denoted respectively by C,, Cs, Cp, C;, Cp.i,
Cs.; and C},. It is easy to see that these classes of codes are defined respectively
by the relations which satisfy, for any u,v € A*, the following corresponding
conditions:

u <p v v =uz, with z # 1,

U <5 v S v =zu, with x # 1;

u=<p v (u=<pv)V(u=<s0);

u <; v & v = zuy, with zy # 1;

U <pi U v =zuy, with y # 1;

U <55 VS v = xuy, with  # 1;

u<pvES IN>liu=u...uy AV = ToULX] ... UpTy, With zg ... 2, # 1.

Prefix codes, suffix codes and bifix codes play a fundamental role in the
theory of codes (see [III7]). For more details about infix codes, p-infix codes
and s-infix codes we refer to [9/I7]. Hypercodes, a special kind of infix codes,
have some interesting properties, especially, all hypercodes are finite (see [I7]).
Relationship between these classes of codes can be resumed in the following
proposition.

Proposition 1. Qver any alphabet consisting of at least two letters, the follow-
ings hold true.
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(i) Cy, C Cp,Cb c Cs,Cy = Cp NCs, Cp C Cy;
(i) C; C Cpi, C; CCy4, C; =CpiNCsy, C; CCy, Cpy CCp, Csy CCs.

3 New Classes of Codes Defined by Binary Relations

3.1 Definitions and Examples

We introduce in this section some new classes of codes which can be defined
by binary relations. Definitions of these codes are based on appropriate combi-
nations of the basic notions such as prefix, subfix, infix, subword, permutation,
and cyclic permutation of a word. All such classes of codes, as we shall see later
(Proposition @), are subclasses of prefix codes or suffix codes.

Given u,v € A1. Let u be a subword of v, ¥ = U1 ... Up,V = TeUIT] - . - UnTp.
As u # 1, we may assume u; # 1 for all 4. Then, we call u a right-proper subword
of vif x1...x, # 1. Dually, if zg...x,—1 # 1 then w is a left-proper subword of
v. A word u is called a permutation of a word v if |u|, = |v], for all a € A, where
|u|o, denotes the number of occurrences of the letter a in u. And u is a cyclic
permutation of v if there exist two words x,y such that v = zy and v = yz.

Definition 2. Let A be an alphabet and X C AT.

(i) X is a subinfix (p-subinfix, s-subinfiz) code if no word in X is a subword
of a proper infix (prefiz, suffix, resp.) of another word in X ;

(ii) X is a p-hypercode (s-hypercode) if no word in X is a right-proper (left-
proper) subword of another word in X ;

(iil) X is a superinfiz (p-superinfiz, s-superinfix) code if no word in X is a
subword of a permutation of a proper infix (prefiz, suffiz, resp.) of another
word in X;

(iv) X is a sucyperinfix (p-sucyperinfiz, s-sucyperinfiz) code if no word in X is
a subword of a cyclic permutation of a proper infix (prefiz, suffiz, resp.)
of another word in X ;

(v) X is a supercode (sucypercode) if no word in X is a proper subword of a
permutation (cyclic permutation, resp.) of another word in it.

This definition itself explains the way we named the new kinds of codes. It
is easy to see that these classes of codes have as defining relations the following,
respectively.

U <5 VS JwE A" w<; v AU =, w;

U<ps ¥ TwEA" 1w =<, vAU 2y w;

U <55V JweE A 1w < vANU S W

U=pp VS IN> 1 u=1u1...uy, AU = ZoUIZ] ... Up Ty, With z1..2, # 1;
U<ep V< IN>1U=1u.. Uy ANV = ToUIT]...UnTp, With zo..2p—1 # 1;
U <spi V& (T 10 < 0) (T € w(v)) u 20"

U =papi 0 6 (I 0 =y 0) (A € T(W)) = 0

U <spi 0 (30707 < 0) G0 € w(v) w0

U i 065 (305 07 < )30 € 0(0) 1w =y o

U <psepi V& (T 10 <, 0)(F” € o(v)) s u = 0"
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U <s.sepi Ve (T 20 <5 0) (T € o(v))) ru =5 0"
U <sp v I €m(v) i u <y v
U <sep V= I € 0(v) tu=<p 0V

where 7(v) and o(v) are the sets of all permutations and cyclic permutations of
v respectively.

Ezample 1. Consider the subsets X; = {aba, bab’a}, X{¥ = {aba,ab?ab}, Xo =
ab*a, X3 = {a,ba}, XF = {a,ab}, X4 = {ab,b%a}, X[ = {ba,ab’}, X5 =
{abab, a®b®} and X = {ab, b*a} over the alphabet A = {a,b}. It is easy to check
that the followings hold true

X € Cp.si - Cli, XlR € Cssi —Csi, Xo € Cyy N Cspi N Cscpi§
X5 €Cpp—Cp, X € Cyp— Ch, Xg € Cp — Csps
X4 S Cp.spi - Cscpi7 Xf € Cs.spi - Cscpiz X5 € C(scpi N Cscp - Cspi-

Although, as we shall see below (Proposition ), the class of p-hypercodes (s-
hypercodes) strictly contains the class of hypercodes, the former codes however
are still finite.

Proposition 2. All the p-hypercodes and s-hypercodes over a finite alphabet are
finite.

A binary relation < is said to be length-increasing if for any u,v € A* :u < v
implies |u| < |v|. From now on, we denote by 2 the set {p, s, p.i, s.i, i, p.si, s.s1, i,
D.SCPi, 8.8CPi, SCPi, p.Spi, $.Spi, spi, p.h, s.h, h, scp, sp} and ' = 2— {p.h, s.h, h,
scp, sp}.

Proposition 3. The relations <, a € 2 are all transitive and length-increasing.

Note that the relation < is length-increasing but not transitive. That’s the
reason why, as we shall see later, Theorem [l cannot be applied to solve the
embedding problem for bifix codes.

3.2 Relative Positions of the Classes of Codes

Relationship between the classes of codes under consideration can be resumed
in the following proposition.

Proposition 4. Qver any alphabet consisting of at least two letters, the follow-
ings hold true

(1) Csi C Cp‘siy Csi C Cs‘si; Csi = Cp‘si N Cs‘si; Csi C Cz
Cp.si C Cp.i7 Cs.5i CCs;

(11) C(scpi C Cp.scpi, C(scpi C Cs.scpi, Cscpi = Up.sepi N Cs.scpiy
Cscpi C Csi; Cp‘scpi C Cp‘siy Cs.scpi C Cs.si;

(iii) Cspi C Cp.spiy Cspi C Cs.spiy Cspi = Cp.spi N Cs.spi, Cspi - Cscpi,
Cp.spi C Cp.scpiy Cs.spi C Cs.scpi;

(1V) Ch C Cp‘hz Ch C Cs‘h; Ch C Csi7 Cp‘h C Cp.si7 Cs.h C Cs.si;
Ch = Cp‘h N Cs‘h = Cp.h N Cs‘si = Cp‘si N Cs.h;

(V) Csp C Csep C Ch, Csep C Coepis Csp C Cpi
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Remark 1. Consider the languages X = {abab,a’3},Y = {ba,b3a}, Z = {a,ba}
and T = {bab,ab3a}. It is easy to verify that X € Csep — Cpspi U Cs spis
T e Ch - Cp.scpiu Cs.scpia RS Cp.h - 037 ZR € Cs.h - sz Y € Cp.spi - Cs
and YT € Cs.spi — Cp. It follows that, except for the inclusions mentioned in
Proposition [ there is no any more inclusion between the classes of codes under
consideration.

By virtue of Propositions [Il @l and Remark [I the relative positions of the
classes of codes under consideration can be illustrated in the Figure 1, where

Cp Cs
A \/ A
Ch
A
Cp i Cs 1
A \/ A
C;

A
Cp st Cs s

Cs scpi

Cs spi

Fig. 1. Relative positions of the classes of codes
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the arrow — stands for a strict inclusion. It is worthy to note that if we restrict
ourselves to considering only one-letter alphabets then all the classes of codes
represented in the Figure 1 coincide.

4 Embedding Problem

4.1 A General Embedding Schema

In this section we present a general embedding schema for the classes of codes
defined by length-increasing transitive binary relations which will be used in the
sequel.

Let < be a binary relation on A* and u,v € A*. We say that u depends on v
if u < v or v < u holds. Otherwise, u is independent of v. These notions can be
extended to subsets of words in a standard way. Namely, a word u is dependent
on a subset X if it depends on some word in X. Otherwise, u is independent of
X. For brevity, we shall adopt the following notations

u<X=weX:u<v;, X<u=FweX:v=<u.

An element w in X is minimal in X if there is no word v in X such that v < u.
When X is finite, by max X we denote the maximal wordlength of X.

Now, for every subset X in A* we denote by Dx, Ix,Lx and Rx the sets of
words dependent on X, independent of X, non-minimal in Ix and minimal in
Ix, respectively. In notations

Dx={ueA" |u<XVX<u}

IX:A*—Dx;
LX:{UEI)(|I)(-<U};
Rx =1x —Lx

When there is no risque of confusion, for brevity we write simply D,I, L, R
instead.

The following theorem has been first formulated in [19] (see also [20]). An-
other proof of it is presented in [2I]. An extension of this result has been made
in [7].

Theorem 1. Let < be a length-increasing transitive binary relation on A* which
defines the class C5 of codes. Then, for any code X in C~, we have

(i) Rx is a mazimal code in C< which contains X ;
(ii) If moreover the relation < satisfies the condition

3k > 1Vu,v € AT:(Jv| > Ju| + k) A (u A v) = Jw:(|w| > |u|) A (w <v) (%)

then the finiteness of X implies the finiteness of Rx, and max Rx <
max X + k — 1.
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4.2 Embedding Problem for Regular Case

In this section we apply Theorem [ to solve the embedding problem for the
classes of codes introduced above in the regular case. The main lemmas needed
for this are the following.

Lemma 1. For any X C A*, n(X) and o(X) are regular if so is X.

For any set X we denote by P(X) the family of all subsets of X. Recall that
a substitution is a mapping f from B into P(C*), where B and C' are alphabets.
If f(b) is regular for all b € B then f is called a regular substitution. When f(b)
is a singleton for all b € B it induces a homomorphism from B* into C*. Let #
be a new letter not being in A. Put Ay = AU {#}. Let’s consider the regular
substitutions S, S2 and the homomorphism h defined as follows

S1: A — P(Ay), where Si(a) = {a,#} for all a € 4;
Sy i Ay — P(A*), with Sao(#) = AT and Sz(a) = {a} for all a € A4;
h: Ay — A*, with h(#) =1 and h(a) = a for all a € A.

Factually, as we will see later, the substitution S; will be used to mark the
occurrences of letters to be deleted from a word. The homomorphism h realizes
the deletion by replacing # by the empty word. The inverse homomorphism h~!
“chooses” in a word the positions where the words of AT may be inserted, while
Sy realizes the insertions by replacing # by A™. Notice that regular languages are
closed under regular substitutions, homomorphisms and inverse homomorphisms
(see [8]).

Lemma 2. Given a € 2 and X € C,. Then Rx can be computed by the fol-
lowing expressions according to the case

(i) Case of prefiz codes: R =1—TAY, where [ = A* — XA~ — XAY and A~
stands for (AT)~1.
(i) Case of suffix codes: R=1— ATI, where ] = A* — A~ X — ATX.
(iii) Case of p-infix codes: R =1 — (IAT + ATTAY), where I = A* — XA~ —
ATXA™ — XAT — ATXAT.
(iv) Case of s-infix codes: R =1— (AYI + ATIA"), where I = A* — A~ X —
ATXA™ —ATX —ATXAT.
(v) Case of infix codes: R = I — (IAT + ATT + ATIAT), where I = A* —
XA+ A X+ A XA —XAT —ATX — ATXAT.
(vi) Case of p-subinfix codes: R =T — Sa(h='(I) N A3 {#}), where I = A* —
h(S1(X) N AL{#}) — S2(h™H(X )QA;{#})
(vii) Case of s-subinfiz codes: R = I — Sa(h™'(I) N {#}A%}), where I = A* —
h(S1(X) N {#}A%) — Sa(h™H(X )ﬂ{#}A*)
(viii) Case of subinfiz codes: R =1 — Sa(h™ ( )N ({#}A* UA*#{#})), where
I'=A"=h(S (X)N{#IALZUAL{#}) - Sa(h™H (ON{#FALUAL{#})).
(ix) Case of p-sucyperinfiz codes: R = I — So(h=(a(I)) N A*#{#}), where

I'=A"—o(h(S1(X) N A{#})) — Sa(h™ (o (X)) N AL{#}).
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(x) Case of s-sucyperinfix codes: R = I — Sz(h Yo(I)) N {#}A%), where
I'=A" —o(h(S1(X) N {#}A%)) — Sa(h~ ( o(X)) N{#}A%).
(xi) Case of sucyperinfiz codes: R = I — Sa(h™' (o (1)) N ({#} A% U AL{#1})),

where T = A* — o(h(S1(X) N ({(#}43 U AL{#1) — Sa(h~(0(X))
({#3 A5 U AL{#}))-

(xii) Case of p-superinﬁm codes: R =1 — Sg(h_ (m(I)) N Ay{#}), where I =
A* = w(h(S1(X) N AR {#})) — Sa(h™H(m(X)) N AL{#}).

(xiii) Case of s-superinfix codes R=1- Sg(h Ym(1 )) N{#}AY), where I =
A* = m(h(S1(X) N {#}A%)) — Sa(h™H(x (X))ﬂ{#}A*#)-

(xiv) Case of superinfiz codes: R = I — Sa(h=Y(m(I)) N ({#}A* U AL{#})),
where I = A* — m(h(S1(X) N ({#}A45 U AR {#}))) — Sa(hH(x(X)) N
({#3 A5 U AL{#})-

(xv) Case of p-hypercodes: R = Ing(h_l(I)ﬂ(A*#{#}A;f{#}+A+)), where
I=A"—h(S)(X)N(A{#} A% —{#}TAT)) = S (R (X)N (A {#} A% —
{#}747)).

(xvi) Case of s-hypercodes: R = I —Sy(h™ (I)N(A5{#} A% — AT{#}T)), where
I'= A" —h(S1(X)N(AG{#} AL - AT{#}F)) = Sa(h™H(X)N (AL {#} A} —
AT{#}7)).

(xvii) Case of hypercodes: R =1 — Sa(h=*(I) N (A;{#}A;)), where [ = A* —

h(S1(X) N (A5 {#}A%)) — S2(h~H(X) N (A {#}AZ&))'
(xviii) Case of sucypercodes R=1-0(S2(h~ 1([) (AL{#}A%))), where I =
— h(S1(o(X)) N (AZ{#}A%)) — o 2(h HX ) (AL{#314%)))-
(xix) C’ase of supercodes: R = I — w(Sa(h=1(I) N (A*#{#}A* ))), where I =
— h(S1(m(X)) N (A5 {#}A%)) — m(S2(h7H(X) N (AL {#}A43))).

The following result, which follows from Proposition[3, Theorem [II, Lemma [Tl
and Lemma [} has been proved partially in [I9J6]. For more details see [21].

Theorem 2. For any o € {2, every reqular code in Cy, is contained in a max-
imal code in Cy, which is still reqular.

4.3 Embedding Problem for Finite Case

Our aim in this section is to solve the embedding problem for the mentioned
above classes of codes in the finite case. Namely, we will exhibit algorithms to
construct, for every finite code X in a class C,, o € {2, a finite maximal code in
the same class which contains X.

The following theorem, whose proof is based on Proposition ] Theorem [II
and Lemma [2] has been proved partially in [T9/20/6]. For more details see also
[21].

Theorem 3. For any a € (2, every finite code X in C,, , is contained in a
finite mazimal code Y in Cy, with maxY = max X.

Denote by A" the set of all the words in A* whose length is less than or
equal to n. As an immediate consequence of Lemma [2] and Theorem [3] we have
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Corollary 1. Given o € 2 and X € C,, with max X = n. Then the mazrimal
code Rx in C, which contains X can be computed by the following “restricted”
expressions according to the case.

(i) Case of prefiz codes: R=1—TATNAM | where I=AM-X A-—X ATn Al
(ii) Case of suffiz codes: R=1I— AtINAM, where I=AM—A-X—-A+ XN A",

(iii) Case of p-infir codes: R = I — (IAT + AYTAY) N A" where T = A" —
XA~ — A~ XA — (XAt + AT X AY)n Al

(iv) Case of s-infix codes : R =1 — (ATT+ ATTAT) N A where T = AlMl —
A"X — A" XA™ — (ATX + AT X AY)n Al

(v) Case of infiv codes: R = I — (IAT + ATT + ATTAY) N AP where T =
A XA+ A X + A XA — (XAt + ATX + AT X AT N AP,

(vi) Case of p-subinfix codes: R = I — Sa(h=1(I) N Azfl]{#}) N Al where
I= Al — R(S1(X) N AL{#)) — Sa(h=H(X) n AL #)) 0 Al

(vil) Case of s-subinfir codes: R = I — So(h=1(I) N {#}AE;L*H) N A where
I= Al — R(S1(X) N {#}A%) — Sa(h~1(X) n{#}AL ) 0 Al

(viii) Case of subinfiz codes: R =1 — Sa(h=1(I)N ({#}Ag;ﬁl] U Azfl]{#})) N
Al where T = AlM) — h(Sy(X) N ({#}A%5 U AL {#})) — S2(h7H(X) N
(g oAz ) n A,

(ix) Case of p-sucyperinfiz codes: R =1 — Sa(h™ (o (1)) N AE;L_H{#}) N APl
where I= A"~ (h(Sy (X)N A5 {#1)—S2(h ™ (o(X))n AL {#)n Al

(x) Case of s-sucyperinfiz codes: R =1 — Sa(h™(a(I)) N {#}Ag_l]) n Al
where I= A"~ (h(Sy (X)N{#}A5))=S2(h ™ (o(X))n {# AL N Al

(xi) Case of sucyperinfiv codes: R = I — Sa(h~Y(a(I)) N ({#}Ag;b_l] U
AL N AR, where T = A — o ((S:(X) N ({#} A5 UAL{#}) -
Sa(hH (X)) N ({34~ U AR () 0 Al

(xii) Case of p-superinfiz codes: R = I — Sa(h™ (n(I)) N AE;L_H{#}) n A,
where T =AM —r(h(Sy (X)N A% {#}))=S2(h~ (n(X )N AL~ {#hn Al

(xiii) Case of s-superinfiz codes: R = Ing(hfl(w(I))ﬂ{#}Ag;L_u)ﬂA[”], where
= Al —w(h(S1(X) N {#}43)) = Sa(h~ (w(X)) N {#AL ) n Al

(xiv) Case of superinfix codes: R = Ing(hfl(w(I))ﬂ({#}AL;:_l] UAE;:_”{#}))
NAM, where I = A" —m(h(S1(X)N{#FALUAL{#}))) = S2(h 7 (7 (X))
N (A o AR ) n A,

(xv) Case of p-hypercodes: R = I — Sa(h™'(I) N (AL{#} A% — {#}1AT)n
AU N Al where T = A — h(S1(X) N (AR {#}A% — {#}TAT)) -
So(h=H(X) N (A {#} A3 — {#7A%) n ATy n Al

(xvi) Case of s-hypercodes: R = I—Sg(h_l(l)ﬁ(A;‘;{#}A;—A+{#}+)ﬂA£Z])ﬂ
Al where I = A" — h(S1(X)N(AG{#} A5 — AT{#}T)) = So (A1 (X)N
(A5 {#1AY — AT {#H) N ALY 0 Al
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(xvii) Case of hypercodes: R = I —Sa(h™(I)N (A% {#}A%) ﬂALZ])ﬁA["], where
I= Al —h(S) ()N (AL{#) 43))=S2 (™ (X)N (A5 {#} AZ)n A5 A,
(xviii) Case of sucypercodes: R = I — o(So(h=(I) N (Ay{#}1A%,) N AL:]) N
Ay where I = Al — h(Sy(0(X)) N (AR{#}A4%)) — o(S2(h7H(X) N
(A5 {#}A3) N ALYy 0 AR,
(xix) Case of supercodes: R = I — m(Sa(h™(I) N (AL{#}A%) N AEZ]) N A,
where I = A" — (S (n(X))N(AL{#}A%))—m(S2(h™H(X)N(AL{#} A%)
n Algly 0 Al

Ezample 2. Consider the p-subinfix code X = {a?,ba®} over A = {a,b}. Since
max X = 3, by Corollary [[{vi), Rx can be computed by the formula

R=1-S(h (1) n A {#})n AB),

where I = AB — h(S1(X) N A% {#}) — S2(h~"(X) N A {#}) N ABl. We may
now compute Ryx step by step as follows.

S1(X) N AL {3} = {a#t, #°, ba#t, 032, #a#, #°};

h(S1(X)N A;;é{#}) ={1,a,b,ba};

R (X) N AR #) = {a4);

Sa(h~H(X) N AR{#}) N AB) = a?A = {a3,a%b};

I=ABl —{1,a,b,ba} — {a® a?b} = {a?,ab,b?, aba, ab?, ba?, bab, b*a, b*};

D) N AG#) = {a2#, ab#t, P4

Sa(h (1) N A {#)) N AB) = 0 A + abA + b?A = {a®,a%b, aba, ab?, ba, b7 };

R =1 —{a?,a®b,aba,ab? b%a,b*} = {a?, ab, b, ba?, bab}.
Ezample 3. For the sucypercode X = {acb,a?b?, cabc} over A = {a,b,c}, in a
similar way, using formulas in Corollary [[[(xviii) with n = 4 instead, we obtain
the maximal sucypercode R = {a®, a’c, aca, acbh, bac, b3, b%c, beb, ca?, cha, cb?,
c3, a®b?, abab, ab’a, abc?, ba®b, baba, b*a?, bc*a, cabe, c2ab}, which contains X.

4.4 Tree Representations

Sometime a graph-theoretic representation of codes defined by binary relations
seems to be useful. Like the case of prefix codes, it facilitates the construction
of examples of codes and in many cases maximal codes containing a given code.
Moreover, as we shall see below, it makes more intuitive in understanding and
proving facts.

First, to every transitive binary relation < on A* we associate an infinite
oriented graph as follows. The alphabet A is totally ordered, and words of equal
length are ordered lexicographically. Each word represents a node of the graph.
Words of small length are to the left of words of greater length, and words of
equal length are disposed vertically according to lexical ordering. For any nodes
u,v, there is an edge u — v iff v < v and there is no w such that u < w < v.
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Throughout we restrict ourself to length-increasing relations only. Thus, the
corresponding graph is a tree in some large sense, called the tree of A* w.r.t. <,
denoted by 7 (A*, <), or simply 7 when there is no risque of confusion. In the
case of the relation <, this is nothing but the literal representation of A* [IJ.
JFrom now on, we refer indifferently to a node in 7 and the word it represents.
For example, one may say of the length of a node which means the length of the
word it represents, etc.

To a given subset X of A* we associate a subtree of 7 (A4*, <) as follows. We
keep just the nodes representing the words of X and of {u | u < v,v € X}, and
all related edges. The tree obtained in this way is the tree of X w.r.t. <, denoted
by 7 (X, <) (see Figure 2).

A set X of nodes is node-independent if there is no path from one node to
another. The set X is mazimal if it is included properly in no node-independent
set. In other words, a node-independent set X is maximal if it becomes no more
a node-independent set by adding a new node. The following fact establishes
relationship between the codes defined by <, that is the independent sets w.r.t.
<, and the node-independent sets of the tree 7 (A*, <).

Proposition 5. Let < be a length-increasing transitive binary relation on A*
which defines a class C< of codes. Let T (A*, <) be the tree of A* w.r.t. <. Then,
for any X C A*, X is a (mazimal) code in C< iff the corresponding nodes in
T (A*, <) constitute a (mazimal, resp.) node-independent set.

Remark 2. Proposition[Hcan be used to obtain another proof [I9], more intuitive,
of the item (i) in Theorem [

As seen in the above examples (Section [L3]), even for a small code X, com-
puting Rx is not simple in practice. It is however much easier when using tree
representation of A* with respect to < as shown in the following example.

Example 4. Consider again the p-subinfix code X = {a?,ba?}. As max X = 3,
for finding Rx we may restrict to considering the tree 7 (A3, =<p.si) of the full
uniform code A3 w.r.t. ~<p.si- By virtue of Theorem [I] and Proposition Bl Rx
can be obtained by applying the following algorithm: First, mark the nodes
represented by the words in X (namely: aa,baa). Then, delete all the nodes
depending on X (namely: 1,a,b, ba, aaa,aab). Next, among the rest (namely:
ab, bb, aba, abb, bab, bba, bbb) keep just the minimal nodes (namely: ab, bb, bab),
which together with X constitute Ry, ie. Rx = {a? ab,b? ba?, bab}
(see Figure 2).

5 Characterizations of Some Classes of Codes

5.1 Vector Characterizations

The results in the rest of the paper have been obtained partially in [20]6]. For
more details see also [22].
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Fig. 2. Computing Rx, X = {a?, ba’}, by using the tree T (A%, <, )

Let A ={aj,aqs,...,ax} and K = {1,2,...,k}. For every u € A*, we denote
by p(u) the Parikh vector of u, namely

p(u) = (‘u|a17 ‘u|a27 R |u‘ak)-

where |ul,, denotes the number of occurrences of a; in u. Thus p is a mapping
from A* into the set V* of all the kvectors of non-negative integers.

For any subset X C A* we denote by p(X) the set of all Parikh vectors of
the words in X, p(X) = {p € V¥ | p = p(u) for some u € X}.

The following result gives a simple characterization of supercodes.

Theorem 4. For any subset X C A%t the following assertions are equivalent

(i) X is a supercode;
(ii) 7(X) is a supercode;
(iii) p(X) is an independent set w.r.t. the relation < on V*.

Similarly, for sucypercodes we have
Proposition 6. For any subset X of AT, X is a sucypercode iff so is o(X).

Now, to every u € AT we associate two elements of the cartesian product
VE x K, denoted by pz(u) and pr(u), and one element of V¥ x K2 denoted by
prr(u), which are defined as follows

pr(u) = (p(u),); pr(u) = (p(u), f); prr(v) = (pw),L; f);
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where [ and f are the indices of the last and the first letter in u, respectively.
Thus p;, and pr are mappings from A1 into V¥ x K, while ppr is a mapping
from A% into V¥ x K2. These mappings are then extended to languages in a
standard way: pL(X) = {pr(u) | v € X}, pp(X) = {pr(uv) | v € X} and
prr(X) ={pLr(u) | ue X}.

Put U = {(£,4) € VF x K | pi(§) # 0} and W = {(£,4,5) € VF x K? |
pi(£),p; (&) # 0}. To each of the sets U and W we associate a binary relation,
denoted both by <, which are defined by

(&) < (n,5) & (<) A(pi(€) <pi(n),
(€ m,n) < (n,4,5) & (€ <n) A @i(€) <pi(n) Vp;(§) <pin),

where p;(§),1 < i < k, denotes the i-th component of £. These relations on U
and on W, as easily verified, are transitive. Notice that for all language X C AT,
pr(X) and pp(X) are subsets of U while pr,r(X) is a subset of W.

The following fact is easily verified.

Lemma 3. For any u,v € AT we have

(i) U <p.spi U Z‘].’quL(u) < pL(U);
(i) u <s.spi v iff pr(u) < prp(v);
(iii) U <gpi UV iﬁpLF(U) =< pLF(’U).

To every subset X of AT, we associate the sets
Ex={reX|3yeX:ply) <p(z)} and Ox = X — Ex.

Clearly, if Ex = 0 then X is a supercode.
Let u be a word in A*, we define the following operations

7 (u) = w(u)b, with u = u'b,b € A;
mr(u) = ar(u'), with u = av’,a € A;

am(u)b, if |u| > 2 and u = au'b, with a,b € A;
Trr(u) = .

u, ifu e A;

which are extended to languages in a normal way: 77, (X) = ,cx 7z (u), 7p(X) =
Unex mr(u) and 7Lp(X) = Uyex TLr(u).

Lemma 4. Let X be a subset of AT. If pr.(X) (pp(X)) is an independent set
w.r.t. the relation < on U then so is pr(m(Ox)Unr(Ex)) (pr(m(Ox)Urr(Ex)),
resp.). If pLr(X) is an independent set w.r.t. the relation < on W then so is
prr(m(Ox)Unrr(Ex)).

The last two lemmas allow us to prove the following characterizations of
p-superinfix codes, s-superinfix codes and superinfix codes (see also [22]).

Theorem 5. For any subset X of AT, the following assertions are equivalent

(i) X is a p-superinfic code (resp., a s-superinfiz code, a superinfix code);
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(ii) 7(Ox) UmL(Ex) is a p-superinfiz code (resp., m(Ox) U np(Ex) is a s-
superinfiz code, m1(Ox) Unrr(Ex) is a superinfiz code);

(i) pr(X) is an independent set w.r.t. the relation < on U (resp., pp(X) is an
independent set w.r.t. the relation < on U, prr(X) is an independent set
w.r.t. the relation < on W ).

Example 5. Consider the language X = {a?ba, aba®, ab®, ba®, bab?, b%ab, a*b?a,
a®b3, ababa, abab?, ab*a?, ab*ab, ba’ba, ba?b?, baba?, babab, b*a3, b*ab} over
the alphabet A = {a,b}. It is easy to check that pr(X) = {((3,1),1), ((3,2),1),
((2,3),2), ((1,3),2)} and that it is an independent set w.r.t. < on U = {(&,j) €
V2 x {1,2} | p;(€) # 0}. By Theorem [, X is a p-superinfix code.

5.2 Maximality

First we formulate a characterization of the maximal supercodes by means of
independent sets w.r.t. the relation < on V*.

Theorem 6. For any subset X of A%, X is a mazimal supercode iff p(X) is a
mazimal independent set w.r.t. < on V¥ and n(X) = X.

Next we characterize the maximal p-superinfix, s-superinfix and superinfix
codes by means of independent sets w.r.t. the relation < on U and on W.

Theorem 7. For any subset X of AT, we have

(i) X is a mazimal p-superinfix (s-superinfiz) code iff pr,(X) (resp., pr(X)) is a
mazimal independent set w.r.t. the relation < on U and m(Ox)Un(Ex) =
X (resp., 7(Ox)Unp(Ex) = X).

(ii) X is a mazimal superinfiz code iff prr(X) is a mazimal independent set
w.r.t. the relation < on W and 7(Ox) Unrr(Ex) = X.

Example 6. (i) Let X = {a3, ab?, bab, b*a, b®, a*ba, a®b?, aba?, abab, ba®, ba’b}. Tt
is easy to see that X = 7(Ox) Un(Ex) and pr(X) = {((3,0),1), ((3,1),1),
((2,2),2), ((1,2),1), ((1,2),2), ((0,3),2)}, which is easily verified to be a maxi-
mal independent set w.r.t. < on U = {(£,i) € V2 x {1,2} | p;(§) # 0}. By virtue
of Theorem [7f(i), we may conclude that X is a maximal p-superinfix code over
A ={a,b}.

(ii) Let’s consider the set X = {a3, a?ba, aba?, b, a?b%a, ababa, ab*a?,
bab®, b%ab?, biab, a’b3a, abab’a, ab’aba, ab3a?, ba’b3, babab?, bab’ab, b>ab?,
b2abab, b*a®b} over A = {a,b}. We have evidently Ox = {a® b*}. A simple
verification leads to X = 7(Ox) Umrr(Ex) and also prr(X) = {((3,0),1,1),
((3,1),1,1), ((3,2),1,1), ((3,3),1,1), ((2,4),2,2), ((1,4),2,2) ((0,4),2,2)}. It
is easy to see that the latter is a maximal independent set w.r.t. < on W =
{(&4,5) € V2 x {1,2}? | pi(£),p;(€) # 0}. By Theorem [(ii), it follows that X
is a maximal superinfix code over A.

The following result establishes relationship between maximal p-superinfix
(s-superinfix, superinfix) codes and p-infix (s-infix, sucyperinfix, resp.) codes.
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Theorem 8. For any subset X of AT, we have

(i) X is a mazimal p-superinfic (s-superinfiz, resp.) code iff X is a mazimal p-
infix (s-infix, resp.) code and 7(Ox)Unr(Ex) =X (m(Ox)Unp(Ex) =X,
resp. ).

(ii) X is a mazimal superinfix code iff X is a mazimal sucyperinfix code and
7T(Ox) U WLF(Ex) =X (77(0)() U 7TF(E)() =X, Tesp.).

As a direct consequence of Theorem [§] we obtain

Corollary 2. For any subset X of AT, X is a mazimal p-superinfiz (s-superinfiz,
resp.) code iff X is a mazimal p-subinfiz/p-sucyperinfix (s-subinfix/s-sucyperinfiz,
resp.) code and m(Ox)Unr(Ex) = X (m(Ox)Unp(Ex) = X, resp.).

We have moreover
Corollary 3. FEvery mazimal p-superinfiz (s-superinfiz) code is a mazimal code.
This corollary together with Theorem [2] and Theorem [l imply immediately

Corollary 4. Fuvery finite (regular) p-superinfix code (s-superinfix code) is in-
cluded in a finite (regular, resp.) p-superinfiz code (s-superinfix code) which is
mazimal as a code.

Remark 3. While, as seen above, a maximal p-superinfix code (s-superinfix code)
is always a maximal prefix code (suffix code, resp.), a maximal superinfix code
is not necessarily a maximal subinfix code. Indeed, consider the code X = ab*a
over the alphabet A = {a, b} which is easily verified to be a maximal superinfix
code. But it is not a maximal subinfix code because X U {bab} is still a subinfix
code.

Relationship between maximal supercodes, sucypercodes and hypercodes is
pointed out in the following result.

Theorem 9. For any subset X of AT, we have the following

(i) X is a mazimal supercode iff X is a mazimal hypercode and w(X)
(ii) X is a mazimal sucypercode iff X is a mazimal hypercode and o(X
(iii) X 4s a maximal supercode iff X is a mazximal sucypercode and w(X)

X

o(X )

~—

5.3 Supercodes Over Two-Letter Alphabets

Let’s fix a two-letter alphabet A = {a,b}. On V2 we introduce the relation <,
defined by
U <2, W< p1(u) > p1(w) Apa(u) < pa(w),

where p;(u) denotes the i-th component of w. For simplicity, in this section we
write < instead of <o .
A finite sequence (may be empty) S: uy,us,...,u, of elements in V? is a
chain if
U < U2 <+ < Up.
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The chain S is full if
Vi,1<i<n-—1, Av:u; <v < Ut1.
If the full chain S satisfies moreover the condition

p2(u1) = p1(un) =0,

then it is said to be complete. A finite subset T of V2 is complete if it can be
arranged to become a complete chain. For 1 < i < j < n we denote by [u;, u;]
the subsequence w;, uit1, ..., u; of the sequence S.

Theorem 10. For any finite subset X of AT, X is a mazimal supercode iff
p(X) is complete and X = w(X).

Ezxample 7. For any n > 1, the sequence
(n,0),(n—1,2),...,(n—1,2i),...,(0,2n)

is obviously a complete chain. Therefore, the set V,={(n,0), (n—1,2),...,(0,2n)}
is complete. With n = 3 for example, V3 = {(3,0), (2,2), (1,4), (0,6)}. By Theo-
rem [I0 it follows that the set X = m({a?, a?b?, ab*, b°}) = {a3, a?b?, abab, aba,
ba®b, baba, b*a?, ab*, bab3, b2ab?, b3ab, ba, b5} is a maximal supercode.

By Theorem [0, in order to characterize the maximal supercodes over A =
{a,b} we may characterize the complete sets instead. For this we first consider
some transformations on complete chains. Let S: wy,uso, ..., u, be a complete
chain.

(T1) (extension). It consists in doing consecutively the following:

e Add on the left of S a 2-vector u with py(u) > p1(u1);

e Delete from S all the wu;s with pa(u;) < pa(u);

o If w;, is the first among the u;s remained, then insert between u and w;,
any chain such that [u,u;,] is a full chain;

o If there is no such a w,,, then add on the right of v any chain ending with
a v, p1(v) = 0, and such that [u,v] is a full chain;

e Add on the left of u any chain begining with a v, pa(v) = 0, and such that
[v,u] is a full chain.

(T2) (replacement). The following steps will be done successively:

e Replacing some element u; in S by an element u with py(u) = p1(u;);
o If po(u) < pa(u;), then delete all the u;s on the left of u with pa(u;) >
p2(u);
o If uj, is the last among the u; remained, then insert between u;, and u
any sequence such that [u;,, u] is a full chain;

o If there is no such a u;,, then add on the left of v any chain commencing
with a v, p2(v) = 0, and such that [v,u] is a full chain;

e If i < n then insert between u and u;41 any chain such that [u,u;41] is a
full chain;
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o If pa(u) > p2(u;), then delete all the uj;s on the right of u with ps(u;) <
pa2(u);
o If u;, is the first among the u;s remained, then insert between u and u;,
any chain such that [u,u;,] is a full chain;

o If there is no such a u;,, then add on the right of v any chain ending with
a v, p1(v) = 0, and such that [u,v] is a full chain;

e If ¢ > 1 then insert between u;_; and u any chain such that [u;—1,u] is a
full chain;

e If i = 1 then add on the left of u any chain begining with a v, pa(v) = 0,
and such that [v,u] is a full chain.

(T3) (insertion). This consists of the following successive steps:

e For some 14, insert in the middle of u; and u;41, 1 <7 <n — 1, an element

u with p1(u;) > p1(u) > pr(uit1);
o If po(u) < pa(u;), then delete all the ujs on the left of u with pa(u;) >
p2(u);
o If u;, is the last among the u;s remained, then insert between u;, and u
any chain such that [uj,,u] is a full chain;

o If there is no such a u;,, then add on the left of v any chain commencing
with a v, p2(v) = 0, and such that [v,u] is a full chain;

e Insert between u and u;41 any chain such that [u,u;y1] is a full chain;

o If pa(u) > pa(u;y1), then delete all the u;s on the right of u with pa(u;) <
p2(u);
o If u;, is the first among the u;s remained, then insert between v and uj,
any chain such that [u,u;,] is a full chain;

o If there is no such u;,, then add on the right of v any sequence ending with
a v, p1(v) = 0, and such that [u,v] is a full chain;

e Insert between u; and w any chain such that [u;, u] become a full chain.

Theorem 11. The following assertions hold true

(i) The transformations (T1)-(T3) preserve the completeness of a chain.
(ii) Any complete chain can be obtained from another one by a finite number of
applications of the transformations (T1)-(T3).
(iii) Every chain S can be embedded in a complete chain by a finite number of
applications of the transformations (T1)-(T3).

Ezample 8. Consider the chain S : (5,2),(3,4),(1,7). We try to embed S in a
complete chain by using (T1)-(T3). For this, we choose an arbitrary complete
chain S’, say S’ : (2,0),(1,2),(0,4), and manipulate like this:

e Applying (T1) to S’ with w = (5,2) we obtain from step to step the
following sequences, where underline indicates the 2-vectors added in every step.
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e Applying (T3) to the last chain with u = (3,4) we obtain successively:
(6,0),(5,2),(3,4),(2,3), (0, 4);

(6,0), (5,2), (3,4);

(6,0),(5,2),(3,4),(1,5),(0,6);

(6,0),(5,2),(4,3),(3,4),(1,5),(0,6);

e Applying (T2) to the last chain with u = (1,7) we obtain:
(6,0),(5,2),(4,3),(3,4),(1,7),(0,6);

(Gv 0)7 (5v 2)7 (4v 3)7 (3v 4)7 (1v 7)a

(Gv O)a (5v 2)a (4v 3)a (3v 4)a (1v 7)’ (Ov 8);
(6,0),(5,2),(4,3),(3,4),(2,6),(1,7),(0,8)

The last chain is a complete chain containing S.
As a consequence of Theorem [[1] we have
Theorem 12. Let A be a two-letter alphabet. Then, we have

(i) There exists a procedure to generate all the maximal supercodes over A
starting from an arbitrary given mazximal supercode.

(ii) There is an algorithm allowing to construct, for every supercode X over A,
a mazimal supercode Y containing X .

Ezample 9. Let X = {b?abab, a®*ba?b, b*ab?}. Since p(X) = {(3,4), (5,2), (1,7)}
is an independent set w.r.t. < on V2, by Theorem M X is a supercode over
A = {a,b}. The corresponding chain of p(X) is S : (5,2),(3,4),(1,7). As has
been shown in Example[§ the sequence

8" (6,0),(5,2),(4,3),(3,4),(2,6),(1,7),(0,8)
is a complete chain containing S. The corresponding complete set of S’ is
T ={(6,0),(5,2),(4,3),(3,4),(2,6),(1,7),(0,8)}.

So Y = p~(T) is a maximal supercode containing X . More explicitly, Y = 7(Z)
with Z = {a®, a®b?, a*b3, a®b*, a5, ab”, b%}.
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Abstract. We describe motivations and background behind the design of
KLAIM, a process description language that has proved to be suitable for describ-
ing a wide range of applications distributed over wide area networks with agents
and code mobility. We argue that a drawback of KLAIM is that it is neither a
programming language, nor a process calculus. We then outline the two research
directions we have recently pursued. On the one hand we have evolved KLAIM to
a full-fledged language for highly distributed mobile programming. On the other
hand we have distilled the language to a number of simple calculi that we have
used to define new semantic theories and equivalences and to test the impact of
new operators for network aware programming.

1 Introduction

In the last decade, programming computational infrastructures available globally for
offering uniform services has become one of the main issues in Computer Science. The
challenges come from the necessity of dealing at once with issues like communication,
co-operation, mobility, resource usage, security, privacy, failures, etc., in a setting where
demands and guarantees can be very different for the many different components. This
has stimulated research on concepts, abstractions, models and calculi that could provide
the basis for the design of systems “sound by construction”, predictable and analyzable.

One of the abstractions that appears to be very important is mobility. This feature
deeply increases flexibility and, thus, expressiveness of programming languages for
network-aware programming. Evidence of the success of this programming style is
provided by the recent design of commercial/prototype programming languages with
primitives for moving code and processes, Java, T-Space, Oz, Pict, Oblique, Odyssey
...that have seen the involvement of several important industrial and academic research
institutions.

The first foundational calculus dealing with mobility has been the -calculus, a sim-
ple and expressive calculus aiming at capturing the essence of name passing with the
minimum number of basic constructs. If considered from a network-aware perspective,
one could say that -calculus misses an explicit notion of locality and/or domain where

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 49-1532] 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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computations take place. To overcome this deficiency of m-calculus, several founda-
tional formalisms, presented as process calculi or strongly based on them, have been
developed. We want to mention, among the others, Ambient calculus, Dm-calculus,
DJoin, Nomadic Pict, .... A major problem that has been faced in their development
has been the search for the appropriate abstractions that can be considered an acceptable
compromise between expressiveness, elegance, and implementability. A paradigmatic
example is the Ambient calculus: it is very elegant and expressive, but a reasonable
distributed implementation is still problematic.

2 A Kerne Language for AgentsInteraction and Mobility

KLAIM (A Kernel Language for Agents Interaction and Mobility) is a formalism specif-
ically designed to describe distributed systems made up of several mobile interacting
components that is positioned along the same lines of the above mentioned calculi. The
distinguishing features of the approach is the explicit use of localities for accessing data
or computational resources. The choice of its primitives was heavily influenced by CCS
and m-calculus and by Linda. Indeed, KLAIM stemmed from our work on process alge-
bras with localities [4] and our work on the formalization of the semantics of Linda as
a process algebra [10].

Linda is a coordination language that relies on an asynchronous and associative
communication mechanism based on a shared global environment called fuple space,
a multiset of tuples. Tuples are ordered sequence of information items (called fields).
There can be actual fields (i.e., expressions, processes, localities, constants, identifiers)
and formal fields (i.e., variables). Tuples are anonymous and content-addressable. The
basic interaction mechanism is pattern—matching that is used to select tuples from tuple
spaces. Linda has four primitives for manipulating tuple spaces: two blocking opera-
tions that are used for accessing and removing tuples and two non-blocking ones that
are used for adding tuples.

KLAIM can be seen as an asynchronous higher—order process calculus whose basic
actions are the original Linda primitives enriched with explicit information about the
location of the nodes where processes and tuples are allocated. Communications take
place through distributed repositories and remote operations. The primitives allow pro-
grammers to distribute and retrieve data and processes to and from the different local-
ities (nodes) of a net. Localities are first-class citizens that can be dynamically created
and communicated. Tuples can contain both values and code that can be subsequently
accessed and evaluated. An allocation environment, associating logical and physical lo-
calities, is used to avoid the programmers to consider the precise physical allocation of
the distributed tuple spaces.

The main drawback of KLAIM is that it is neither a real programming language nor
a process calculus. We have thus, more recently, worked along two directions. On the
one hand, we have evolved KLAIM to a full-fledged language (X-KLAIM) to be used
for distributed mobile programming. On the other hand, we have distilled the language
into a number of simpler calculi that we have used to define new semantic theories and
equivalences and to assess the expressive power of tuple based communications and
evaluate the theoretical impact of new linguistic primitives.
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3 A Programming L anguage Based on KLAIM

X-KLAIM (eXtended Klaim) [1] is an experimental programming language that has
bee specifically designed to program distributed systems with several components in-
teracting through multiple tuple spaces and mobile code (possibly object-oriented). X-
KLAIM has been implemented on the top of a run-time system that was developed in
Java for the sake of portability [2]. The linguistic constructs of KLAIM have proved to
be appropriate for programming a wide range of distributed applications with agents
and code mobility that, once compiled in Java, can run over different platforms.

4 KrLaiM-Based Calculi

From KLAIM we have distilled y KLAIM, CKLAIM and LCKLAIM) and we have stud-
ied the encoding of each of them into a simpler one [7]. HKLAIM is obtained from
KLAIM by eliminating the distinction between logical and physical localities (ro al-
location environment) and the possibility of higher order communication (no process
code in tuples). CKLAIM, is obtained from yKLAIM by only considering monadic
communications and by removing the read action, the non destructive variant of the
in basic actions. LCKLAIM is obtained from CKLAIM by removing also the possibility
of performing remote inputs and outputs. In LCKLAIM communications is only local
and process migration is exploited to use remote resources.

This work on core calculi has also stimulated and simplified the search for other
variants of KLAIM that better model more sophisticated settings for network aware
programming. In [6] and in [8] we have considered TOPOLOGICAL-KLAIM a variant
of CKLAIM that permits explicit creation of inter-node connections and their destruction
and thus considering two typical features of global computers, namely dynamic inter-
node connections and failures. In [9] we have developed more flexible (but still easily
implementable) forms of pattern matching.

For the simpler calculi we have instantiated the theory developed in [3]] and have in-
troduced two abstract semantics: barbed congruence and may testing. They are obtained
as the closure under operational and contexts reduction of the extensional equivalences
induced by what can be considered a natural basic observable for global computers:

A specific site is up and running
(when requested, the site provides a data of some kind).

For the two equivalences obtained as context closures, we have also provided alter-
native characterizations that permit a better appreciation of their discriminating power
and the development of proof techniques that avoid universal quantification over con-
texts. Indeed, we have established their correspondence with a bisimulation-based and
a trace-based equivalence over the labelled transition system used to describe the se-
mantics for the different variants of KLAIM.

5 Miscellanea

Starting from KLAIM, other lines of research have been pursued. We have considered
extensions of KLAIM for dealing with issues of security, quality of services and perfor-
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mance evaluation. We have studied logics for reasoning about mobile code. We have
proposed type systems for controlling access to shared resources. Additional informa-
tion, software and papers related to KLAIM and to the KLAIM Project can be retrieved
at: http://music.dsi.unifi.it/klaim.html
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Abstract. In distributed and mobile systems with volatile bandwidth
and fragile connectivity, non-functional aspects like performance and re-
liability become more and more important. To formalise, measure, and
predict these properties, stochastic methods are required. At the same
time such systems are characterised by a high degree of architectural
reconfiguration. Viewing the architecture of a distributed system as a
graph, this is naturally modelled by graph transformations.

To address these two concerns, stochastic graph transformation sys-
tems have been introduced associating with each rule its application
rate—the rate of the exponential distribution governing the delay of
its application. Deriving continuous-time Markov chains, Continuous
Stochastic Logic is used to specify reliability properties and verify them
through model checking.

In particular, we study a protocol for the reconfiguration of P2P net-
works intended to improve their reliability by adding redundant connec-
tions. The modelling of this protocol as a (stochastic) graph transfor-
mation system takes advantage of negative application and conditions
path expressions. This ensuing high-level style of specification helps to
reduce the number of states and increases the capabilities for automated
analysis.

1 Introduction

Non-functional requirements, concerning the quality or resources of a system,
are often difficult to capture, measure, and predict. At the same time they are
usually critical for success. Many failures of software engineering projects have
been attributed to a lack of understanding of non-functional aspects in the early
stages of development [9].

With the success of Internet and mobile technology, properties like the reli-
ability of connections, available bandwidth and computing resources become an
even greater concern. Since individual occurrences of failures are generally un-
predictable, stochastic concepts are required to formalise such properties. Many
specification formalisms provide corresponding extensions, including stochastic
transition systems (or Markov chains [2I21]), stochastic Petri nets [1/4JT9)20] or
process algebras [BI7]. Most of these formalisms specialise in describing behaviour
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in terms of orderings of events, neglecting aspects like data transformations and
changes to software architecture or network topology.

A noticeable exception is the m-calculus [I8], which allows communication
of channel names between interacting processes. It is thus possible to describe
changes of data structures or network topologies. The stochastic 7-calculus [22],
extending the original by assigning rates to the communication actions of a pro-
cess, allows to address non-functional aspects. However, while the m-calculus is an
adequate semantic framework for programming, it is too low-level for expressing
requirements in the early stages of a project. Here communication between de-
velopers and clients requires a direct, diagrammatic description of what changes
are required, instead of a detailed description of how they are achieved.

A more abstract style of specification is provided by rewriting-based for-
malisms like Rewriting Logic or Graph Transformation [I7)24]. Here, rules spec-
ify pre- and post-conditions of operations (what should be achieved) in terms of
complex patterns, while the underlying mechanisms for pattern matching and
implementing these changes are hidden from the user. Graph transformation, in
particular, supports a visual representation of rules which is reminiscent of to
the intuitive way in which engineers would sketch, for example, network recon-
figurations.

In order to account for the non-functional aspects, we introduced stochas-
tic graph transformation systems [IT]. Associating an exponentially distributed
application delay with each rule, we derive continuous-time Markov chains
(CTMCs), the standard model for stochastic analysis. This enables us to es-
tablish a link to continuous stochastic logic (CSL) to express and verify proper-
ties like the probability of being connected within 20 seconds after start-up, the
long-term probability for connectedness, etc.

This paper is devoted to a case study, a simplified version of a protocol for
the reconfiguration of Peer-to-Peer networks [I6], to validate the practicability of
the approach. P2P networks are decentralised overlay networks that use a given
transport infrastructure like the Internet to create a self-organising network. Due
to the lack of global control and potential unreliability of the infrastructure, P2P
networks are prone to dependability problems. The standard solution consists
in creating sufficient redundancy so that, when a node unexpectedly leaves the
network, its role in the routing of information can be taken over by other nodes.

Mariani [16] proposes an algorithm which, executed asynchronously by each
peer, adds redundant connections to the network to guarantee that the disap-
pearance of a peer does not unduly affect the overall performance and routing
capabilities of the network. It does so by querying the local context of a node up
to a given depth to expose potential weaknesses in the network topology. The
assumption is that this happens fast enough to prevent loss of connectivity due
to the disappearance of the node before extra links could be added. The desired
result is an increased fault tolerance.

We are going to validate these assumptions and compare the level of fault
tolerance achieved with the one obtained by the simpler solution of just adding
a limited number of references at random. To this purpose, we shall model the
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protocol as a stochastic graph transformation systems and analyse different vari-
ants of it. To develop a satisfactory model, we will require advanced features for
controlling the application of rules, like negative application conditions and path
expressions. We give an introduction to the basic approach and its extensions
and discuss their relevance w.r.t. the model checking problem.

The paper is structured as follows. Below, in Sect. [2] we introduce typed
graph transformation systems and provide a functional model model of the P2P
network. In Sect. Bl we extend definitions and examples to stochastic graph trans-
formation systems, including the derivation of Markov chains, stochastic logic
and model checking. Their application to the case study is reported in Sect. [4l
Sect. Bl concludes the paper with a discussion of tools and relevant theoretical
problems.

2 Graph Transformation Systems

In this section we will first focus on the basic ideas of typed graph transformation
systems, followed by a survey of the more advanced concepts required by our
case study. We follow the so-called algebraic single-pushout (SPO) approach [15]
to the transformation of typed graphs [13)/6].

2.1 Type and Instance Graphs

Graphs provide the most basic mathematical model for entities and relations. A
graph consists of a set of vertices V' and a set of edges E such that each edge e
in F has a source and a target vertex s(e) and t(e) in V, respectively.

In this paper, graphs shall represent configurations of a Peer-to-Peer (P2P)
network, modelling network nodes as vertices and links between them as edges.
We distinguish two different kinds of nodes in our networks, labelled by P for
peers and R for registry, as well as edge types | and r representing links and
registrations, respectively. The idea is that new peers participating in the network
have to login with a central registry server. Afterwards, they can connect and
communicate directly, without using any central infrastructure.

The graph in the upper right of Fig. 2] represents a network with a single
participant and the registry, while the one in the upper left has two connected
participants. Our graphs are directed, but in the case of links we use undirected
l-edges edges to denote symmetric pairs of directed ones.

Like a network configuration, also a collection of interrelated types may be
represented as a graph. In the bottom, Figure [Z1] shows the type graph of the
P2P model, providing the types for the instance graphs in the top. The relation
between types and their occurrences in configurations is formally captured by
the notion of typed graphs: A fixed type graph T'G represents the type level and
its instance graphs the individual snapshots.

Definition 1 (typed graphs). A directed (unlabelled) graph is a four-tuple
G = (Gy,Gg,src® tar®) with a set of vertices Gy, a set of edges Gg, and
functions src® : Gg — Gy and tar® : Gg — Gy associating to each edge
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Fig. 1. Type and instance graphs

its source and target vertex. A graph homomorphism f : G — H is a pair of
functions (fv : Gy — Hy, fg : Gg — Hpg) preserving source and target, i.e.,
such that fy o src® = srcf o fr and fy o tar® = tarf o fg.

Fizing a type graph TG, an instance graph (G,tp<) over TG is a graph G
equipped with a graph homomorphism tp© : G — TG. A morphism of typed
graphs h : (G1,91) — (G2,92) is a graph homomorphism h : G1 — Gs that
preserves the typing, that is, tp©? o h = tp©1.

We us the notation of the Unified Modelling Language (UML) for class and
object diagrams to capture the distinction between types and instances: r: R
denotes an element of an instance graph (G, tp®) such that its type tp®(r) = R.
The expression is underlined to stress that it is considered part of a system
configuration (rather than a rule as we shall see below). Morphisms between
typed graphs (G,tp%) and (H,tp™) are exemplified in Fig. 2 Morphism f
represents a subgraph inclusion while g, combining inclusion and renaming, is
an injective homomorphism or subgraph isomorphism.

2.2 Single-Pushout Graph Transformation

Having modelled configurations as instance graphs, we are turning to the speci-
fication of instance graph transformations by means of rules. A rule can be seen
as a representative example of all transformations, modelling them by means of
patterns for pre and post states.

For a given type graph TG, a graph transformation rule p : L — R consists
of a name p and a pair of graphs typed over T'G. The left-hand side L represents
the pre-condition of the operation specified by the rule while the right-hand side
R describes the post-condition. A correspondence between elements in L and R
is given by the identities of the nodes (sometimes omitted, assuming that the
intention is obvious from the layout).

The rules for the P2P network model are shown in Fig. [2 and Bl Rule new
creates a new peer. This requires to look up the registration of an existing peer
at the registry server, represented by the r-edge from r : R to p : P, to create a
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new

'S

kill

H
>

] disconnected ]

Fig. 2. Rules for creating and killing peers

new peer p; : P with corresponding registration, and to link it to p with a new
edge of type .

Rule kill models the deletion of a peer with all its ingoing and outgoing
edges. This may cause the network to become disconnected, except for regis-
trations, which are not used for communication. The rule disconnected in the
bottom is provided to detect such situations. The rule is applicable if there are
two registered nodes which are not connected by a path of l-edges, but the appli-
cation does not have any effect on the graph. This rule combines two interesting
features: Negative application conditions and path expressions, both to be intro-
duced below in more detail.

Rules generate transformations by replacing in a given graph a match for the
left-hand side with a copy of the right-hand side. Thus, a graph transformation

from a pre-state G to a post-state H, denoted by G p(:m>) H, is performed in
three steps.

1. Find a match of the left-hand side L in the given graph G, represented by an
injective graph morphism m : L — G, and check if it satisfies the application
conditions, if any;

2. Delete from G all vertices and edges matching L\ R;

3. Paste to the result a copy of R\ L, yielding the derived graph H.

In Fig. 3 the application of a rule is shown which creates a new peer, but
unlike new in Fig. 2 passes on the registration from the existing to the new peer.
The match m of the rule’s left-hand side is indicated by the boldface nodes and
edges in G. The transformation deletes the r-edge from r: R to Dy P, because
it is matched by an edge in the left-hand side L, which does not occur in R.
To the graph obtained after deletion, we paste a copy of the node p; : P in L,
renaming it to p, to avoid a name conflict, as well as copies of the [-edge from
p: Ptop;: P and the r-edge from r : R to p;. The match m tells us where these
edges must be added, e.g., p — p, means that the new [-edge is attached to D,
rather than to p, in H. However, this is not the only possibility for applying this
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Fig. 3. Transformation step using rule collect

rule. Another option would be to match p by p |» attaching the link to a different
peer. That means, there are two causes of non-determinism: choosing the rule to
be applied (e.g., new or pass on) and the match at which it is applied. (In this
case, both transformations lead to graphs that are isomorphic, i.e., differ only
up to renaming.)

The example of Fig. 3 is not entirely representative of the problems that may
be caused by deleting elements in a graph during step 2. In fact, we have to
make sure that the remaining structure is still a valid graph, i.e., that no edges
are left dangling because of the deletion of their source or target vertices. The
problem is exemplified by the step in Fig. @l The deletion of Dy P would leave
the attached r and [ edges “dangling”.

There exist two solutions to this problem: a radical and a conservative one.
The first gives priority to deletion, removing the vertex along with the dangling
edges. The conservative alternative consists in assuming a standard applications
condition which excludes the depicted situation as valid transformation. This
application condition is known as the dangling condition, and it is characteristic
of the algebraic DPO (double-pushout) approach to graph transformation [g].

kill

'
L R
|mv—{p%92}

I ‘ pa:P

Fig. 4. More interesting example
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We adopt the more radical Single-Pushout (SPO) approach [I5] because it
provides a more realistic representation of the behaviour we intend to model: It
may not be possible to stop a peer from leaving the network, even if it is still
connected to other peers. The SPO approach owes its name to the fact that the
construction of applying a transformation rule can be formalised as a pushout
(a gluing construction) in the category of graphs and partial graph homomor-
phisms [I5]. A partial graph morphism g : G — H is a total morphisms from
some subgraph dom(g) of G to H. We consider the simplified case of injective
matching, where the left-hand side is essentially a subgraph of the graph to be
transformed, rather than an arbitrary homomorphic image.

Definition 2 (rule, match, transformation). A rule p : L —— R consists
of a rule name p and a partial graph morphism r. A match for r : L — R into
some graph G is a total injective morphism m : L — G. Given a rule p and a
match m for p in a graph G the direct (SPO-) transformation from G with p at

m, written G p(ég H, is the pushout of r and m in the category of graphs and
partial graph morphisms.

L >R
m (1) m*
v \

G >H

r*

The typing G,L — R, and L — G over T'G induces a unique typing for
the derived graph H as well as for the tracking morphism r* and the co-match
m*. Intuitively, all elements that are preserved get their typing from G via r*
and all new elements inherit their typing from R via m*. Pushout properties of
(1) imply that there are no further elements in H (i.e., r* and m* are jointly
surjective) and for all elements that are in the image of both morphisms, there
exists a common pre-image in L so that commutativity of the diagram and type
compatibility of » and m ensure that they inherit the same types from R and G.

2.3 Application Conditions and Path Expressions

Quite often, plain graph matching is not enough to express sophisticated ap-
plication conditions. An example is the dangling edge condition, requiring that
there are no edges incident to nodes that are to be deleted, except for those that
are already part of the rule.

User defined negative application conditions [I0] can “sense” the existence or
non-existence of connections in the vicinity of the match. As examples, Fig.
shows the rules for creating redundant links in the network to achieve a higher
fault tolerance in case a node is unexpectedly deleted. Using smart in the bot-
tom, a shortcut is introduced if the two neighbours of a peer are not otherwise
connected by a direct link or via a third peer. This is expressed by two negative
context conditions: the crossed out l-edge and the crossed out P-node with its
two attached edges.
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Fig. 5. Rules for introducing short-cuts in the network

The rule should be applicable at match m only if m can not be extended
to include any of the two forbidden structures, i.e., neither the crossed out I-
edge nor the P-node with its two edges. They are represented in Fig. [6] by two
injective morphisms [y and Il outgoing from the left-hand side L. Extension [;
is present in graph G if an injective morphism n; can be found which coincides
with m on L, i.e., the corresponding sub-diagram commutes.

Definition 3 (application conditions). A constraint over L is an injective
typed graph morphism L 15 L. Given a a match (injective morphism) L G,
match m satisfies I, written m |=y, 1, if there is an injective morphism L -G,

! I
; P p.P

Fig. 6. Satisfaction of shortcut constraints as graph morphisms
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such that n ol = m. An application condition is a Boolean expression using
constraints over L as atomic propositions. Satisfaction is defined as usual, based
on the satisfaction of constraints.

A conditional transformation step is a transformation step where the match
satisfies the application conditions associated with the rule.

The negative application in Fig. [l is thus of the structure N = -l A —ls. Its
satisfaction does not only depend on the graph G, but also on the chosen match
m. Consider, for example, m1 = {p; = p.}, ma = {p1 = p,,p2 = p,,p3 — p_},
and m3 = {p; = Py, P2 = Py P3 »—>p5}. Then my,mg e, N, but mg =1 N.

The rule random in Fig. [l models the naive approach of adding links at
random as long as the number of additional I-edges attached to either ps or py,
beyond the ones linking them to p;, do not exceed two. Hence, the rule will
not increase the degree of any node beyond three. This condition is expressed
by negative constraints, too. Note that injectivity of L 5 @ is essential here,
because this enables us to count the number of nodes in a graph which would
have been confused otherwise.

Path expressions specifying the (non-)existence of certain paths support the
navigation within graphs and are generally useful if non-local graph properties
shall be expressed. For instance, rule disconnected in Fig.[2 detects disconnected
parts of the graph.

For vertices v,w € Gy, a path from v to w is a sequence of edges s =
(e1,€2,...,e,) € G such that tar%(e;) = src%(e;41) for alli € {1,...,n — 1}
(the target vertex of one edge is the source of its successor), v = src®(e;) and
w = tar®(e,). If G is typed over TG by tp¥, the type of s is is defined by
extending tp“ to sequences, i.e., tp©(s) = tpG(e1), tpG(ea), . .., tp%(en).

A path expressions p is a regular expression over the alphabet T'Gg of edge
types. Labelling an edge e in the left-hand side of a rule, it is satisfied by a match
m : L — G if there exists a path s from m(srcE(e)) to m(tar’(e)) such that
tp%(s) = p.

Path expressions are formally subsumed by Def. B]if we allow for a countably
infinite set of constraints and infinitary Boolean expressions as application con-
ditions. An expression stating the non-existence of a path labelled by l-edges, like
in rule disconnected in Fig. ], is then represented by a conjunction —l; A=la A. ..
where the [; are constraints specifying paths of length i.

2.4 Graph Transformation Systems

Rules over the same type graph are collected in a graph transformation system.
Given a graph to start with, they can generate any of the usual state-based
models, like sets of traces, labelled transition systems, event structures. We will
be particularly interested in a variant of transition systems.

Definition 4 (graph transformation system). A graph transformation sys-
tem G = (TG, P) consists of a type graph TG and a set of (conditional) graph
transformation rules p : L — R € P. The application condition of p is denoted
by AP(p).
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A transformation sequence in G

Go " @ ) ) g

18 a sequence of consecutive transformation steps with p; € P, briefly denoted by
Go :>E Gy.

The graph transformation systems we shall be interested in are

= Grandom = (TG, {new, kill, disconnected, random?})
= Gsmart = (TG, {new, kill, disconnected, smart})

with TG being the type graph shown in the bottom of Fig. 2] and the rules
given in Fig. 2 and

A labelled transition graph is the multi-graph equivalent of a labelled transi-
tion system, allowing for more than one transition between a given pair of states,
defined as isomorphism classes of the graphs reachable from the initial one.

Definition 5 (induced labelled transition graph). Let G = (T'G, P) be a
graph transformation system and Go a graph typed over TG. Assume a fixed
mapping x associating to each isomorphism class C of typed graphs a represen-
tative G, i.e. x(C) = G with C = [G] :== {H | H = G}. The labelled transition
graph induced by G and Gy is given by LTG(G,Go) = (L, S, T, pre,post, lab),
where

— L = P is the set of rule names of G;

— S is the set of all isomorphism classes of graphs reachable from Gy, i.e.
S ={1[Gn] | Go =g Gn};

— T is the set of transformations t = (G 2l H) with x(s) = G and x(s') = H
for some s,s" € S. In this case, pre(t) = s, post(t) = ¢, lab(t) = p and we
write briefly s == .

Multiple transitions are of interest when in the following section labelled
transition graphs are used to derive Markov chains.

3 Stochastic Graph Transformation

In this section, we introduce stochastic graph transformations extending typed
graph transformation systems in the SPO approach by rates associated with rule
names. We show how to derive a Continuous-Time Markov Chain (CTMC) from
the generated transition system, thus providing the basis for stochastic logic and
model checking in Section

3.1 Markov Chains

First we provide some basic notions adopting the Q-matrix, a kind of “incidence
matrix” of the Markov Chain, as elementary notion (cf. [21]).

Definition 6 (Q-matrix). Let S be a countable set. A Q-matriz on S is a
real-valued matriz Q = Q(s, s')s,srcs satisfying the following conditions:
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(i) 0 < —Q(s,8) < o0 forall s €S,
(i1) Q(s,8") >0 for all s # ¢,
(iii) 3 g Q(s,8") =0 for all s € S.

The Q-matrix is also called transition rate matriz. We use Q-matrices in order
to define random processes. A random process is a family of random variables
X (t) where t is an indexing parameter. Depending on whether ¢ is taken from
a discrete or continuous set, we speak of a discrete- or continuous-time process,
respectively.

We consider continuous-time random processes in which the number of times
the random variables X (t) changes value is finite or countable. Let t1, to, t3, ... be
the times at which the state changes occur. If we ignore how long the random pro-
cess remains in a given state, we can view the sequence X (t1), X (t2), X (t3),. ..
as a discrete-time process embedded in the continuous-time process, the so called
Jjump chain [21], 2.2].

Definition 7 (CTMC). A continuous-time Markov chain (CTMC) is a
continuous-time, discrete-state random process such that

1. The jump chain is a discrete-time Markov chain, i.e. a random process in
which the current state depends only on the previous state in the chain.

2. The time between state changes is a random variable T with a memoryless
distribution, i.e. P(T > t+71|T >t) =P(T > 1) for all t,7 > 0.

A Q-matrix on a countable set of states S defines a CTMC in the following
way:

If s # s and Q(s,s’) > 0, then there is a transition from s to s'. If the
set {s' | Q(s,s’) > 0} is not a singleton, then there is a competition between
the transitions originating in s. The probability that transition s — s’ wins the
“race” is — %((ss”i)). This defines the jump chain.

The time T for leaving a state s to another state is exponentially distributed
with rate Q(s) = —Q(s,s) (the total exit rate), i.e. P(T > t) = =@t The
exponential distribution is well-known to enjoy the memoryless-property [21]
2.3.1]. Thus a Q-matrix defines a Continuous-Time Markov Chain:

Definition 8 (CTMC with generating matrix Q). Let Q be a Q-matriz on
a countable set of states S. Then the continuous-time random process with jump
chain and state-change times as decried above is the Continuous-Time Markov
Chain with generator matriz Q.

Let @ be a Q-matrix on S and Q' be a Q-matrix on S’. We call the CTMCs
generated by @ and Q' isomorphic if there is a bijective mapping ¢ : S — S’ such
that Q'(¢(s),d(t)) = Q(s,t) for all states s,¢ € S. The transition probability
matrix P(t) = (Pss (t)), o cs describes the dynamic behaviour. It is the minimal
non-negative solution of the equation

P(t) = QP(t), P(0)=T.
The (s, s')-indexed entry of P(t) specifies the probability that the system is

in state s’ after time ¢ if it is in state s at present. Given an initial distribution
7(0), the transient solution w(t) = (7s(t)),cg is then
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7(t) = w(0)P(t).

In the finite case, P(t) can be computed by the matrix exponential function,
P(t) = €%, but the numerical behaviour of the matrix exponential series is
rather unsatisfactory [25]. Apart from the transient solution, which specifies the
behaviour as time evolves, the steady state or invariant distribution is of great
interest. It is a distribution, i.e. a map 7 : S — [0,1] with > __¢m, = 1, such
that 7@ = 0 holds. The steady state gives information about the long term
behaviour of the Markov Chain.

3.2 Stochastic Graph Transformation Systems

A stochastic graph transformation system associates with each rule name a pos-
itive real number representing the rate of the exponentially distributed delay of
its application.

Definition 9 (stochastic GTS). A stochastic graph transformation system
SG = (TG, P, p) consists of a graph transformation system (I'G, P) and a func-
tion p: P — RT associating with every rule its application rate p(p).

For the rules of our sample systems Grandom, Gsmart, fixed rates shall be
given by p(new) = p(kill) = 1 and p(disconnected) = 0, while the rates of
random, smart shall range over 10% for z = 1...4. That means, disconnected
shall never actually be applied, while the frequency of applying the rules for
creating shortcuts will vary considerably between the experiments. This will
allow us to answer the question if and under which conditions the protocol
proposed in [16] is superior to a random addition of links.

Next we show how a stochastic graph transformation system gives rise to
a Markov Chain, so that the analysis techniques described in Sect. 3] can be
applied.

Definition 10 (induced Markov chain). Let SG = (TG, P, p) be a stochas-
tic graph transformation system with start graph Go and let the induced labelled
transition graph LTG(G, Go) = (L, S, T, pre, post,lab) be finitely-branching. As-
sume for all s € S that p(p) =0 if p € R(s, s).

Then the Q-matrix on S, generating the induced Markov chain of SG is
defined by

S o) L for s#

Qs,s) =47
- ; Q(s,t) , for s=¢".
t#s

The initial distribution 7(0) is given by m4(0) =1 for s = [Go] and 75(0) =0
else. For a proof that this is well-defined, see [11].

Note that there may be multiple transitions linking two given states. As the
(Q-matrix can hold only a single entry for every pair of states, the rates of all
these transitions have to be added up. Hence our notion of equality on transitions
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determines the rate in the @Q-matrix. We regard two transitions as equal only if
the same rule is applied at the same match. For example, if two different peers
can decide to terminate themselves, these decisions should be independent, lead
to two different transitions, and finally add up to a higher rate.

3.3 Stochastic Temporal Logic

We use extended Continuous Stochastic Logic CSL as presented in [3] to describe
properties of CTMCs. Suppose that a labelling function L : S — 24F is given,
associating to every state s the set of atomic propositions L(s) C AP that are
valid in s. The syntax of CSL is:

Du=tt | a| D | &y APy | Sqp(P) | Pap(PrUU Dy)

where <« € {<,>}, p € [0,1], a € AP and I C R is an interval. The other
boolean connectives are defined as usual, i.e., ff = —tt, V¥ = — (=P A-¥) and
¢ — ¥ =P AV. The steady-state operator Sqp(P) asserts that the steady-state
probability of the formula & meets the bound <ip. The operator P, (P1U Ps)
asserts that the probability measure of the paths satisfying U @, meets the
bound <1pE|

For example, the formula Pxg g2 (true U [ disconnected) expresses the fact
that the probability of reaching a state labelled disconnected within 10 time
units is at most 0.02, while S<.01(disconnected) that the long-term probability
of being in a state labelled disconnected is less than 0.01. Both operators are
also available as queries, asking for the probability of a certain formula to be
true. For example, S_+(disconnected) would return the probability of being in
a disconnected-labelled state, rather than true or false.

In order to use CSL for analysing stochastic graph transformation systems,
we have to define the atomic propositions AP and the labelling function L.

0,10]

Definition 11 (interpreting CSL over labelled transition graphs). Let
LTG = (L, S, T,pre,post) be the labelled transition graph of a (stochastic) graph
transformation system G with initial graph Go. We define AP = L to be the set
of transition labels (rule names of G), and the labelling of states

L(s)={pe€ AP | 3t : pre(t) = s}
to be given by the sets of labels of outgoing transitions.

Thus we can reason about the applicability of rules. Coming back to the
above example, a state labelled disconnected is therefore one where the rule
disconnected is applicable (which has an outgoing transition with that label).
S_+(disconnected) therefore queries the transition system for the probability of
being in a disconnected state.

Recall that rule disconnected does not have any effect on the state, i.e., it
is exclusively used to represent a state property. The transition rates of such
property rules are set to 0, so that they do not affect the Q-matrix.

! The other path and state operators can be derived. Details are given in [3].
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4 Application

We have constructed an experimental tool chain consisting of GROOVE [23] for
generating the labelled transition graph of a graph transformation system, and
Prism [14] for probabilistic model checking. An adapter connects both tools by
translating the transition graph generated by GROOVE into a PRISM transition
system specification, incorporating the transition rates p as specified in a separate
file .

As usual, the size of the state space to be generated and analysed is a limiting
factor. Presently the main bottleneck is not the actual state space generation in
GROOVE, which can handle up to 10° states, but its import into the PRISM
model checker, which reaches its limits at a few thousand states. The actual
model checking, once the model is successfully imported, takes no more than a
few seconds.

The problem is caused by the low-level presentation of transition systems
generated by the transformation tool, which uses a single state variable s only.
Transitions are represented as conditional assignments as in the listing below,
where |[new] s=176->1*new_rate: (s’=80)| defines a transition from state 176
to state 80 using rule new at rate new rate = 1. The enumeration at the end
defines the labelling of states by atomic propositions (= rule names).

stochastic

// 605 Nodes

// 14322 Transitions

const int kill_rate=1;

const int smart_rate=1000;

const int new_rate=1;

const int disconnected_rate=0;

module M s : [0..604] init 438;
[new] s=176 -> 1*new_rate:(s’=80);
[kill] s=359 -> 2*kill_rate: (s’=537);

[disconnected] s=101 -> 4*disconnected_rate: (s’=422);
endmodule
// label "smart" = (s= 227, 159, 587, 247, 194);
// label "kill" = (s= 359, 174, 202, 151, 264, 126, ...);
// label "new" = (s= 176, 341, 324, ...);
// label "disconnected" = (s= 95, 364, 302, 116, 402, ...);

The limitation in the number of states requires a style of specification where
all operations are specified by single rules, rather than breaking them down into
smaller steps. The latter would lead to simpler rules, but create intermediate
states. The use of path expressions and application conditions is essential for
this style of specification.

The results of applying the tool chain to the two stochastic graph transfor-
mation systems defined in the previous section are visualised in Fig. [

2 http://www.1s10.de/sgt
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Fig. 7. Results of stochastic model checking

Both systems have been restricted to a maximum of 7 peers and one registry.
The bottom graph represents the behaviour of G-t Whose transition graph
has 798 states and 16293 transitions.

We observe that, increasing the rate of rule smart by a factor of 10 we de-
crease the long-term probability for a disconnected network by about the same
factor: from 0.225300 for p(smart) = 10 to 0.000244 for p(smart) = 10000. In-
deed, for rates at least 10 times higher than those of kill and new, the probability
seems to go against 2.4 - p(smart)~!. That means, an estimate of the average
time it takes to execute (the implementation of) smart in relation with the rate
of peers entering and leaving the system would provide us with an estimate of
the networks reliability.

The upper graph in Fig. [[lrepresents the system G,qndom which has 487 states
and 9593 transitions. We observe that the added redundancy does not have a
relevant effect on the reliability, even if the number of additional edges created
is roughly the same as in the other system (the overall number of states is only
slightly smaller). This shows the superiority of the first system.

5 Conclusion

In this paper we have developed a case study in stochastic graph transformation
to validate the practicability of the approach and understand its limitations.
The problem addressed, a protocol for adding redundant links in a P2P net-
work, has been modelled and analysed using an experimental tool chain. Let us
conclude this paper by discussing some of the issues and lessons learned in this
exercise.
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First, the model in this paper captures only a simplified version of the original
protocol. A complete presentation would have required even more advanced fea-
tures, like rule priorities or multi-objects, which are partly beyond the abilities
of available analysis tools. Alternatively, a high amount of encoding of standard
graph algorithms would have rendered the approach useless for model checking.

A possible solution to this problem is the use of procedural abstractions
as provided by programming-oriented graph transformation approaches like
FuiaBa [26]. Ideas for structuring stochastic graph transformation systems
into modules could be used to encapsulate the implementation of these pro-
cedures [12).

Second, P2P networks often contain thousands or even millions of nodes.
Hence, the validity of the results of our analysis, which only considers seven peers,
can be questioned. However, this is not so much an issue of the formalism itself,
but of the analysis techniques and tools. We expect that much more realistic data
can be obtained by complementing model checking with stochastic simulation.

Finally, it depends on the specific application domain whether user behaviour,
as expressed in rules like new, kill, or system behaviour like in smart, random is
exponentially distributed. Future work will extend the approach to allow different
kinds of distributions.
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Abstract. We discuss some of the difficulties and significant issues that we need
to consider when developing a formal method for component-based software en-
gineering. We argue that to deal with the challenges, there is a need in research
to link existing theories and methods of programming for effective support to
component-based software engineering. We then present our initiative on a uni-
fied multi-view approach to modelling, design and analysis of component sys-
tems, emphasising the integration of models for different views.

Keywords: Components, Interfaces, Contracts, Protocols, Functionality, Con-
sistency, Composition, Refinement, Simulation.

1 Introduction

The idea to exploit and reuse components to build and to maintain software systems
goes back to “structured programming” in the 70s. It was a strong argument for de-
velopment of object oriented methods and languages in the 80s. However, it is today’s
growing complexity of systems that forces us to turn this idea into practice [5].

While component-based software development is understood to require reusable
components that interact with each other and fit into system architectures, there is so
far no agreement on standard technologies for designing and creating components, nor
on methods of composing them. Finding appropriate formal approaches for describing
components, the architectures for composing them, and the methods for component-
based software construction, is correspondingly challenging. It seems component-based
programming is now in the similar situation of object-oriented programming in the 80s:

My guess is that object-oriented programming will be in the 1980s what struc-
tured programming was in the 1970s. Everyone will be in favor of it. Every
manufacture will promote his products as supporting it. Every manager will
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pay lip service to it. Everyone programmer will practice it (differently). And
no one will know just what it is [32]. — T. Rentsch, September 1982

In this paper, we discuss some of the concepts and issues that are important for a
formal method to support component-based software engineering (CBSE). We argue
that there is a need to integrate existing theories and methods of programming. We then
propose a unified multi-view modelling approach that is intended to support separation
of concerns. Different concerns are described in different viewpoints of a system at
different levels of abstraction, including those of the syntactic dependency among com-
ponents, static behavior, dynamic behavior and interactions of components. We show
how in the model to integrate a state-based model of functional behavior and an event-
based model of inter-component interactions. The state-based model is for white-box
specification to support component design and the event-based model is for black-box
specification used when composing components. Linking the theories will also shed
light on the integration of tools, such as model checkers, theorem provers and testing
tools, for system verification.

An integrated approach allows knowledge sharing among different people in a com-
ponent system development, such as requirement engineers and analysts, system assem-
blers, component designers, component certifiers and system verifiers. Different people
play different roles and are only concerned with and use the models of aspects relevant
to their jobs.

After this introduction, we will discuss in Section [2] the concepts of components,
interfaces and architectures. These are the three most primary concepts, on which peo-
ple have not yet reached an agreement. In Section 8] we will give an overview about
the recent frameworks for component systems modelling, and argue about the need to
link methods. We will in Section [4] give an outline of the framework that is being de-
veloped at UNU-IIST, and point out its difficulties and limitations. We will conclude in
Section [5] with a discussion about future work.

2 Components, Interfaces and Architectures

The notions of components, interfaces and architectures are the most important, but not
yet commonly defined three concepts in CBSE. This section discusses how different
views on these concepts can be reconciled.

2.1 Components

Looking into Oxford Advanced Learners Dictionary, we can find:
A component is any part of which something is made.

In software engineering, this would allow a software system to have as “components”
assembly language instructions, sub-routines, procedures, tasks, modules, objects,
classes, software packages, processes, sub-systems, etd]. This definition obviously is

! Notice these entities have very different natures.
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too general for CBSE to provide anything new. To decide what is to be ruled in and
what is to be ruled out, we first clarify the purposes of using “components” in software
development, and then study their implications or necessary properties.

As we said earlier, the widely accepted goal of component-based development is
to build and maintain software systems by using existing software components, e.g.
(3813412912 113311 3lI8]. It is understood that the components are required to be reusable
components. They must interact with each other in a system architecture
[36/4.2912/40433]]. This goal of CBSE implies four orthogonal properties for a truly
reusable component [38]]:

P1 contractually specified interfaces,
P2 fully explicit context dependencies,
P3 independent deployment,

P4 third party composition.

Based on these conditions, it is argued in [20] that an assembly language instruction and
software packages should not be treated as components, but classes in a class library
are components. However, classes can hardly be components if we require P3 when
composing components without access to the source code. On the other hand, we can
lift a class to make it usable as a component, by providing a description of its required
classes and methods.

The usage of a component in a software system includes using it to replace an out
of date component to upgrade the system or a failed component to repair the system,
adding it to the system to extend the system services, or composing it into the system
while the system itself is still being built. Some researchers insist on a component be-
ing reusable during dynamic reconfiguration. The implications of properties P1-P4 are
different when a component is used in different applications, for different purposes or
in different kinds of systems. This is the main reason why some people give more strin-
gent definitions than others (e.g. [8.34]). In [8], a component is defined by the following
three axioms :

A1l A component is capable of performing a task in isolation; i.e. without being com-
posed with other components.

A2 Components may be developed independently from each other.

A3 The purpose of composition is to enable cooperation between the constituent com-
ponents.

These properties are in fact those required for a “sub-system” in [37]].
The paper [8] argues that the three axioms further imply a number of more proper-
ties, called corollaries of components:

C1 A component is capable of acquiring input from its environment and/or of present-
ing output to its environment.

C2 A component should be independent from its environment.

C3 The addition or removal of a component should not require modification of other
components in the composition.

C4 Timeliness of output of a component should be independent from timeliness of
input.
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CS5 The functioning of a component should be independent of its location in a compo-
sition.

C6 The change of location of a component should not require modifications to other
components in the composition.

C7 A component should be a unit of fault-containment.

The implication of the corollaries from the axioms is only argued informally. Property
C2 implies that a component has no state and this is also insisted on in [38]. This is
now generally understood to be only required in some limited circumstances, such as
for dynamic reconfiguration. Property C4 only applies to real-time systems and prop-
erties C5&C6 are only relevant to distributed mobile systems. We do not see why C7
is needed at all unless a component is to be used to replace another during the runtime
of the system. In fact, in many applications coordinators or managers can be used to
coordinate fault-prone components to achieve fault-tolerance [25]].

On the other hand, it is argued in [34] that a software component itself is a static
abstraction with plugs which are not only used to provide services, but also to require
them. This implies that components are not usually used in isolation, but according to
a software architecture that determines how components are plugged together. This in
fact is the kind of component called a module in [37].

2.2 Interfaces

Although there is no consensus on what components are, all definitions agree on the
importance of interfaces of components, and interfaces are for composition without the
access to source code of components. This indicates that the differences are mainly
reflected in decisions on what information should be included in the interface of a com-
ponent.

We further argue that interfaces for different usages and different applications in
different environments may contain different information, and have different properties:

— An interface for a component in a sequential system is obviously different from one
in a communicating concurrent system. The later requires the interface to include a
description of the communicating protocol while the former does not.

— An interface for a component in a real-time application will need to provide the
real-time constraints of services, but an untimed application does not.

— Components in distributed, mobile or internet-based systems require their inter-
faces to include information about their locations or addresses.

— An interface (component) should be stateless when the component is required to be
used dynamically and independently from other components.

— A service component has different features from a middleware component.

Therefore, it is the interface that determines the external behavior and features of the
component and allows the component to be used as a black box.

Based on the above description, our framework defines the notion of an interface for
a component as a description of what is needed for the component be used in building
and maintaining software systems. The description of an interface must contain infor-
mation about all the viewpoints among, for example functionality, behavior, protocols,
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safety, reliability, real-time, power, bandwidth, memory consumption and communica-
tion mechanisms, that are needed for composing the component in the given architec-
ture for the application of the system. However, this description can be incremental
in the sense that newly required properties or view points can be added when needed
according to the application.

2.3 Architecture

The main concerns about programming in the small are the flow of control and the data
structure. The specifications, design and verification all focus on the algorithm and the
data structure of the program.

For programming in the large, the major concerns are components and their consis-
tent integration in an architectural context. The architectural design becomes a critical
issue because of the important roles it plays in communication among different stake-
holders, system analysis and large-scale reuse [4]].

There are numerous definitions of software architecture, such as [2/4429.37]]. The
common basis of all of them is that an architecture describes a system as structural
decomposition of the system into subsystems and their connections. Architecture De-
scription Languages (ADLs), such as [2/4/29], are proposed for architecture description.
The basic elements of ADLs are components and connectors. An ADL also provides
rules for putting (composing) components together with connectors. They suffer from
the disadvantage that they can only be understood by language experts — they are inac-
cessible to domain and application specialists. Informal and graphical notations, such
as UML, are now also widely used by practical software developers for architecture
specification [10l33]]. However, the semantic foundation for these UML-based models
has not yet been firmly established.

A mere structural description of a system is not enough in supporting further sys-
tem analysis, design, implementation, verification, and reconfiguration. More expres-
sive power is needed for an ADL [3]. In particular, an ADL should also support the
following kinds of views:

Interaction: the interaction protocol and mechanisms,

Functionality and Behavior: functional services, key properties of its components
(e.g. safety and reliability),

Resources and Quality of Service: hardware units required, real-time, power, band-
width, etc. These details allow analysis and critical appraisal, such as the quality of
service.

It is a great advantage if an architectural description supports the separation of these
concerns and allows them to be consistently integrated for system analysis.

One of the biggest challenges in formal CBSE is to develop a model that effectively
supports the separation of the views for analysis of different concerns, while they can
be consistently linked or combined in a whole system development process.

3 State of the Art of Formal Theories

This section gives an overview of existing component-based models, and summarises
the common requirements on component-based models.
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3.1 Models of Architectures

Most of the early theories, such as [27026/39/1129]], focus on modelling system archi-
tectures. All these models of architectures deal with coordinations among components,
in an event-based approach. They can also be used for specification of connectors and
coordinators. However, they do not go to the level of component design, implementa-
tion and deployment. This might be reason why ADLs still do not play any major role
in practical software engineering.

Recently, more delicate models are proposed for describing behavior of compo-
nents and their coordinations, such as [3l13]]. Reo [3] is a channel-based model with
synchronous communication. The composition of components (and connectors) are de-
fined in terms of a few operators. The model is defined operationally and thus alge-
braic reasoning and simulation are supported for analysis. The disadvantage of this
approach is that it is not clear how it can be extended to deal with other viewpoints,
such as timing and resources. Also, being even-based, the model in [13] considers a
layered architecture for composition, provided by connectors (glueing operations). It
considers real-time constraints and scheduling analysis. The behavior of a component
is defined in a form of a timed automaton. This provides a good low level model of exe-
cution of a component. However, the use of local clocks for modelling delays can hardly
be said to be component-based. We need talk about a component at a higher level of
granularity.

The Stream Calculus [6/7/41] is a denotational framework, but otherwise similar
to those of [3l13] for being a channel-based model. In general a denotational model
supports the notion of stepwise development by refinement and links specifications at
different levels of abstraction better. With the scream calculus, Broy also proposes a
multi-view modelling to include interface model, state machine model, process model,
distributed system model, and data model [|6/7)].

The main disadvantage of message/event based approaches is that changes of the
data states of a component are not specified directly. While they are good at modelling
behavior of electronic devices and communicating protocols, they are not inclined to
the software engineering terminology and techniques. The relation of these models to
program implementations is not clear and practical software design techniques, such as
design patterns, is not well supported. These lead to difficulties in understanding the
consistency between the interaction protocol and the functionality.

3.2 The Need to Link Methods and Theories

The grand aim of CBSE is to support independently development of components and
compositional design, analysis and verification of overall systems.

To achieve this aim, it is essential that the approach provides a notation for multi-
view modelling, that allows separation of concerns and supports modelling and rea-
soning about properties at different levels of abstraction. The nature of multi-view and
separation of concerns allows us to independently identify, describe and compose dif-
ferent correctness conditions/aspects [19]] of different views of components, including
syntactic interfaces, static and functional behavior, dynamic and synchronization be-
havior, interaction protocols, timing and resource constraints, etc. Separation is the key
principle to ensure the simplicity of the model [21]].
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It is crucial that the model supports abstraction with information hiding so that we
can develop refinement and transformation based design techniques [2116411]]. This will
provide a theoretical foundation for the integration of formal design techniques with
practical engineering development methods. Design in this way can preserve correct-
ness to a certain level of abstraction and support code generation that ensures certain
correctness properties (i.e. being correct by construction [30]).

Refinement in this framework characterises the substitutability of one component
for another. It involves the substitutability of all the aspects, but we should be able to de-
fine and carry out refinement for different features separately, without violating the cor-
rectness of the other aspects. The integration of event-based simulation and state-based
refinement facilitates assurance of global refinement by local refinement. Global refine-
ment is specified as set containment of system behavior (such as the failure-divergence
semantics of CSP). Global refinement is verified in a deductive approach supported
possibly with support of a theorem prover. Local refinement is specified in terms of pre
and post conditions of operations and verified by simulation often supported by a model
checker. Also, refinement in CBSE must be compositional in order to global reasoning
about the system can be done by local reasoning about the components [1].

We would also like the refinement calculus to support incremental and iterative de-
sign, analysis and verification. This is obviously important for scaling up the application
of the method to large scale software development, and for the development of efficient
tool support. We believe being incremental and iterative is closely related and comple-
mentary to being compositional, and important for lowering the amount of specification
and verification and reducing the degree of automation [30].

To benefit the advantages of different methods for dealing with different aspects of
component systems, an integration of these methods is needed so that their theories and
tools are linked to ensure the consistency of the different views of a system. For example,
the static functionality described by pre- and post conditions, dynamic behavior by
state machines (or transition systems) and interaction protocols by traces have to be
consistent.

Summary. A number of formal notations and theories have been well-established and
proved themselves effective as tools for the treatment of different aspects of computer
systems. Operational simulation techniques and model checking tools are believed to be
effective for checking correctness, consistency and refinement of interaction protocols,
while deductive verification and theorem provers are found better suited for reasoning
about denotational functionality specification. For CBSE, analysis and verification of
different aspects of correctness and substitutability can thus be carried out with differ-
ent techniques and tools. However, integration of components requires the integration
of the methods for ensuring different aspects of correctness and substitutability. The
integration requires an underlying execution model of component software systems.

A component may not have to be designed and implemented in an object-oriented
framework. However, the current component technologies such as COM, CORBA, and
Enterprise JavaBeans are all built upon object-oriented programming. Object programs
are now widely used in applications and many of them are safety critical. This leads
to the need to investigate the techniques of modelling, design and verification of ob-
ject systems and the construction of component systems on underlying object systems.
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Also, the unification of the theories of imperative programming and object-oriented
programming is naturally achievable [[16,24]14].

4 rcCos

At UNU-IIST, we are developing a model and calculus, called rCOS, for component
and object systems. In this section, we focus on the main theme and features of this
model, instead of technical details.

Based on discussion the previous sections, we intend to formalize the characteris-
tics of a component in a model with the following elements and notions which serve
different purposes for different people at different stages of a system development:

— interfaces: describe the structural nature of a system and are only used for check-
ing syntactic dependencies and compositionality. They are represented in terms of
signatures of service operations.

— contracts: are semantic specifications of interfaces. A contract relates an interface

to an application by specifying the (abstract) data model, functionality of the ser-
vice operations, synchronization protocols, and other required qualities of service
(QoS) depending on the application.
The model also provides a definition of consistency among these views and and
method for checking this consistency. A contract can be extended horizontally by
adding more services, more properties (e.g. QoS). In this paper, we are only con-
cerned with functionalities and protocols.

— components: are implementations of contracts. The execution model of component
is defined. The relation of a component to a contract is defined for the correctness
of the component.

— operations: are defined for interfaces, contracts and components so that they can
be composed in different ways.

— substitutability: is defined in terms of refinement which covers and relates state-
based refinement and even-based simulation.

— coordination: is defined as predicates on protocols to glue and manage a group of
components.

— class model: is used to define the data model that is more general than pure data
types and makes it easier to link a contract to a component with an object-oriented
implementation.

Interfaces and contracts are used by assemblers to check compatibilities of components
when assembling or maintaining a system. If components do not match with each other,
assemblers can consider to write connectors with glue code to put them together. Con-
nectors can sometimes be built as components. The protocols in the contracts are used
to avoid deadlock when putting components together. The functional specification of
the operations are used to ensure that the user (the other components) provides correct
inputs and the component returns with correct outputs.

The designer of a component has to ensure that the component satisfies its contract,
in particular to avoid livelock and design errors. The verifier (certifier) must have access
to the code of the component to verify the satisfaction of the contract by the component.
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4.1 UTP: The Semantic Basis

rCOS is based on Hoare and He’s Unifying Theories of Programming (UTP) [L8].
UTP takes an approach to modelling the execution of a program in terms of a relation
between the states of the program. Here, a state of a program P is defined over a set of
variables called the alphabet of the program, denoted by «(P) ( simply a when there is
no confusion). Given an alphabet «, a state of « is a (well-typed) mapping from « to
the value space of the alphabet.

Programs as Designs. For an imperative sequential program, we are interested in ob-
serving the values of the input variables inc and output variables oura. We use a Boolean
variable ok to denote whether a program is started properly and its primed version ok’ to
represent whether the execution has terminated. The alphabet « is defined as the union
inac U outae U {0k, ok’ }, and a design is of the form

(p(z) F R(z,y")) < ok Ap(z) = ok’ A R(z,y)

where

— p s the precondition, defining the initial states

— R is the postcondition, relating the initial states to the final states in terms the of
input value z and the output value y'. Note that some variable z is modified by a
program and in this case we say z € ina and the primed version 2’ € ourc.

— ok and ok’: describe start and termination, they do not appear in expressions or
assignments in program texts

The design represents a contract between the “user” and the program such that if the
program is started properly in a state satisfying the precondition it will terminate in a
state satisfying the postcondition.

A design is often framed in the form

Bi(pl—R)défpl—(R/\wlzw)

where w contains all the variables in inae — 3, which are the variables in in but not in 3.
We can use the conventional operations on programs statements for designs too.

Given two designs such that the output alphabet of P is the same as the primed
version of the input alphabet of Q, the sequential composition

P(inay, outar); Q(inaz, outors) © 3. P(inar, m) A Q(m, outarz)
def

Conditional choice: (D1 <b> D2) = (bAD1)V (=bAD2)
Demonic and angelic choice operators:

DD DivDy DiUD: Y Dy AD,

while bdo D is defined as the weakest fixed point of
X =((D;X) Qbr> skip)

We can now define the meaning of primitive program commands as framed designs in
Table [Tl Composite statements are then defined by operations on designs.
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Table 1. Basic commands as designs

command: C design: [c] description
skip () : true - true dotes not change anything, but termi-
nates
3 includi ) N
chaos () : false - true anything, including non-termination,
’ can happen

side-effect free assignment; updates =

with the value of e o
m(in; out) is the signature with input

parameters in and output parameters
out; body(m) is the body command of
the procedure/method

Ti=e {z} : true - 2’ = val(e)

[var in, out];
m(e;v)  [in:=e]; [body(m)]; [v:=out];
[end in, out]

Refinement of Designs. The refinement relation between designs is then defined to
be logical implication. A design D, = («, P2) is a refinement of design D; = («, P1),
denoted by D1 C Do, if P, entails Py

’

Va,x',...,2,2" - (P2 = P1)

where z,2',. .., 2, 2" are variables contained in a. We write Dy = D; if they refine each
other.

If they do not have the same alphabet, we can use data refinement. Let p be a map-
ping from as to «;. Design Dy = (a2, P2) is a refinement of design D1 = (1, P1) under
p, denoted by D1 T, Do, if (p; P1) C (P2;p). It is easy to prove that chaos is the worst
program, i.e. chaos C P for any program P. For more algebraic laws of imperative pro-
grams, please see [18]].

The following theorem is the basis for the fact that the notion of designs can be used
for defining the semantics of programs.

Theorem 1. The notion of designs is closed under programming constructors:
((pr = R1); (p2 = R2)) = ((pr A =(Ra; —p2)) b (Ra; R2))
P1 F Ry (p2 [ RQ)) = ((p1 /\pz) = (R1 Vv Rg))

(( )
((p2 F R1) U (p2 F R2)) = ((p1 Vp2) F ((p1 = R1) A (p2 = Re)))
((p1F R1) b (p2 F R2)) = ((p1 90> p2) = (R <b> Ra))

n
L

Linking Designs with Predicate Transformers. A widely used method for program
analysis and design is the calculus of predicate transformers [9]]. The link from the de-
sign calculus to the theory of predicate transformers is given by the following definition

wp(pF R,q) Y p A=(R;~q)

It gives the weakest precondition for the design p - R to ensure the post condition gq.
Design p - R is feasible iff wp(p - R, false) = false, or equivalently

Vo e (p(v) = Fv’' @ R(v,v")
meaning p - R can deliver a result whenever its execution terminates.

In [[15], we show this definition of wp ensures validity of all the algebraic rules of
the wp transformer. For example

wp(true = @' = f(z),q(z)) = q[f(z)/z]  assignment
wp(D1V D2,q) = wp(D1,q) A wp(D2, q) disjunction /non-determinism
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4.2 Interfaces

In our framework, the notion of interface is different from that in Section 2.2. There, an
“interface” is actually an interface specification and the same as the notion of contracts
that we are to define in the next subsection.

A primitive interface is a collection of features where a feature can be either a field
or a method. We thus define a primitive interface as a pair of feature declaration sections:

I = (FDec, MDec)

where FDec is a set of field declarations, denoted by I.FDec, and MDec a set of method
declarations, denoted by L. MDec, respectively.

A member of FDec has the form x : T where x and T represent respectively the name
and type of this declared field. It is forbidden to declare two fields with the same name.

A method op(in inx, out outx) in MDec declares the name op, the list of input param-
eters inx and the list of output parameters of the method. Each input or output parameter
declaration is of the form u : U giving the name and type of the parameter.

The method name together with the numbers and types of its input and output pa-
rameters forms the signature of a method. In general both inx and outx can be empty.
For simplicity and without losing any generality in the theory, we assume a method
has one input parameter and one output parameter and thus can be represented in the
form op(in : U, our : V) by removing the key words in and out. Notice that the names of
parameters are irrelevant. Thus, op(iny : U, out; : V) and op(ina : U, outs : V) are treated
as the same method.

Interface Inheritance and Hiding Operations. Inheritance is a useful means for reuse
and incremental programming. When a component provides only part of the services
that one needs or some of the provided operations are not quite suitable for the need, we
may still use this component by rewriting some of the operations or extending it with
some operations and attributes.

Definition 1. (Interface inheritance) Let I; (i = 1, 2) be interfaces. I, and I» are com-
posable if no field of 1, is redefined in I; for i # j. When they are composable, notation
I, ® I represents an interface with the following field and method sectors

FDec def FDecy U FDeco
MDec “ MDecs U {op(in : U, out : V')|op € MDec1 N\ op ¢ MDec>}

To enable us to provide different services to different clients of a component, we al-
low to hide operations in an interface to make them invisible when the component is
composed with certain components. Hiding operations provides the opposite effect to
interface inheritance and is to be used to restrict an interface. In a graphical notation
like UML, this can be achieved by the notation of generalization alone.

Definition 2. (Hiding) Let I be an interface and S a set of method names. The notation
I\S denotes the interface I after removal of methods of S from its method declaration
sector.

FDec ™ 1.FDec, MDec ™ 1.MDec\ S
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The hiding operator enjoys the following properties.

1. Hiding two sets of operations separately is the same as hiding all of the operations
in the two set together, (1\S1)\S2 = I\(S1 U S2). Thus, the order in which two sets
of operations are hidden is inessential too.

2. Hiding distributes among operands of interface inheritance

(TS I\S = (I\S) & (J\S)

4.3 Contract

A contract gives the functional specification of an interface.
Definition 1. (Contract) A contract is a pair Ctr = (I, MSpec), where

1. Iis an interface,
2. MSpec maps each method op(in : U,out : V) of I to a specification of op that is a
design with the alphabet

ina < {in} U LFDec, outa = {out'} ULFDec'

For a contract Cir = (I, MSpec), we will use Cir.1, Ctr.FDec, Ctr.MDec and Ctr.MSpec to
denote respectively I, I.FDec, I.MDec and MSpec.

Two contracts can be composed to extend both of them only when their interfaces
are composable and the specifications of the common methods are consistent. This com-
position will be used to calculate the provided and required services when components
are composed.

Definition 2. (Composable contracts) Contracts Ctr; = (I;, MSpec,), i =1, 2, are
composable if

1. I and I are composable, and
2. for any method op occurring in both I, and I,

MSpec,(op(x : U,y : V)) =
MSpec,(op(u: Uyv: V)[z, 2, y, y'/u, v, v, V']

In this case their composition Ctry||Ctrs is defined by

1% I ® Iz, MSpec def MSpec, ®MSpec,
where MSpec, ®MSpec., denotes the overriding MSpec, (op) with MSpec,(op) if op occurs
in both I and I>.

Notice that for the purpose of compositional reasoning, condition (2) makes the com-
position conservative extension and serves as a limited form of UML generalization.

Based on this definition, a calculus of refinement of contracts and components is de-
veloped in [23]]. In the rest of this section, we present the generalized notion of contracts
and components.
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4.4 Reactive Contracts

A contract defined in the previous subsection specifies the static functionality of a com-
ponent that does not require synchronization when the operations are used. Such com-
ponents are often used in the functional layer [[L1]. Business process and rules are,
however, accomplished by invoking particular sequences of operations. This means a
protocol of using the function operation must be imposed, often by composing a com-
ponent in the functional layer and a component in the system layer [[11]]. The component
then becomes reactive and only reacts to the calls of the operation that come in the right
order. To describe synchronisation, we introduce two Boolean observables wair and wait’
to the alphabet of an operation op(in : U, our : V) in a contract. A design D on such an
extended alphabet is called reactive if W(D) = D holds for the linking function

W(D) = (true - wait') < wait > D
And we extend the specification MSpec(op) to a guarded design («,g,D) denoted as
g&D, where

— g is boolean expression over I.FDec and represents the firing guard of op
— D s a reactive design over o = {in, wait, ok} U LFDec U {out’, ok', wait'} U I.FDec’.

The semantics of a guarded design g&D is defined as (true - wait') <t ~g > D. The fol-
lowing theorem forms the theoretical basis for using reactive designs as the semantic
domain of a programming language.

Theorem 1. (Reactive designs are closed under programming constructors)

1. For anydesignpt R, W(p & R) is a design.

2. W maps a design to a reactive design: W? (D) = W(D)

3. If D is a reactive design, so is the g-guarded version g&D.

4. W is monotonic: W(D1) C W(D2) iff (~wait = (D2 = D1)). So, all reactive designs
form a complete lattice.

5. Reactive designs are closed under the conventional programming operators.

We can now formally define a reactive contract.

Definition 3. (Reactive Contract) A reactive contract is tuple Ctr=(1, Init, MSpec, Prot),
where

I is an interface
Init is a design that initialises the state and is of the form

true & Init(v') A —wait’, where Init is a predicate

MSPec assigns each operation to a guarded design («, g, D).
Prot, called the protocol, is a set of sequences of call events. Each is of the form

?op1(x1), ..., Topk(zk)

where ?op;(x;) is a (receipt of) call to operation op; in . MDec with an input value ;.

We use guard(op) to denote the guard in MSPec(op) for an operation op € MDec.
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Notice that a contract defined in Section 4.3 can be used as the model of the static
behavior of the component, and can seen as special case of reactive contract with all the

guards of the operations being true, and the protocol being the whole set of sequences
of the operations MDec*.

Definition 4. (Semantics of Contracts) The dynamic behavior of Ctr is described by
the triple (Prot, F(Ctr), D(Ctr)), where

— the set D(C'tr) consists of the sequences of interactions between Ctr and its envi-
ronment which lead the contract to a divergent state

de
D(Ctr) < {(2op1 (1), 0p1 (1)), - .-, 20pi(@x), o1 (i), Poprs1 (Tr41)) - 5 |
Fu, v, wait’ e (Init; g1&D1[z1,y1/in1, outy];

gkXLDk [Tk, yr/ing, outy,])[true /ok][ false/ok']}

where op;(y;)! represents the return event generated at the end of execution of op;
with the output value y;, in1 and out; are the input and output parameters of opi,
and ¢;&D; is the guarded design of method op;.

— F(Ctr) is the set of pairs (s, X) where s is a sequence of interactions between C
and its environment, and X denotes a set of methods which the contract may refuse
to respond to after it has engaged all events in s

. d . .
rej =f (true, false, true, false | ok, wait, ok’ , wait')

. def
rej,
F(Ctr) def {({), X) | I @ Init[rej] ANV?0p € X @ ~guard(op)[v' /v]}

((Pop1(z1),0p1(y1)Y, ..., ?opk(zk), op(yr)!), X) |

(true, false, true, true / ok, wait, ok’ , wait")

' e (Init; g1 & D1[x1, y1 /in, out!];

{ gk87ch [k, Y /ing, outy,))[rej] AV?70p € X e —guarad(op)[v' /v]
{ ((Pop1(x1), 0p1(y1)}, - . -, Topr (), opr(y)!), X) |

I’ e (Init; g1& D1 [x1, y1 /ina, out!];

gr& D[k, yr [ing, outy])[rej] A opi! & X
((?0p1(x1),0p1(y1)!, s 7?0pk(mk)>7x) |
' e (Init; g1& D1 w1, y1 /in1, out!];

Gk—1&Dy—1[xr—1, Yk—1/ing—1, out),_1])[rej]; g& D[z, /iny][rej ]
U {s,X)|seD(Ctr) A\V?op € X e —g;[v' /v]}

F(Crr) defines fives cases when events may be refused and thus deadlock may occur if
the environment only offers these refusals:

1. The first subset of the refusals records the cases when the operation call events ?op
in X cannot occur because their guards do not hold in the initial state.

2. The second subset identifies those cases where after a sequence of calls executed,
the system may reach a state where the guards of the events in X are false.

3. The third case is when the execution of an operation opy, is waiting to output its
result.
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4. The fourth case defines the scenarios when the execution of an operation opy, enters
a waiting state.
5. Finally, the fifth case takes the divergent traces into account.

We define the traces of a contract as those traces in the failure set

T(Cir) 2 {5 | 3X o (s, X) € F(Cir)}
which are prefix closed.

Notice that the guarded designs of the operations defines a state-based model of the
dynamic behavior of the component. It corresponds to a state transition system [28/17]]
and it has a clear link to temporal logic approaches for analysis and verification [22/25]].
When the state space can be reduced to a finite one, the specification of the operations
can be represented by a finite state machine or automaton, that model checking tools are
based on. From the guarded designs, we can obtain a the model of the static behavior
too. This is how a contract model combines the event-based model of the protocol, the
stated based model dynamic behavior and the pre- and postcondition specification of the
static behavior of a component. However, the protocol and the functional specification
of the operations have to be consistent.

Definition 5. (Consistency) A contract Cir is consistent, denoted by Consistent(Ctr), if
it will never enter a deadlock state if its environment interacts with it according to the
protocol. That is for all (?opy(z1), ..., ?opr(zk)) € Prot,

wp(Init;g1& D1 [z1/in1); . . . ; ge& Di[zk /ing], ~wait A Jop € MDeceguard(op)) = true

It is shown in [[15] that a contract Ctr is consistent if and only if for all sequences #r in
Prot

1. there is a trace s in T(Crr) whose projectiorﬁ on operation calls s|{?} equals #, and
2. for any failure (s, X') € F(Crr), if s|{?} is a prefix of # then not all operations and
operation returns are refusals, that is X # {?op, op! | op € MDec}.

The following useful properties of consistency are proved in [15]:

1. The union of consistent protocols is a consistent protocol (with respect to a speci-
fication for the operations), that is, if Ctr; = (I, Init, MSPec, Prot;), i = 1,2, are con-
sistent, so is Ctr = (I, Init, MSPec, Prot1 U Prots).

2. If contract Ciry = (I, Init, MSPec, Prot) is consistent and Prot> C Prot1, then contract
Ctry = (I, Init, MSPec, Prot2) is consistent. This allows us to restrict the services of a
component.

3. For contracts Ctr; = (I, Init;, MSPec;, Prot), i = 1,2, if Ctry is consistent, Inity T Inito,
and MSPecq(m) C MSPec2(m), for all m € LMDec, then Ctr; is consistent.

Therefore, for a given (1, Init, MSPec), there is more than one protocol consistent with it.
We call the largest one the weakest consistent protocol, denoted as WProt(I, Init, MSPec),
such that

Consitent(1, Init, MSPec, Prot) = Prot C WProt(I, Init, MSPec)

2 We use | for the projection (or restriction) operator in general.
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The weakest consistent protocol can be directly defined as

de . . .
WProt™s {(?op1(z1),- .., ?opk(zk)) | Wwp(Init; g1 &D1 [x1/in1]; . . . ; gp&Dy [z /ing],
—wait \ Jop € MDec e guard(op))}

We can prove that WProt is prefix closed [[15]. We, for simplicity, use (I, Init, MSPec) to
denote (I, Init, MSPec, WProt).

Example 1. Consider a one-place buffer with an interface
BI = (empty : Boolean, {put(in : Item), get(out : Item))})

Given MSPec to assign pur and ger as

MSPec(put) def empty& (true = —empty’), MSPec(get) = —empty& (true - empty’)
With the initial condition Inir "/ empty, we can calculate the weakest consistent protocol
to be (?put, ?get)” which is the set of alternating sequences of pur and ger, starting with
a put. An n-place buffer can be similarly defined.

Definition 6. (Contract Refinement) Contract Cir, is refined by contract Ctra, denoted
by Ctr1 C Ctra, lf

1. Ctrs provides no less services than Ctri:Ctri.MDec C Ctra.MDec
2. Ctry is not more likely to diverge than Ctr1: D(Ctr1) 2 D(Ctrz)|Ctri .MDec, and
3. Ctry is not more likely to deadlock than Ctry: T (Ctr1) 2 T (Ctrz)|Ctri.MDec.

Notice that refinement allows us to add new services. The following two theorems (see
[L5] for the proofs) link the notions of simulation and refinement and combine event-
based and state-based modelling.

Theorem 2. (Refinement by Downwards Simulation) Let Ctr; = (I;, Init;, MSPec;) be
two contracts. Ctr1 C Ctro, if there exists a total mapping p(u,v') from the fields FDecy
of Ctry to the fields FDecs of Ctra such that the following conditions are satisfied

1. p preserves the initial condition: Inito = (Init1; p)

2. p preserves the guards of all operations: p = (guard,(op) = guard,(op)) for all
op € MDec.

3. The function specification of each operation by Ciry is preserved by Ctra: for each
op € MDec

MSpec,(op); p T p; MSPeca(op)
Notice that the state mapping p is used as a design which does not change wait.

Theorem 3. (Refinement by Upwards Simulation) Ler Crtr; = (I;, Init;, MSPec;) be
two contracts. Ctr1 C Ctra, if there exists a surjective mapping p(v,u') from the fields
FDecs of Cirs to the fields FDec: of Ciry such that the following conditions are satisfied
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1. p preserves the initial condition: (Init2; p) = Init,

2. p preserves the guards of all operations: p = (guard,(op) = guard,(op)) for all
op € MDec;.

3. The function specification of each operation by Ciry is preserved by Ctra: for each
op € MDec

MSpecy(op); p 3 p; MSPecy(op)

The same results can be found about transitions systems and the temporal logic of ac-
tions [2225]).

Theorem 4. (Completeness of simulations) If Ciri T Ciro, then there exists a contract
Ctr such that

1. There is an upwards simulation from Ctr to Ctr.
2. There is a downwards simulation from Ctr to Ctrs.

Contract Operations. All the operations defined by an interface are public, i.e, they
are directly accessible by the environment of the interface. We can remove cervices
from a contract as we did for an interface.

Definition 7. (Removing Services) Let Ctr = (I, Init, MSPec) be a contract and S a sub-

set of the operations MDec, then contract Cri\S = (I\S, Init, MSPec|(MDec — S)), where
we use “—” for set difference.

The behavior of Ctr\S is defined by

D(Ctr\S) = {s| s € D(Crt) A s € {?op,op! | op € MDec — S}*}
F(Ctr\S) ={(s,X) | (s,X) € F(Crt) N s € {?op, op! | op € MDec — S}*N
X C {?op,op! | op € MDec — S}}

When a component is to be implemented, an operation can be used in the code of
another. We would like to be able to remove the former from the interface but at the
same the implementation of the latter method should still work without the need for
any modification. To handle this problem, we introduce in this section the notion of
private (or internal) methods/operations, which are not available to the public, but can
be used by the component itself. For this we need to generalize the notation of contracts
to general contracts.

Definition 8. (General Contract) A general contract GCtr extends a contract Ctr with
a set of private methods declarations PriMDec and their specification PriMSPec

GCtr = (Ctr, PriMDec, PriMSPec)
The behavior of GCtr is defined to be that of Cir.

Now we can hide a public operation in MDec of a general contract to make it internal.
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Definition 9. (Hiding Service) Let GCtr = (Ctr, PriMDec, PriMSPec) be a general con-
tract, and S a subset of the public methods MDec. The restricted contract GCir\S is
defined as

(Ctr\S, PriMDec U S, PriMSPec U MSPec|S)
We are now ready to define the composition of two general contracts.

Definition 10. (Composition of Contracts) Let GCtr;, i = 1,2 be two general con-
tracts such that

1. all shared fields have the same types,
2. all shared methods have the same specification
3. the initial conditions of the two contracts are consistent, that is satisfiable.

The composition GCtry||GCtr; is the general contract

GCtr = ((I, MSPec), PriMDec, PriMSPec)

where
L.FDec ™ I1.FDec U I>.FDec union of the fields
I.MDec I1.MDec U Iz.MDec union of the public methods
MSPec <! MSpec, & MSPec> overriding union of the specifications

PriMDec *< PriMDecy U PriMDeca  union of the private methods
PriMSPec PriMSpec, @& PriMSPecy overriding union of the specifications

Properties of the operations on contracts can be found in [15].

4.5 Components and Their Compositions

A component is an implementation of a contract. The implementation of an operation,
however, may call operations of other components. Therefore, a component may op-
tionally have a required interface as well as a provided interface and executable code.

Definition 11. (Component) A component C is a tuple
(I, MCode, PriMDec, PriMCode, InMDec)

where

1. Iis an interface.

2. PriMDec is a set of method declarations which are private to the component.

3. The tuple (I, MCode, PriMDec, PriMCode) has the same structure as a general con-
tract, except that the functions MCode and PriMCode map each method op in the
sets I.MDec and PriMDec respectively to a guarded command of the form g — c,
where g is called the guard, denoted as guard(op) and c is a command, denoted as
body(op).

4. InMDec denotes the set of input methods which are called by public or internal
methods, but not defined in MDec U PriMDec.
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We use C.I, C.Init, C.MCode, C.PriMDec, C.PriMCode and C.InMDec to denote the corre-
sponding parts of C.

The semantics of a component is defined to be a function that given a contract for the
required interface, returns a general contract calculated from the code of the operations.

Definition 12. (Semantics of Components) Let InCtr be a contract such that its inter-
face methods are the same as the required methods of C, InCtr.MDec = C.InMDec. The
behavior C(InCtr) of C with respect to InCtr is the general contract

((I, MSPec), Init, PriMDec, PriMSPec)

where
LFDec Y C.FDec U InCir.FDec
IMDec < C.MDec U InCtr.MDec

MSsPec ™ | MDec
PriMSPec < & | PriMDec
Init ¢ nit A InCtr.Init

where function & assign each operation in Mdec U PriMDec the guarded design calcu-
lated from the code:

®(op) < guard(op)&[body(op)]

where if m € InMDec is called in body(op), the specification of op assigned by InCir is
used in the calculation [15|].

It is easy to show that if InCtry T InCrra, then C(InCtry) C C(InCtra)

Definition 13. (Component Refinement) A component C; is refined by component Cs,
denoted by C1 C Ca, if C1.MDec C C3.MDec, Ci.InMDec O Cz.InMDec, and the contract
refinement C1(InCtr) T Ca(InCtr) holds for all the input contracts InCtr.

Composition of Components. The most natural composition is to plug the provided
operations of one component into the required operation of the other to chain these two
together.

Definition 14. (Chaining) Let C, and Cs be components such that

1. none of the provided or private methods of C» appears in C1,
2. Cy and Cs have disjoint field declarations.

The chain C1))Cs of C1 with Cy is the component, which has

the fields C1FDec U Cz.FDec.

the required operations Ci.InMDec U Co.InMDec — C1.MDec N Ca.InMDec
the provide operation C1.MDec U C2.MDec — C1.MDec N C2.InMDec

the initial condition C1Init N\ Ca Init

the code C1.Code U Cy.Code

the private code C,.PriCode U C2.PriCode
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Theorem 5. For any given input contract InCtr

(C1))C2)(InCtr) = (C1(InCtry)||C2(InCtrz))\(C1.MDec N Ca.InMDec)

where

InCtry < InCrr|C1 .InMDec
InCtry ™ InCir|(Ca.InMDec — C1.MDec)||Cy (InCtry) | (Cy.MDec N Ca.InMDec)

The chaining operator is monotonic and commutes with the hiding operator [[15]. The
other often used composition is disjoint parallel composition.

Definition 15. (Disjoint Composition) Letr C1 and C2 be components such that they
do not share fields, public operations. Then C1 @ Cs is defined to be the composite
component which has the provided operations of C1 and Cs as its provided operations,
and the required operations of C1 and C» as its required operations:

(C1 ® Ca)(InCtr) < €1 (InCir|Cy .InMDec) || C (InCir| Co.InMDec)

Obviously, chaining C1))C; is the same as disjoint parallel composition C; ® C2 when
the provided services of C; are disjoint from the required services of Cs.

We also allow a provided operation to call another (possibly the same) provided
operation, so as to link a required a operation to a provided operation.

Definition 16. (Feedback) Let C be a component and m € C.MDec and n € C.InMDec.
C[m < n] is the component such that for any InCrt

Clm — n)(InCtr) 2 C(InCtr.MSPec & {n — (g&[c]})\{m}

C.MCode(m) = g — c. Notice here the design [c] is the weakest fixed point of a recur-
sive equation if it calls other methods [15]].

Putting Components Together. Please notice that the conditions for disjoint parallel
composition can be easily checked and carried out by either assemblers or designers.

When an putting two components together using the chaining composition C1))Ca,
one may not have access to the codes. In this case, a black box specification of C;
must be given for C; in the form of a pair of (PCtr;, RCir;) of a provided (or promising)
contract and a required (or relied) contract for the components C;. They are provided
by the designer who has checked to ensure

C; (RCm-) 3 PCtr;

In fact, in these black box specifications, it is not necessary for the specification of
operations to include the guards of the operations. The guards are only used by the
designers to ensure the consistency of the protocol and the functional behavior.

When C; and C; are to be chained, we need to check to ensure the compatibility of
PCiry and RCirs, i.e. PCtr1 J RCtrs, so that the protocol in the required contract RCtro
agrees with that in the provided protocol, and the functional designs of the operations
in the provided contract PCrr; refine those in RCtrs.
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Furthermore, the components we have considered so far are passive components.
Therefore, we treat sequences in the required protocol in RCtry as non-deterministic
choices, but the provided protocol in PCtri as providing deterministic choice.

Let Spec, = (PCtr;,RCtr;), i = 1,2, be two black box specifications, PProt; and
RProt; the provided protocol and required protocol, and MDec; and InMDec; the pro-
vided and required operations, respectively. We define

PPVOZ1/RPV0l2déf {s|3t1 € PProt1,t2ERProtze(t1|(InMDec3)[!/?] = taA
t1|(MDec1 — InMDecs2) = s}

Definition 17. (Interaction compatibility) For a provided protocol PProt, and a re-
quired protocol RProt, given in the previous paragraph, we say they are compatible
if PProty|InMDec2 D RProtz[?0p/lop | op € InMDec|, where a sequence in the required
protocol is of the form (lop1(z1),. .., opk(zk)) and lop;(z;) is the call out eveneqo op-
eration op.

Furthermore, when they are compatible, we define the (largest) provided protocol
after the provided operations are plugged in the required operations

PProt1))RProty def PProt1 /RProts
Example 2. For the one-place buffer, the provided protocol is (?put, 7get)*. Assume a
producer requires to interact with the buffer to place items into the buffer only three
times. The required protocol would be {(!put, \put, !put)}. It is compatible with the pro-
vided protocol, and the protocol (?put, ?get)* /{{\put, \put, \pur) } = {{!get, get, get) }. So a
consumer that can be composed in must have such a required protocol.

When we have a number of components requiring services from following PPror;, the
chaining compositions can be done (compatibility checking too) one by one

PProt1))RProt2)) . .. ))RProty,

The black box specifications of components are in fact the interfaces in UML. They
represent the static structural dependency among components as illustrated in Figure[Tl
which is from the example in [23]].

For general system assembly, the model of components needs to be extended by
adding the notion of ports to represent the Service Access Points (SAPs) [35]. Each
port is attached with a pair of provided and required interfaces specified by their con-
tracts (PCtr, RCtr), either can be optionally empty. We require that interfaces at different
ports are independent. For interaction between two components, a binding has to be
established between the required interface at a port of one component and a compatible
provided interface at a port of another. This extension allows us to refine a component
by adding ports.

4.6 Active Components and Connectors

The components (and contracts) we have studied so far are only passive components.
When a provided service is called (according to the protocol), the component starts to

3 It is different from op(y)! which is the return of the method op.
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Fig. 1. Static dependency among components

execute and during the execution it may call services of other components. In general
a component may be active (i.e. an actor in the sense of ROOM [33])) and have its own
control and once it is started it can execute its internal actions, call services of other
components, and wait to be called by other components. For purely active components,
we can simply give the specification of the required contracts, including the protocol.
The sequences in the protocol do not have to be non-deterministic choices in general.
However, it is always safe to assume the worst case, i.e. the choice over input (namely
method calls) is non-deterministic. Otherwise, the failure set must be given to describe
when a choice is in the refusal set.

For a more general active component the provided and required operations may
be tightly related and it is not always possible to separate the provided protocol and
required protocol by projections.

For example, an active producer that uses the buffer in Example 2 only produces
the next item after receiving an acknowledgement of the receipt of the previous one
from the consumer. The protocols of the producer Prd and the consumer Con are given
respectively as

Prd < (‘put, ?ack)*, Con def (Iget, lack)*

Again, we can introduce ports into the mode of active components to represent inde-
pendently defined interfaces that allows components to be connected in arbitrary con-
figuration.

If we changed Prd to a pair of provided and required protocols by projections, we
would have the provided protocol (!pur)* and the required protocol (?ack)*. With these,
we would not have been able to check deadlock freedom when composing it with the
producer and the buffer.

We believe composing this kind of active element with gray box specifications will
require the full power of a theory of concurrency, such as a process algebra (CSP or
CCS) or automata theory. In fact, most of the existing models adopt such a gray box
specification approach, e.g. [2J6/3113].

Connectors are often treated as first class elements in component-based architec-
ture description languages. In our framework, the simple connectors are defined by the
operations of chaining, disjoint parallel composition and hiding. More general connec-
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tors are defined as predicates of protocols of the form C(Prory, ..., Proty, Prot), where
Prot1, . .., Prot, can be seen as roles that are mapped to components’ protocols and Prot
can be seen as the glue which is the resulting protocol [2]]. We call C a connector if the
roles are to be linked to the required protocols of components and the resulting protocol
is linked to the provided protocol of a component. C is a coordinator or manager if the
roles are to be linked to the provided protocols of components and the resulting protocol
is used as a provided protocol (i.e. linked to a required protocol). Connectors and coor-
dinators for passive components are often simple. More complicated coordinators and
glues can be defined for general active components. Again the need of writing compli-
cated glue codes would push the users away from using component-based development.

4.7 Component-Based and Object-Oriented Methods

In most books on component-based design in the UML framework, e.g. [10J31]], a com-
ponents is taken as a family of collaborating objects (or class at the level of templates
or styles) without being formally defined. Some papers, e.g. [6l3], are critical to object-
orientation and think that objects or classes are not composable and thus cannot be
treated as objects. To some extent, this is true as objects or classes do not specify their
required interfaces. On the other hand, all the existing component technologies, such as
JavaBeans, EJB, .NET and COM, are based on object-oriented methods. Therefore, it
is useful to investigate the integration of the models of components and objects.

In our framework, we can take a class and translate it to primitive components easily
by calculating the required methods from the code of the class methods. However, in
general, a component in our proposed model can be realized by a family of collaborating
classes. Therefore, for a component C, we treat the interface methods of C and the
protocol as the specification of the use cases of the component and the components in
environment of C as the actors of these use cases. The design and implementation of
this component can then be carried out in a UML-based object-oriented framework.

The types of the fields in interfaces and components can be classes. The classes and
their associations form the information (data) model. This model can be represented
as a UML class diagram and formalized as class declaration in rCOS [16414124]]. The
implementation of a contract in a component is based on the implementation of the
class model. Also, for example UML2.0, a port of a component is realized by a class
too (a port in an active component is realized by an active class). The component-based
part of rCOS presented here and its object-oriented part in [[16/14)24] form a consistent
combination.

5 Conclusion and Future Work

We have discussed the basic concepts of components and argued for the need to link
methods and their theories for programming. The link will go in two dimensions. In the
horizontal direction, we need the integration of theories of state-based functional re-
finement [18]], event-based interaction simulation, real-time [[17,25113]], fault-tolerance
[25], security, mobility and general QoS. In the vertical dimension, we need to link
the theories of domain and requirements analysis, system construction by assembly of
components, component construction, and component deployment.
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So far most models focus on the theories of interfaces and coordination models to
support system construction by composing components. The link of these theories and
model to software technology for component construction is still weak. We have pro-
vided some initial results towards this direction in TCOS. More work needed in the areas
of component-based domain and requirements analysis and component deployment. In
the horizontal direction, it is still a long way to deal with general QoS issues. Another
challenge is the combination of synchronous communication and asynchronous com-
munication. This could be done by adding message queues at the end of the receiving
components or allowing shared fields in components. However, it is not clear whether
there is any better way at a higher level of abstraction.

We have presented the ongoing research on rCOS to support this argument. We
realize the tradeoff between the simplicity of the model required for the support to
CBSE and the expressiveness of the model. While linking methods will help to ease the
difficulties by localising a method to a stage of the development, the need to develop
sophisticated ‘glueware’ to coordinate components in applications is one reason why the
saving from using “off-the-shelf” components is sometimes not as great as anticipated.
If general active components and coordinators among them have to be all covered,
the formal method and theory of CBSE cannot be expected to be simpler than those
established for general concurrent and distributed systems. On the other hand, linking
methods and their theories is useful for general software and system engineering.
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Abstract. A string z is an outfix of a string y if there is a string w such
that xiwze = y, where x = x1x2 and a set X of strings is outfix-free
if no string in X is an outfix of any other string in X. We examine the
outfix-free regular languages. Based on the properties of outfix strings, we
develop a polynomial-time algorithm that determines the outfix-freeness
of regular languages. We consider two cases: A language is given as a set
of strings and a language is given by an acyclic deterministic finite-state
automaton. Furthermore, we investigate the prime outfix-free decom-
position of outfix-free regular languages and design a linear-time prime
outfix-free decomposition algorithm for outfix-free regular languages. We
demonstrate the uniqueness of prime outfix-free decomposition.

1 Introduction

Codes play a crucial role in many areas such as information processing, date
compression, cryptography, information transmission and so on [I4]. They are
categorized with respect to different conditions (for example, prefiz-free, suffiz-
free, infiz-free or outfiz-free) according to the applications [TTIT2IT3ITH]. Since a
code is a set of strings, it is a language. The conditions that classify code types
define proper subfamilies of given language families. For regular languages, for
example, prefix-freeness defines the family of prefix-free regular language, which
is a proper subfamily of regular languages.

Based on such subfamilies of regular language, researchers have investigated
properties of these languages as well as their decomposition problems. A decom-
position of a language L is a catenation of several languages L1, Lo, ..., Ly such
that L = L1Lo--- Ly and k > 2. If L cannot be further decomposed except for
L-{\} or {\}- L, where X is the null-string, we say that L a prime language.

Crzyzowicz et al. [5] studied prefix-free regular languages and the prime prefix-
free decomposition problem. They showed that the prime prefix-free decompo-
sition of a prefix-free language is unique and demonstrated the importance of
prime prefix-free decomposition in practice. Prefix-free regular languages are of-
ten used in the literature: to define the determinism of generalized automata [6]
and of expression automata [10], and to represent a pattern set [9].

* The authors were supported under the Research Grants Council of Hong Kong Com-
petitive Earmarked Research Grant HKUST6197/01E.

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 96-[I09} 2005.
© Springer-Verlag Berlin Heidelberg 2005
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Recently, Han et al. [§] studied infix-free regular languages and developed
an algorithm to determine whether or not a given regular expression defines an
infix-free regular language. They also designed an algorithm for computing the
prime infix-free decomposition of infix-free regular languages and showed that
the prime infix-free decomposition is not unique. Infix-free regular languages give
rise to faster regular-expression text matching [2]. Infix-free languages are also
used to compute forbidden words [1I4].

As a continuation of our investigations of subfamilies of regular languages,
it is natural to examine outfix-free regular languages and the prime outfix-free
decomposition problem. Note that Ito and his co-researchers [12] showed that
an outfix-free regular language is finite and Han et al. [7] demonstrated that
the family of outfix-free regular languages is a proper subset of the family of
simple-regular languages. On the other hand, there was no known efficient al-
gorithm to determine whether or not a given finite set of strings is outfix-free
apart from using brute force. Furthermore, the decomposition of a finite set of
strings is not unique and the computation of the decomposition is believed to
be NP-complete [17]. Therefore, our goal is to develop an efficient algorithm
for determining outfix-freeness of a given finite language and to investigate the
prime outfix-free decomposition and its uniqueness.

We define some basic notions in Section [2 and propose an efficient algorithm
to determine outfix-freeness in Section Bl Then, in Section @ we show that an
outfix-free regular language has a unique prime outfix-free decomposition and
the unique decomposition can be computed in linear time in the size of the given
finite-state automaton. We suggest some open problems and conclude this paper
in Section Bl

2 Preliminaries

Let X denote a finite alphabet of characters and X* denote the set of all strings
over Y. A language over X is any subset of *. The character () denotes the empty
language and the character A denotes the null string. Given a string x = x1 - - - xp,,
|| is the number of characters in z and x(i,j) = x;&it1 - - - x; is the substring
of  from position i to position j, where i < j. Given two strings x and y in X%,
x is said to be an outfiz of y if there is a string w such that xywxzs = y, where
x = z122. For example, abe is an outfix of abede. Given a set X of strings over
X, X is outfiz-free if no string in X is an outfix of any other string in X. Given
a string x, let ¥ be the reversal of z, in which case X7 = {2% | z € X}.

A finite-state automaton A is specified by a tuple (Q, X, 8, s, F'), where @ is
a finite set of states, X is an input alphabet, 6 C Q x X' x @ is a (finite) set of
transitions, s € @) is the start state and F C @ is a set of final states. Let |Q)|
be the number of states in @ and || be the number of transitions in 6. Then,
the size |A| of A is |Q| + |6|. Given a transition (p,a,q) in §, where p,q € @ and
a € X, we say p has an out-transition and ¢ has an in-transition. Furthermore,
p is a source state of ¢ and ¢ is a target state of p. A string x over X' is accepted
by A if there is a labeled path from s to a final state in F' that spells out x. Thus,
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the language L(A) of a finite-state automaton A is the set of all strings spelled
out by paths from s to a final state in F. We define A to be non-returning if
the start state of A does not have any in-transitions and A to be non-exiting if
a final state of A does not have any out-transitions. We assume that A has only
useful states; that is, each state appears on some path from the start state to
some final state.

3 Outfix-Free Regular Languages

We first define outfix-free regular expressions and languages, and then present
an algorithm to determine whether or not a given language is outfix-free. Since
prefix-free, suffix-free, infix-free and outfix-free languages are related to each
other, we define all of them and show their relationships.

Definition 1. A language L is

— prefix-free if, for all distinct strings x,y € X*, v € L and y € L imply that
x and y are not prefixes of each other.

— suffix-free if, for all distinct strings x,y € X*, x € L and y € L imply that
x and y are not suffizes of each other.

— bifix-free if L is prefiz-free and suffiz-free.

— infix-free if, for all distinct strings z,y € X*, x € L and y € L imply that x
and y are not substrings of each other.

— outfix-free if, for all distinct strings x,y,z € X*, xz € L and xyz € L imply
Y=\

— hyper if L is infix-free and outfiz-free.

For further details and definitions, refer to Ito et al. [I2] or Shyr [I§].

We say that a regular expression F is outfix-free if L(F) is outfix-free. The
language defined by such an outfix-free regular expression is called an outfiz-
free reqular language. In a similar way, we can define prefix-free, suffix-free and
infix-free regular expressions and languages.

Fig.1. A diagram to show inclusions of families of languages, where p,s,i,o and h
denote prefix-free, suffix-free, infix-free , outfix-free and hyper families, respectively,
and u denotes X*. Note that the outfix-free family is a proper subset of the prefix-free
and suffix-free families and the hyper family is the common intersection between the
infix-free family and the outfix-free family.
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Let A= (Q,X,6,s, F) denote a deterministic finite-state automaton (DFA)
for L. Han and Wood [10] showed that if A is non-exiting, then L is prefix-free.
Han et al. [8] proposed an algorithm to determine whether or not a given regular
expression E is infix-free in O(|E|?) worst-case time. This algorithm can also
solve the prefix-free and suffix-free cases as well. Therefore, it is natural to design
an algorithm to determine whether or not a given regular language is outfix-free.
Since an outfix-free regular language L is finite [12I4], the problem is decidable
by comparing all pairs of strings in L, although it is certainly undesirable to
do so.

3.1 Prefix-Freeness

Since the family of outfix-free regular languages is a proper subfamily of prefix-
free regular languages as shown in Fig. [[l we consider prefix-freeness of a finite
language first.

Given a finite set of strings W = {wq,ws, ..., w,}, where n is the number
of strings in W, we construct a trie 7" for W. A trie is an ordered tree data
structure that is used to store a set of strings and each edge in the tree has a
single character label. For details on tries, refer to data structure textbooks [3/T19].
Assume that w; is a prefix of w;, where ¢ # j; it implies that |w;| < |w;|. Then,
w; and w; must have the common path in 7" from the root to the ith node ¢
that spells out w;. Therefore, if we reach ¢ while constructing the path for w;
in T, we recognize that w; is a prefix of w;. Let us consider the case when we
construct a path for wj first and, then, construct a path for w; in T". The path
for w; ends at the |w;|th node ¢ that already has a child node for the path for
wj. Therefore, we know that w; is a prefix of some other string. Note that we
can construct a trie for W in O(|w1| + |wa| + - - - |w,|) time, which is linear in
the size of W.

Lemma 1. Given a finite set W of strings, we can determine whether or not
W is prefix-free in linear time in the size of W by constructing a trie for W. We
can also determine suffiz-freeness of W in the same runtime by constructing a
trie for W1,

3.2 Outfix-Freeness

We now consider outfix-freeness. Assume that we have two distinct strings wy
and we and ws is an outfix of wy. It implies that wy; = xyz for some strings =,y
and z such that we = zz and y # \. Moreover, w; and wy have the common
prefix z and the common suffix z. Fig. 2l illustrates it.

Based on these observations, we determine whether or not one string w; is an
outfix of another string wo for two given strings w; and wsq, where |wi| > |wa].
We compare two characters, one from w; and the other from ws, from left to
right (from 1 to |wz|) until two compared characters are different; say the ith
characters are different. If we completely read ws, then we recognize that ws is
a prefix of wy and, therefore, ws is an outfix of w;. We repeat these character-
by-character comparisons from right to left (from |ws| to 1) until we have two
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la bclaabblbaal

A s
la bclba al

Fig. 2. A graphical illustration of an outfix string; abcbaa is an outfix of abcaabbbaa

different characters. Assume that the jth characters are different. If ¢ > j, then
wy is an outfix of wy. Otherwise, wy is not an outfix of w;. For example, i = 4
and j = 3 in Fig. 2

Lemma 2. Given two strings w1 and wa, where |w1| > |wsa|, we is an outfiz of
wy if and only if there is a position i such that wa(1,7) is a prefiz of wy and
wa (i + 1, |wa|) is a suffiz of wy.

Let us consider the trie T for wy and ws. Since w; and ws have the common
prefix, both strings share the common path from the root to a node ¢ of height 4
that spells out wo (1, 7). Moreover, the path for wa(i+1, |we|) in T is a suffix-path
for wi(i 4+ 1, |wy]) in T. For example, in Fig. [ the path for z is the common
prefix-path and the path for z is the common suffix-path. Thus, if a given finite
set W of strings is not outfix-free, then there is such a pair of strings. Since a
node g € T gives the common prefix for all strings that pass through ¢, we only
need to check whether some path from ¢ to a leaf is a suffix-path for some other
path from ¢ to another leaf.

Let T'(q) be the subtree of T rooted at ¢ € T. Then, we can determine
whether or not a path from ¢ is a suffix-path for another path from ¢ in T'(¢) by
determining the suffix-freeness of all paths from ¢ to a leaf in T'(¢) based on the
same algorithm for Lemma [Il The running time is linear in the the size of T'(q).

Fig. 3. An example of a trie for strings w1 = xyz and w2 = zz. Note that both paths
end with the same subpath sequence in the trie since w1 and w2 have the common
suffix z.
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3.3 Complexity of Outfix-Freeness

The subfunction is prefix-free(7T") in Fig. l] determines whether or not the set of
strings represented by a given trie T is prefix-free. Note that is prefix-free(T)
runs in O(|7T'|) time, where |T| is the number of nodes in 7.

Given a finite set W = {wy, wa, ..., wy,} of strings, we can construct a trie T’
in O(3"", |w;]) time and space, which is linear in the size of W, where n > 1.
Prefix-freeness and suffix-freeness can be verified in linear time. Thus, the total
running time for the algorithm Outfix-freeness (OFF) in Fig. @ is

o(T) + Y _IT(q)l,

qeT

where ¢ is a node that has more than one child. In the worst-case, we have to
examine all nodes in T'; for example, T is a complete tree, where each internal
node has the same number of children. To compute the size of > |T(¢)|, let
us consider a string w; € W that makes a path P from the root to a leaf in
T. If a node ¢ € T of height j in path P has more than one child, then the
suffix w;(j + 1, |w;|) of w; that starts from ¢ is used in is suffix-free(T'(¢)) in
OFF. In the worst-case, all suffixes of w; can be used by is suffix-free(T'(q)).
Therefore, w; contributes O(|w;|?) to the total running time of OFF. Fig.
illustrates a worst-case example.

Therefore, the total time complexity is O(|w1|? + |w2|> + -+ - + |w,|?) in the
worse case. If the size of w; is O(k), for some k, then the running time is O(k?n).
On the other hand, the all-pairs comparison approach gives O(kn?) worst-case
running time. Note that the size of each string in W is usually much smaller
than the number of strings in W; namely, k < n.

Theorem 1. Given a finite set W = {wy,wa,...,w,} of strings, we can de-
termine whether or not W is outfiz-free in O(>.} |w;|?) time using O(X_7 |w;l)
space in the worse-case.

Outfix-freeness(W = {wi,wa,...,wp})
Construct a trie T" for W
if (is prefix-free(T") = no)
then return no
if (is suffix-free(T') = no)
then return no
for each ¢ € T that has more than one child
if (is suffix-free(T'(¢)) = no)

then return no

return yes

Fig. 4. An outfix-freeness checking algorithm for a given finite set of strings
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Fig. 5. All suffixes of a string w in T" are used to determine the outfix-freeness by OFF.
The size of the sum of all suffixes is O(|w]|?).

Now we characterize the family of outfix-free (regular) languages in terms of
closure properties.

Theorem 2. The family of outfiz-free (regular) languages is closed under cate-
nation and intersection but not under union, complement or star.

Proof. We only prove the catenation case. The other cases can be proved straight-
forwardly.

Assume that L = L1 - Lo is not outfix-free whereas L1 and Lo are outfix-free.
Then, there are two distinct strings s and ¢ € L, where t is an outfix of s. Namely,
s =axyz,t =xz and y # A. Since s and ¢ are catenation of two strings from L,
and Lo, s and t can be partitioned into two parts; s = s152 and t = t1to, where
si,t; € L; for i = 1,2. From the assumption that ¢ is an outfix of s, s and ¢t have
the common prefix and the common suffix as shown in Fig. [6l If we decompose
s and t into s1S2 and t1t9, then we have one of the following four cases:

. 81 is a prefix of ¢;.
. ty is a prefix of s7.
. 8o is a suffix of ¢s.
. t9 is a suffix of ss.

O R

Let us consider the first case as illustrated in Fig. @l Since s; is a prefix of
t1 and s1,t; € L1, L1 is not outfix-free — a contradiction. We can use a similar

argument for the other three cases. a
— S1A 59 |
sl x|y | 2
AR
— tl 1 tQ 1

Fig. 6. The figure illustrates the first case in the proof of Theorem [2] where s; and
t; € L; for i = 1,2. Since s is a prefix of ¢1, L1 is not outfix-free.
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3.4 Outfix-Freeness of Acyclic Deterministic Finite-State Automata

Acyclic deterministic finite-state automata (ADFAs) are a proper subfamily of
DFAs that define finite languages. For example, a trie is an ADFA. Since ADFAs
represent finite languages, they are often used to store a finite number of strings.
Moreover, ADFAs require less space than tries. For instance, we use O(|X]%)
space to store all strings of length 5 over X' in a trie. On the other hand, we use
6 states with 5 x |X| transitions in an ADFA. We consider outfix-freeness of a
language given by an ADFA A = (Q, X, 6, s, f). Given A and a state ¢ € Q, we
define the right language L7 to be the set of strings spelled out by paths from
q to f.

Assume that two strings w; = xyz and wy = xz are accepted by A, where
wy is an outfix of wy. Note that w; and wy have the common prefix x and the
common suffix z and there is a unique path from s to a state ¢ that spells out
x in A since A is deterministic. Then, yz and z are accepted by A?. It means
that L? is not suffix-free.

Lemma 3. Given an ADFA A = (Q,X,4,s, f), L(A) is outfiz-free if and only
if L7 is suffiz-free for any state q € Q.

Proof.

== stume that L7> is not suffix-free. Then, there are two strings w; and ws
in L?’ where ws is a suffix of wy. Since A has only useful states, there must be
a path from s to ¢ that spells out a string z. It implies that A accepts both zw,
and xwsy, where zwsy is an outfix of xw; — a contradiction. Therefore, if L(A)
is outfix-free, then L7 is suffix-free for any state g € Q.

<= Assume that L(A) is not outfix-free. Then, there are two strings w; =
xyz and we = xz accepted by A, where ws is an outfix of wy. There is a unique
path from s to g that spells out x in A. Then, there are two distinct paths, one
is for yz and the other is for z, from ¢ since A accepts wy and ws. It implies that

A? accepts yz and z and L7 is not suffix-free — a contradiction. Therefore, if

L7 is suffix-free for any state ¢ € @, then L(A) is outfix-free. O

Recently, Han et al. [§] proposed algorithms to determine prefix-freeness,
suffix-freeness, bifix-freeness and infix-freeness of a given a (nondeterministic)
finite-state automaton A = (Q, X, 4, s, ) in O(|Q[* +|§/|?) time. We use their al-
gorithm to check suffix-freeness for each state. Given an ADFA A = (Q, X, 6, s, f)
and a state g € @, the size of A? is at most the size of A; namely, |Aﬁ>‘ < |A].

Since it takes O(|Q|? +|6|?) time for each state to check suffix-freeness and there
are |Q| states, the total time complexity to determine outfix-freeness of A is
O(|Q]® +1Q||56]?). Since a DFA has a constant number of out-transitions from a
state, we obtain the following result.

Theorem 3. Given an ADFA A = (Q,X,6,s, f), we can determine outfiz-
freeness of L(A) in O(|Q|*) worst-case time.
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Furthermore, we determine infix-freeness of L(A) after an outfix-freeness test.
If L(A) is infix-free and outfix-free, then L(A) is hyper. Since the time complexity
for the infix-freeness test is O(|Q|?) for A [8], we can determine hyperness of L(A)
in O(|Q?) time as well.

Theorem 4. Given an ADFA A = (Q, X, 6,s, f), we can determine hyperness
of L(A) in O(|Q]3) worst-case time.

4 Prime Outfix-Free Regular Languages and Prime
Decomposition

Decomposition is the reverse operation of catenation. If L = Ly - Lo, then L is the
catenation of L1 and Lo and L1 - Lo is a decomposition of L. We call L and Lo
factors of L. Note that every language L has a decomposition, L = {A}- L, where
L is a factor of itself. We call {A\} a trivial language. We define a language L
to be prime if L # Ly - Lo for any two non-trivial languages. Then, the prime
decomposition of L is to decompose L into Ly - Lo -...- L, where Ly, Lo, ..., Ly
are prime languages and k > 1 is a constant.

Mateescu et al. [I6JI7] showed that the primality of regular languages is
decidable and the prime decomposition of a regular language is not unique even
for finite languages. Furthermore, they pointed out that no star language L
(L = K*, for some K) can possess a prime decomposition. Czyzowicz et al. [5]
considered prefix-free regular languages and showed that the prime prefix-free
decomposition for a prefix-free regular language L is unique and the unique
decomposition for L can be computed in O(m) worst-case time, where m is the
size of the minimal DFA for L. Recently, Han et al. [§] investigated the prime
infix-free decomposition of infix-free regular languages and demonstrated that
the prime infix-free decomposition is not unique.

We examine prime outfix-free regular languages and decomposition. Even
though outfix-free regular languages are finite [12], the primality test for finite
languages is believed to be NP-complete [17]. Thus, the decomposition problem
for finite languages is not trivial at all. We design a linear-time algorithm to
determine whether or not a given finite language L is prime outfix-free. We
investigate prime outfix-free decompositions and uniqueness.

4.1 Prime Outfix-Free Regular Languages

Definition 2. A regular language L is a prime outfix-free language if L # Ly-Lo
for any outfiz-free reqular languages L1 and L.

From now on, when we say prime, we mean prime outfix-free. Since we are
dealing with outfix-free regular languages, there are no back-edges in finite-
state automata for such languages. Furthermore, these finite-state automata are
always non-exiting and non-returning. Note that if a finite-state automaton is
non-exiting and has several final states, then all final states are equivalent and,
therefore, are merged into a single final state.
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Definition 3. We define a state b in a DFA A to be a bridge state if the fol-
lowing two conditions hold:

1. State b is neither a start nor a final state.
2. For any string w € L(A), its path in A must pass through b. Therefore, we
can partition A at b into two subautomata A1 and As.

Given a DFA A = (Q, X,6,s, f) and a bridge state b € @, where L(A) is
outfix-free, we can partition A into two subautomata A; and As as follows:
Ay = (Q1,%,61,8,b) and A = (Q2, X, 62,b, f), where Q1 is a set of states of
A that appear on some path from s to b in 4, Q2 = Q \ Q1 U {b}, b2 is a set
of transitions of A that appear on some path from b to f in A and §; = 8 \ 2.
Fig. [ illustrates a partition at a bridge state.

D) OO
B—~O——6)

@
OO v O
O~0—-® OO0

Fig. 7. An example of partitioning of an automaton at a bridge state b

It is easy to verify that L(A) = L(A;) - L(As2) from the second requirement
in Definition

Lemma 4. If a minimal DFA A has a bridge state, where L(A) is outfiz-free,
then L(A) is not prime.

Proof. Since A has a bridge state b, we can partition A into A; and As at b. We
establish that L(A;) and L(Asg) are outfix-free and, therefore, L(A) is not prime.
Assume that L(A4;) is not outfix-free. Then, there are two distinct strings u and
v accepted by Aj, where v is an outfix of u; namely, u = xyz and v = xz for some
strings z,y and z. Let w be a string from L(As). Since L(A) = L(A;) - L(Az2),
both ww = zyzw and vw = zzw are in L(A). It contradicts the assumption
that L(A) is outfix-free. Therefore, if L(A) is outfix-free, then L(A;) should be
outfix-free as well. With a similar argument, we can show that L(Az) should
be outfix-free. Hence, if A has a bridge state, then L(A) can be decomposed as
L(Ay) - L(Asg), where L(Ay) and L(As) are outfix-free, and, therefore, L(A) is
not prime. g
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Lemma 5. If a minimal DFA A does not have any bridge states and L(A) is
outfiz-free, then L(A) is prime.

Proof. Assume that L is not prime. Then, L can be decomposed as L - Lo,
where Ly and Lo are outfix-free. Czyzowicz et al. [5] showed that given prefix-
free languages A, B and C' such that A = B - C, A is regular if and only if B
and C are regular. Thus, if L is regular, then L; and Lo must be regular since
all outfix-free languages are prefix-free. Let A; and As be minimal DFAs for L,
and Lo, respectively. Since A; and As are non-returning and non-exiting, there
are only one start state and one final state for each of them. We catenate A; and
As by merging the final state of A; and the start state of Ay as a single state b.
Then, the catenated automaton is the minimal DFA for L(A;) - L(A3) = L and
has a bridge state b — a contradiction. a

We can rephrase Lemma M as follows: If L is prime, then its minimal DFA
does not have any bridge states. Then, from Lemmas @ and [l we obtain the
following result.

Theorem 5. An outfiz-free reqular language L is prime if and only if the min-
imal DFA for L does not have any bridge states.

Lemma[@lshows that if a minimal DFA A for an outfix-free regular language L
has a bridge state, then we can decompose L into a catenation of two outfix-free
regular languages using bridge states. In addition, if we have a set B of bridge
states for A and decompose A at b, then B\ {b} is the set of bridge states for
the resulting two automata after the decomposition.

Theorem 6. Let A be a minimal DFA for an outfix-free reqular language that
has k bridge states. Then, L(A) can be decomposed into k + 1 prime outfiz-
free regular languages, namely, L(A) = L1Lo--+Lgt1 and Ly, Lo, ..., Lyy1 are
prime.

Proof. Let (by,ba,...,bx) be the sequence of bridge states from s to f in A. We
prove the statement by induction on k. It is sufficient to show that L(A) = L'L"”
such that L’ is accepted by a DFA A’ with k — 1 bridge states and L” is a prime
outfix-free regular language.

We partition A into two subautomata A’ and A” at by. Note that L(A’) and
L(A”) are outfix-free languages by the proof of Lemmal Since A” has no bridge
states, L"” = L(A”) is prime by Theorem [}l By the definition of bridge states,
all paths must pass through (b1,ba,...,bk—1) in A" and, therefore, A’ has k — 1
bridge states. Thus, if A has k bridge states, then L(A) can be decomposed into
k + 1 prime outfix-free regular languages. O

Note that Theorem [6] guarantees the uniqueness of prime outfix-free decom-
position. Furthermore, finding the prime decomposition of an outfix-free regu-
lar language is equivalent to identifying bridge states of its minimal DFA by
Theorems B and
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We now show how to compute a set of bridge states defined in Definition
from a given minimal DFA A in O(m) time, where m is the size of A. Let G(V, E)
be a labeled directed graph for a given minimal DFA A = (Q, X, 4, s, f), where
V =@ and E = 6. We say that a path in G is simple if it does not have a cycle.

Lemma 6. Let P, s be a simple path from s to f in G. Then, only the states
on Ps ¢ can be bridge states of A.

Proof. Assume that a state ¢ is a bridge state and is not on P ;. Then, it
contradicts the second requirement of bridge states. a

Assume that we have a simple path P, ; from s to f in G = (V, E), which
can be computed in O(|V| + | E|) worst-case time. All states on P, ; form a set
of candidate bridge states (CBS); namely, CBS = (s,b1,ba, ..., b, f).

We use DFS to explore G from s. We visit all states in C'BS first. While
exploring G, we maintain the following two values, for each state g € @,

anc: The index i of a state b; € CBS such that there is a path from b; to ¢
and there is no path from b; € C'BS to ¢ for j > i. The anc of b; is .
max: The index i of a state b; € CBS such that there is a path from ¢ to
b; and there is no path from ¢ to b; for ¢ < j without visiting any state in
CBS.

The max value of a state ¢ means that there is a path from ¢ to byax. If b;
has a max value and max # i + 1, then it means that there is another simple
path from b; to bmax without passing through b;4.

When a state ¢ € @Q \ CBS is visited during DFS, ¢ inherits anc of its
preceding state. A state g has two types of child state: One type is a subset T}
of states in CBS and the other is a subset T of @ \ C'BS; namely, all states
in T are candidate bridge states and all states in 75 are not candidate bridge
states. Once we have explored all children of ¢, we update max of ¢ as follows:

max = max{ma. .anc), ma. .max)).
x(max(g.anc), max(g. max))

Fig. Bl provides an example of DFS after updating (anc, max) for all states
in G.

Fig. 8. An example of DFS that computes (anc, max), for each state in G, for a given
CBS = (S, b1, bz, b3, b4, bs, bﬁ, f)
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If a state b; € CBS does not have any out-transitions except a transition
to bi+1 € CBS (for example, bg in Fig. [l), then b; has (i, + 1) when DFS is
completed. Once we have completed DFS and computed (anc, max) for all states
in G, we remove states from CBS that violate the requirements to be bridge
states. Assume b; € CBS has (4, j), where ¢ < j. We remove b;11,biy2,...,bj_1
from C'BS since that there is a path from b; to b;; that is, there is another simple
path from b; to f. Then, we remove s and f from C'BS. For example, we have
{b1, b2} after removing states that violate the requirements from C'BS in Fig.
This algorithm gives the following result.

Theorem 7. Given a minimal DFA A for an outfiz-free reqular language:

1. We can determine the primality of L(A) in O(m) time,
2. We can compute the unique outfiz-free decomposition of L(A) in O(m) time
if L(A) is not prime,

where m is the size of A.

5 Conclusions

We have investigated the outfix-free regular languages. First, we suggested an
algorithm to verify whether or not a given set W = {wq, wa, ..., w,} of strings is
outfix-free. We then established that the verification takes O(}__, |w;|*) worst-
case time, where n is the number of strings in WW. We also considered the case
when a language L is given by an ADFA. Moreover, we have extended the algo-
rithm to determine hyperness of L by checking infix-freeness using the algorithm
of Han et al. [§].

We have demonstrated that an outfix-free regular language L has a unique
outfix-free decomposition and the unique decomposition can be computed in
O(m) time, where m is the size of the minimal DFA for L.

As we have observed, outfix-free regular languages are finite sets. However,
this observation does not hold for the context-free languages. For example, the
non-regular language, {w | w = a’ch’,i > 1} is context-free, outfix-free and
infinite. The decidability of outfix-freeness for context-free languages is open
as is the prime decomposition problem. Moreover, there are non-context-free
languages that are outfix-free; for example, {w | w = a'b’c,i > 1}. Thus, it
is reasonable to investigate the properties and the structure of the family of
outfix-free languages.

References

1. M.-P. Béal, M. Crochemore, F. Mignosi, A. Restivo, and M. Sciortino. Computing
forbidden words of regular languages. Fundamenta Informaticae, 56(1-2):121-135,
2003.

2. C. L. A. Clarke and G. V. Cormack. On the use of regular expressions for searching
text. ACM Transactions on Programming Languages and Systems, 19(3):413-426,
1997.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Outfix-Free Regular Languages and Prime Outfix-Free Decomposition 109

. T. H. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein. Introduction to Algo-
rithms. McGraw-Hill Higher Education, 2001.

. M. Crochemore, F. Mignosi, and A. Restivo. Automata and forbidden words.

Information Processing Letters, 67(3):111-117, 1998.

J. Czyzowicz, W. Fraczak, A. Pelc, and W. Rytter. Linear-time prime decompo-

sition of regular prefix codes. International Journal of Foundations of Computer

Science, 14:1019-1032, 2003.

D. Giammarresi and R. Montalbano. Deterministic generalized automata. Theo-

retical Computer Science, 215:191-208, 1999.

Y.-S. Han, G. Trippen, and D. Wood. Simple-regular expressions and languages.

In Proceedings of DCFS’05, 146-157, 2005.

Y .-S. Han, Y. Wang, and D. Wood. Infix-free regular expressions and languages.

To appear in International Journal of Foundations of Computer Science, 2005.

Y.-S. Han, Y. Wang, and D. Wood. Prefix-free regular-expression matching. In

Proceedings of CPM’05, 298-309. Springer-Verlag, 2005. Lecture Notes in Com-

puter Science 3537.

Y.-S. Han and D. Wood. The generalization of generalized automata: Expression

automata. International Journal of Foundations of Computer Science, 16(3):499—

510, 2005.

M. Ito, H. Jurgensen, H.-J. Shyr, and G. Thierrin. N-prefix-suffix languages. In-

ternational Journal of Computer Mathematics, 30:37-56, 1989.

M. Ito, H. Jiirgensen, H.-J. Shyr, and G. Thierrin. Outfix and infix codes and

related classes of languages. Journal of Computer and System Sciences, 43:484—

508, 1991.

H. Jiirgensen. Infix codes. In Proceedings of Hungarian Computer Science Confer-

ence, 25—29, 1984.

H. Jiirgensen and S. Konstantinidis. Codes. In G. Rozenberg and A. Salomaa,

editors, Word, Language, Grammar, volume 1 of Handbook of Formal Languages,

511-607. Springer-Verlag, 1997.

D. Y. Long, J. Ma, and D. Zhou. Structure of 3-infix-outfix maximal codes. The-

oretical Computer Science, 188(1-2):231-240, 1997.

A. Mateescu, A. Salomaa, and S. Yu. On the decomposition of finite languages.

Technical Report 222, TUCS, 1998.

A. Mateescu, A. Salomaa, and S. Yu. Factorizations of languages and commuta-

tivity conditions. Acta Cybernetica, 15(3):339-351, 2002.

H.-J. Shyr. Lecture Notes: Free Monoids and Languages. Hon Min Book Company,

Taichung, Taiwan R.O.C, 1991.

D. Wood. Data structures, algorithms, and performance. Addison-Wesley Longman

Publishing Co., Inc., Boston, MA, USA, 1993.



Solving First Order Formulae
of Pseudo-Regular Theory

Sébastien Limet and Pierre Pillot

LIFO, Université d’Orléans, France
{limet, pillot}@lifo.univ-orleans.fr

Abstract. In this papeIEl, we study the class of pseudo-regular relations
which is an extension of regular relations that weakens some restrictions
on the ”synchronization” between tuple components of the relation. We
choose logic programming as formalism to describe tree tuple languages
(i.e. relations) and logic program transformation techniques for comput-
ing operations on them. We show that even if pseudo-regular cs-programs
are syntactically less restrictive than regular ones, they define the same
class of tree tuple languages. However, pseudo-regular relations allow one
to define classes of term rewrite systems the transitive closure of which
is a regular relation. We apply this result to give a decidable class of
first order formulae based on the joinability predicate l?R where R is a
pseudo-regular term rewrite system.

1 Introduction

Term rewrite systems (TRS) are fundamental to fields like theorem proving,
system verification, or functional-logic programming. Applications there require
decision procedures e.g. for R-unifiability (for terms ¢ and ¢, are there a sub-
stitution o and a term w such that to —% u 5« t'0?) or for reachability (is
term ¢’ reachable from term ¢ by a rewriting derivation?). In this paper, we are
interested in solving formulae where the only predicate is the R-joinability |%
where R is a term rewrite system. R-joinability coincides with R-unification for
confluent rewrite systems.

Solving a single equation s l}’{ t is known to be undecidable without any
strong restrictions on the TRS [4l5]. Some positive results have been shown
restricting the TRS to obtain a finitary equational problem (i.e. insuring that the
set of minimal solutions is finite). For example shallow or standard theories [3[12)
impose that the depth of all variables in the (un-oriented) TRS is one. In fact
standard property weakens a little this restriction by allowing variables at depth
more than one when they are not under a defined function symbol. For infinitary
theories (i.e. theories where the set of solutions of an equation s l}’{ t may be
infinite) many results have been given to decide the existence of solutions using
the reachability problem (e.g. [I4I15]) but very few of them [58] give a finite
representation of the solutions and even less go beyond solving a single equation.

L' A full version can be found in the LIFO RR-2005-2 at the following URL
http://www.univ-orleans.fr/lifo/prodsci/rapports/RR2005.htm.en

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 110-{I24] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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In order to reach our aim, we have first to solve the problem of the repre-
sentation of a possibly infinite set of solutions of an equation s |% t. The most
common tools used for such a representation are tree languages recognizers [2]
such as tree automata or tree grammars. In our context, a tree language is a set
of ground terms that is represented by a logic program as in e.g. [6/IT]. More
precisely, we use the class of cs-programs of [6]. The operations on the languages
are computed thanks to logic program transformations inspired from [13].

Many of the tree tuple languages are not closed under all the set operations.
As far as we know the only class that is closed under those operation and have
decidable emptiness and membership tests are the regular relations [2]. Pseudo-
regular relations are tree tuple languages that allow some kind of duplications
between the components of the tuple. In [6], the emptiness and membership
tests as well as the intersection, projection, union and join (which can be seen
as a composition of relations) of pseudo-regular relations have been described
in term of logic program transformations, but no result about the complement
of a pseudo-regular relation is given. In this paper, we give an algorithm that
computes the complement of pseudo-regular relations.

Once the finite representation of infinite sets of solutions has been chosen,
we have to give an algorithm to compute a representation of the solutions of
equations s |5 t. We use the method described in [7], where a term rewrite
system is transformed into a logic program that encodes the transitive closure
of the rewrite relation —7}. Thanks to this transformation, we can define a class
of TRS which corresponding logic programs are pseudo-regular. Then thanks to
the closure of pseudo-regular relation under the set operations, we can compute
the solutions of any formulae where l% is the only predicate when R belongs to
this class.

2 Preliminaries

We recall some basic notions and notations concerning terms, term rewrite sys-
tems and logic programming; for details see [T9].

Let X be a finite set of symbols with arity, Var be an infinite set of variables,
and 7 (X, Var) be the first-order term algebra over X and Var. A term is linear
if no variable occurs more than once in it and a term without variable is called
a ground term. X consists of three disjoint subsets: the set F of defined function
symbols, the set C of constructor symbols and the set Pr of predicate symbols. The
terms of 7 (C, Var) are called data-terms and those of the form P(t) where P is a
predicate symbol of arity n and £ is a vector of T(FUC, Var)™ are called atoms.

A position p is a list of integers which length is denoted by |p|. For a term ¢,
Pos(t) denotes the set of positions in t, |t| = |Pos(t)| the size of t, and t|,, the
subterm of t at position u. The term ¢[u<s]| is obtained from t by replacing the
subterm at position u by s. Var(t) is the set of variables occurring in ¢. The
set X Pos(t) C Pos(t) denotes the set of non-variable positions, i.e., t|, & Var
for u € X' Pos(t) and t|, € Var for u € Pos(t) \ X' Pos(t). The depth of a term
t € T(FUC, Var) denoted Depth(t) is 0if t € Var and Maz({|p| | p € X' Pos(t) }
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otherwise. The depth of an atom P(t) denoted Depth(P(t)) is Maxz({ Depth(s) |
setl).

A substitution is a mapping from Var to 7 (X, Var), which extends trivially
to a mapping from 7 (X, Var) to 7 (X, Var). The domain of a substitution o,
Dom(c),istheset {x € Var | xzo # x }. For V C Var, o|y denotes the restriction
of o to the variables in V', i.e., zo|y = zo for x € V and zo|y = x otherwise. If
Vo € Dom(o), zo is a data-term then o is called a data substitution. If term ¢ is
an instance of term s, i.e. t = so, we say that ¢t matches s and s subsumes t.

Let CVar = {0; | i > 1} be the set of context variables distinct from Var,
a m-context is a term ¢ in T(X, Var U CVar) such that each 0; 1 < i < n
occurs once and only once in ¢ and no other element of C'Var occurs in t. Oy
(also denoted O) is called the trivial context. For an n-context C', the expression
Clt1,...,tn] denotes the term C{0O; —t; | 1 <i<n}.

A term rewrite system (TRS) is a finite set of oriented equations built over
T(FUC, Var) and called rewrite rules. Lhs and rhs are shorthands for the left-
hand and right-hand side of a rule, respectively. A TRS is constructor based iff
every rule is of the form f(¢1,...,t,) — r where all ¢;’s are data-terms and f
is a defined function symbol. For a TRS R, the rewrite relation is denoted by
—p and is defined by t — g s iff there exists a rule [ — r in R, a non-variable
position u in ¢, and a substitution o, such that ¢|, = lo and s = t[u«rc]. Such a
step is written as ¢ —, ;) s. If o is a data-substitution then the step is called
a data-step. If a term ¢t cannot be reduced by any rewriting rule, it is said to be
irreducible. The reflexive-transitive closure of —r is denoted by —7.

The joinability relation |g is defined by t |g s iff t =% v and s —* u for
some term u. Notice that R-joinability is equivalent to R-unifiability for confluent
rewrite systems. In the context of constructor based TRS, a data-solution of a
joinability equation s L% t is a data-substitution o such that soc —% u and
toc —% u where u is a data term and all rewriting steps are data-steps.

If H A,..., A, are atoms then H «— Ay,..., A, is a Horn clause, H is
called the head and Ay, ..., A, is called the body of the clause. The elements
of Var(Ai,..., A,) \ Var(H) are called ezistential variables. A logic program is
a set of Horn clauses. The body of the clause H « B is said linear iff every
variable occurs at most once in B. A clause is said to be linear if both the
head and the body are linear. The Herbrand domain is the set of all ground
atoms. A set of ground atoms S is an Herbrand model of the clause H «— B iff
Vo such that Bo C S, Ho € S. S is an Herbrand model of the logic program
P if it is a model of all clauses of P. For a logic program P and a ground
atom A we write P = A if A belongs to the least Herbrand model of P. The
language described by a n-ary predicate symbol P w.r.t. a program P is the set
{(t1,...,tn) | P E P(t1,...,tn) } of n-tuples of ground terms.

3 Pseudo-Regular Relations

This section first presents the logic programming formalism we use to repre-
sent the tree tuple languages and then some new results about pseudo-regular
relations.
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3.1 Representing Tree Tuple Languages

A cs-program is simply a logic program consisting in Horn clauses with lin-
ear bodies and without function symbols. [6] introduces two subclasses of cs-
programs, called respectively regular and pseudo-regular programs. The first
class corresponds to the regular relations of [2], and the second one weakens the
syntax of regular programs.

Definition 1. Let H < B be a clause such that B contains no function symbols.

— H < B is called pseudo-regular-like (PR-like for short) iff each argument
of H is of the form f(x1,...,Tas)) where f is a function symbol and the
x;$ are pairwise distinct variables and there exists a mapping m: Var — IN
such that w(x;) =1 for alll =1,... ar(f) and w(x) = 7(y) for all variables
x and y occurring in the same body atom.

— H « B is called pseudo-regular (PR for short) iff it is PR-like and B is
linear.

— H « B is called regular (R for short) iff it is PR and H is linear.

— H < B is called shared pseudo-regular (shared-PR for short) iff it is PR-like
and contains no existential variables.

— H « B is called shared regular (shared-R for short) iff it is shared-PR and
H is linear.

A program is PR-like, PR, R, shared-PR or shared-R if all its clauses are of the
corresponding type.

Ezample 1. The clause P(c(z1,y1),c(x1,y2)) < Pi(y1), P2(x1,y2) is not PR-like
since 1 and y2 occur in the same body atom but they do not occur at the same
position in arguments of the head of the clause.

The clause P(c(z1,y1),c(x1,y2)) — Pa(y1,2), Po(y2,y1) is PR-like but it is
neither PR because the body is not linear nor shared-PR since z is an exitential
variable.

The following logic program is PR. Notice that the clauses defining Ids are
regular since their heads are linear
Pr(s(z1), s(z2), s(x3))  Q(w1,22,23) Ida(c(z1,41), c(2,Y2)) — Ida(1,22),

Ids(y1, y2)
Pr(0,0,0) < Idy(s(x), s(y)) — Idz(x,y)
Py(s(x), s(x)) Id3(0,0) «
Qc(z1,y1), c(1,92), c(x2,Y3))  Py(w1,22) Pr(y1, Y2, y3)

Decidability of membership and emptiness tests as well as closure under
intersection of pseudo-regular relations have been shown in [6] using the logic
program transformation rules summarized below (see [6] for more details).

Definition 2. A definition is an equivalence of the form H «— B (abusively

written H «— B) where H is a single atom of depth 0 and B is a set of atoms.
A set of definitions, D is compatible with a logic program P, if all predicate

symbols occurring in the heads of the definitions occur in exactly one head and
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nowhere else in D and P the only exception are tautological definitions of the
form P(x) «— P(x) where P may occur without restriction throughout D and P.

A definition H «— B is called a general join-definition if H is linear and H, B
do not contain function symbols.

The rules transform states (P, Dpew, Ddones Cnews Cout) Where P is the input
logic program, Dy are definitions not yet unfolded, Dyone are definitions al-
ready processed but still used for simplifying clauses, Cpey are clauses generated
from definitions by unfolding, and Co, is the cs-program generated so far.

We write S = S’ if S’ is a state obtained from state S by applying one of
the rules unfolding or definition introduction defined below. An initial state is
of the form (P, D, 0,0, D) where D is compatible with P. A final state is of the
form (P,0,D’,0,P’). P and D are called the input of a derivation, P’ its output.
A derivation is complete if its last state is final.

Unfolding.

<7), Dnew U {L — RU{Al, ceey Ak}}, Ddoney CneW7 Cout>
<Pa Dnew> Ddone U {L — RU{Ala v 7Ak}}a Cnew U Ca Cout>

where C is the set of all clauses (L <« R U By U---U By)u such that H; «— B;
is a clause in P for i = 1,...,k, and such that the simultaneous most general
unifier p of (A1,...,Ax) and (Hq, ..., Hy) exists.

Definition Introduction.

<7)7 Dnevw Ddonea Cnew U {H — Blu te UBk}7 Cout>
<P> Dnew U Da Ddonea Cnewa Cout U {H — Lla ceey Lk}>

where By, ..., By is a maximal decomposition of By U --- U By into non-empty
variable-disjoint subsets,

I — Ln=1 if (L«B;)n € Dyone for some var. renaming 7
" | P(z1,...,m,) otherwise, {x1,...,7,} being the vars. of B;.

for 1 < ¢ < k and new predicate symbols P;, and where D is the set of all L;«B;
such that L; contains a new predicate symbol.

The closure of pseudo-regular relations under intersection can be proved
thanks to the following result of [0].

Theorem 1. [6] Let P be a PR program, and let D, a general join definition.
Any complete deriwation with input P and {D,} that unfolds in each unfolding
step all atoms simultaneously is finite and its output is a PR program.

Ezample 2. Let us consider the PR program of Example [II The general join
definition I(x,y) < Py(z,y),Id2(x,y) defines the intersection of the relations
defined respectively by P, and Idz. The =-derivation with input program P
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and the former join definition can be summarized as follows Dyone is omitted
and the last column indicates which rule has been applied:

Dnew Cnew Cout rule
I(z,y) < Py(z,y),
Ida(z,y) v
I(s(z),s(x)) < Ids(z,x) D
I'(z) « Idy(z,z) I(s(z),s(z)) — I'(x) U
I'(0) «

I'(s(x)) « Ida(z,x)
/( (x,y)) — Idz(.’t,.%‘),
Q(yay)

~

(S(m))H I'(x)
"(c(z,y)) « I'(x),I'(y)

The output program consists in the clauses of Cout-

The decidability of membership test and emptiness test of language defined
by PR programs come from the fact that PR-programs are cs-programs which
have these properties [6]. The closure under union is obvious.

3.2 Shared Pseudo-Regular Programs

In this section, we show how to compute the complement of a pseudo-regular
language using logic program transformation techniques. For that we use the
class of shared-PR programs. A program of this class can be transformed into
a PR program. Moreover if the clause heads of the input program are all linear
then the result is a regular program. This result proves the equivalence of pseudo-
regular relations and regular relations.

Theorem 2. Let P be a shared-PR program, and let D), the set of all tautologies
P(z) «— P(x) such that P occurs in P. Any =-derivation with input P and Dp
is finite and its output is a PR program. If the input program P is shared regular
then the result is a reqular program.

The proof of this theorem is closed to the proof of Theorem [l given in [G]. The
differences are that one has to verify that no existential variables are introduced
during the =-derivation and to slightly modify the termination argument. This
result has several interesting consequences.

Corollary 1. Any shared reqular (resp. PR) program P can be transformed into
an equivalent regular (resp. PR) program.

If the input set of join definitions is the set of all tautologies P(&)« P (&) such
that P occurs in P, then the =--derivation produces a regular (or PR) program
that defines the same predicates as P.

Corollary 2. Any PR program can be transformed into an equivalent finite reg-
ular program.
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Proof. Without loss of generality we can consider that the PR program does not
contain clauses with existential variabledd. Let us observe that any PR clause
H < B is equivalent to the shared regular clause H' « B’ U Id where

— H' is a linear atom such that H = H'c where o is a substitution from Var
to Var, B= B'c and

— Id = {Id,(x1,...,2)n > 1 and {x1,...,2,} is the set of variables that
have the same image by o} where each Id; are predicates defined by R
programs and define the set of i-tuples of identical terms.

H' «— B’ U Id is a shared regular since it has no existential variables, H’ is
linear and V,y € Var(A) with A € B' U Id, x and y occur at the same position
in the arguments of H’. This shared-R program can be transformed into a R
program.

The equivalence of regular relations and pseudo-regular relations does not
decrease the interest for PR programs since they are syntactically less restrictive
than regular ones as Section [ will show.

Now shared-PR programs are used to give an algorithm that computes the
complement of tree tuple language defined by a predicate P of a PR program P
using the = transformation. This algorithm is useful to compute the solutions
of pseudo-regular formulae thanks to logic programs transformations. It consists
in two steps. The first step computes from P a new shared regular program P
that defines the complement of P. The second step uses Corollary [l to obtain a
regular program equivalent to P.

Let P be a predicate defined by the PR program P. Without loss of generality
we can consider that P has neither unproductive clauses (i.e. clauses that do not
contribute to the least Herbrand model), nor clauses with existential variables.
Then P is transformed into the shared regular program P’ by the technique used
in proof of Corollary [2

For each predicate @ of arity n of P’ and each n-tuple (f1,..., fn) of C"*
we define the set of all clauses of P which head is Q(f1(Z1),..., fn(Zn)) as
AC(Q, (f1,---s fn)) = {Q(f1(#1),. .., fn(Zn)) «— B € P’'}. Notice that since
the clause heads of P’ are linear all the clause heads of AC(Q, f) are equal up
to a variable renaming. In the following we consider them equal. For an atom
A = P(t), A stands for P(t).

Let f = f1,... fn, Zi (1 < i < n) be pairwise distinct vectors of distinct

variables and AC(Q, f) = {H < Bu, ..., H < By}. We define
0 if H—e AC(Q, f)

— =

{H—Ay,...,As | Vi€ [l,k]A; € B;} otherwise

Ezxample 3. Let consider the logic program consisting in the three following

clauses P(c(z1,91), c(@2,y2)) — P(z1,22), Ple(z1,11), c(x2,92)) — Ply1,y2)
and P(0,0) «

2 In the full version of the present paper we give an algorithm to eliminate existential
variables of R and PR programs.
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AC(P,(0,¢)) =10 AC(P, (0,¢)) = {P(0,c(z,y)) <}
AC(P,(c,0)) =0 AC(P, (c,0)) = {P(c(z,y),0) —}
AC(P,(0,0)) = {P(0,0) <} AC(P,(0,0)) =10

ACE, (e,0) =1 AC(P, (e,¢)) = { Ple(wr, 1), ez, 2)) —

P(c(r1,y1), c(x2,y2)) «— P(x1,22),

P(c(z1,y1), c(w2,92)) < P(y1,y2)}
Lemma 1. Let P be a shared regular program without any unproductive clauses.

—

The program P consisting in the set of clauses |Jpcp Feen AC(P, f) is such that
VP e P,V(tr,...,tn) ETE,PEPt1,...,tn) iff PE P(t1,...,tn)-

Proof. We show that P is obtained from P just using logical equivalences. Let
us denote H « by H « true. P is equivalent to { H « false\/,_pcpB |
H=P(fi(Z%1),..., fn(@n),P €P,(f1,..., fn) €C™} ie. for any possible atom
H = P(f1(&1),..., fn(Zn)), we collect the set of bodies of the clauses which have
the head H. These bodies are connected by the logical operator or. Notice that
since the clauses head are linear the symbol « here is indeed an equivalence
<. The negation of these formulae are {H < true A\, _pgcp ~B}. If one B is

P(z1,22), P(y1,y2)}

the constant true then H is equivalent to false, therefore no clause is headed
by H in P. If the definition is reduced to H « false meaning that none of
the ground instances of H are in the model of P then H < is in P, meaning
that all ground instances of H are in the model of P. Finally, in the other cases,
true A\ gep ~B is reduced into a disjunction of conjunctions of negative atoms.
Each conjunction is of the form —A; A ... A=A where each A; belongs to one
different B;. These definitions produce the clauses { Q(f1(Z1),. .., fu(@n)) —
A, A | AC(Q, (f1y- ooy fn)) ={H < Bi1,...,H «— By} and Vi € [1,k]A; €

Lemma 2. Let P be a shared regular program without any unproductive clauses.
The program P is a shared regular program.

The proof of this lemma is obvious since no substitution but variable renam-
ings is used to define P so the mappings used to check the shared regularity of
P are preserved in P.

Theorem 3. Pseudo-regqular relations are closed under complement

Proof. Let L be a pseudo-regular relation defined by the PR program P. First
compute an equivalent regular program P’ without neither unproductive clauses
nor existential variables in the body of the clauses. P’ defines the complement
of £ in 77" if L is of arity n.

For two languages £1 and Lo we have £1 \ Lo = Lo N Ly therefore we have
the following corollary.

Corollary 3. Let Py and Ps two PR programs, L1 and Lo two languages defined
by the predicates Pr, of P1 and Pr, of P2. The program that represents the lan-
guage L1\ Lo is computed in two phases. First compute the program P2 and then
compute Py NPy from Py U Py and the definition Py, (T) «— Pr, (), P, (Z)
using = -derivation.

Notice that the input definition of the second point is a general join definition.
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3.3 Non-greibach Logic Programs

Even if PR programs are less restrictive than regular ones, their syntax is still
very strict. This section aims at defining a class of logic programs that can be
transformed into a finite PR one. Our aim is to allow more than one function
symbol in the clause heads.

Definition 3. A Horn clause is called non-Greibach (NG for short) if at least
one of the arguments of the head is of depth more than one. Let H «— B be a
clause such that B contains no function symbols.

— H «— B is called NGPR-like iff none of the arguments of H are variables and
there exists a mapping 7: Var — INV such that w(z) = u then all occurrences
of z in the arguments of H are at position u and w(x) = 7 (y) for all variables
x and y occurring in the same body atom.

— H «— B is called NGPR iff it is NGPR-like and B is linear.

— H «— B is called NGR iff it is NGPR and H is linear.

— H « B is called NG-shared-PR iff it is NGPR-like and it contains no ezis-
tential variables.

— H « B is called NG-shared-R iff it is NG-shared-PR and H is linear.

A program is NGPR-like, NGPR, R, NG-shared-PR or NG-shared-R if all its
clauses are of the corresponding type.

For example, the clause P(c(s(x),y), s(s(z))) < P(z, z), Q(y) is NGPR since
z and z occur both at occurrence 1.1 in the arguments of the head. (It is more
precisely NGR since the head is linear).

Lemma 3. Any NG-zzz clause H < B has an equivalent finite set of xxx clauses
(zzx being either PR or shared-PR or R or shared-R).

Proof. Let P(fl(t_’l),...,fn(t_;b)) — B,B; U ... U B, be a NGPR-like clause
where B is the set of atoms the variables of which occur all at depth one in the
argument of the head and each B; is the set of atoms not occurring in 5 and the
variables of which have an image by 7 of the form i.u (u # ¢).

Let us consider the atom P(fléx_i), ooy fa(@)) where 73| = £ if £;]; is a
variable and #j|; is a new variable[] otherwise. Let o be a substitution such that

P(fl(x_i>7_; s fn(x7L)la = P(fl(fl)a B fn(ﬁn))
P(fi(t1), ..., fn(tn)) < B,B1 U ... U By, is equivalent to the set of clauses
{P(fl(x_i)a B fn(x_;L)) — Ba Pl(y_i)’ BN Pk(y_l;)} Uie[l,k]{Pi(y_;i)O— — Bl} where
the P;s are new predicate symbols and y; is the vector of all the variables z
occurring at position ¢ in P(f1(27),. .., fn(47)) and such that zo # z.

The clause P(f1(#1),..., fan(2n)) < B, Pi(y1), .., Px(yi) is PR-like by con-
struction and the clauses P;(y;)o < B; are NGPR-like and have heads of depth
strictly inferior to the depth of P(fi(f1),..., fn(tn)). Therefore iterating this
process, we obtain a set of PR-like clauses. One can remark that

3 Ie. new introduced variables are pairwise different and also different from the vari-
ables of P(f1(£1), ..., fu(tn)).
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— no existential variable is introduced by the process so if the initial clause is
NG-shared-PR, the resulting clauses are all NG-shared-PR,

— the new variables introduced by the process are all different, therefore if
P(fi(t1), ..., faltn)) < B,By U ... U By is NGPR so are the resulting
clauses and moreover if P(fi(1),..., fn(t,)) is linear the heads of the new
clauses are also linear.

Ezample 4. Consider the NG-shared-PR clause

Pf(S(C(l’l,yl)), S(C(:rla y2))a S(C(l’z, yS))) — Pf(yl’yla yS)’ Pg(l'l,l'z)

the equivalent set of shared-PR clauses is

Pf(s(x),s(y),s(z)) — Pl(xhva)
Pr(c(z1,91), c(21,92), c(@2,y3)) < Pr(y1,y1,v3), Py(1,22).

4 Solving Pseudo-Regular Formulae

In this section, we show how our results on pseudo-regular relations can be used
in the context of term rewriting theory. The aim is to solve formulae based on
joinability equations for the class of pseudo-regular TRS. First we define the class
of TRS and the type of formulae we deal with and then we give an algorithm to
solve such formulae.

4.1 Pseudo-Regular TRS and Formulae

The next definition uses the notion of possible redex for constructor based rewrite
systerrﬁ, i.e. subterms of a term that may be rewritten.

Let R be a TRS and ¢ a term. A position u in ¢ is called a possible redex
position if t|, is of the form f(Cy,...,Cr)[f1(£1), ..., fn(tn)] where f, fi,... fn €
Fand Cy,...,C € T(X, VarU CVar). f(C1,...,C%) is called the possible redex
at occurrence u of t. The context C' that does not contain any possible redex
and that is such that t = C[t1,...,t,] where u; for 1 < i < n is a possible redex
position, is called the irreducible part of t and is denoted Irrpg(t).

Definition 4. A constructor based TRS R is called pseudo-regular if for all rule
f(tl,...,tn) —1r € R:

— there exists a mapping m: Var — INT, such that m(x) = u implies that all
occurrences of x in each ty,...,t, and Irr(r) are at position u,

— each possible redex C' at position u of v is of the form f(x1,...,xy,) where
Vi<i<naz; € Var(f(ti,...,tn)) and w(x;) = u.

Erample 5. R = {f(s(c(z,9)), s(c(z, 2)) — p(elg(@), £,), (5(0), 5(0)) —
0,9(s(x)) — s(x)} is pseudo-regular. The irreducible part of the lhs of the first
rule is p(¢(01,s2)) and it contains two possible redex positions namely 1.1 and
1.2 corresponding to the possible redexes g(z) and f(y,y). Notice that Defini-
tion [ does not forbid duplicated variables in a single possible redex.

* A similar notion was introduced in [7] for general TRS.
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Definition 5. Let R be a pseudo reqular TRS. A pseudo-regular joinability equa-
tion s l?R t is an equation such that s and t are built over T(F, Var).

Let R be a pseudo-regular TRS, pseudo-regular R-formulae are defined by
the following grammar: e = s | % t|-ele V ele A e|Fze|Vre
where s l}’% t is a pseudo-regular joinability equation.

The set of solutions of such a formula is defined as follows:
SOL(s |5 t) is the set of data-solutions of s | % t
SOL(—e) ={o| o ¢&SOL(e)}
SOL(e1 Nez) = {o | Dom(o) = Var(er N e2),0|var(e,) € SOL(e1),0|var(es) €
SOL(e2) }
SOL(e1Vez) ={o | Dom(c) = Var(e1Vez),0|var(e;) € SOL(e1) or olyar(e,) €
(e2) }

(3ze) = {o | Dom(c) = Var(e) \ {z},30’ € SOL(e),0 = 0'|var(e)\{=} }

SOL(Vxe) = {0 | Dom(o) = Var(e) \ {x},Vo' € SOL(e),0 = 0'|var(e)\{«} }

Even if the constructors are forbidden in the joinability equations, many
wanted properties for TRS can be expressed by a pseudo-regular formula. Among
them we can cite

— confluency ¥, y~(F(z,y) [} 2 A f@,9) L )V 2 1} #,
— commutativity Vz,yf(z,y) | % f(y,z),

— idempotency Vxg(g(x)) | % z,

— fixed points of a function g(z) |} =.

— search for neutral elements Va f(x,y) | % z.

4.2 Solving Pseudo-Regular Formulae

Our algorithm is based on the results given in Section 3l The first step consists
in computing the solutions of a pseudo-regular joinability equation. For that we
use a technique introduced in [7] that encodes the rewrite relation by a logic
program. This translation intends to obtain logic programs that preserve as best
as possible syntactic properties of the TRS. It works for any term rewrite system
but the obtained logic program encodes only a subset of the rewriting relation
called basic rewriting. Fortunately, basic rewriting and rewriting relations coin-
cide when considering only data-steps.

Table [l specifies the rules for transforming terms and rewrite rules to clause
logic. For a TRS R, let LP(R) denote the logic program consisting of the clauses
obtained by applying the fourth rule to all rewrite rules in R. For sake of sim-
plicity, we will denote by x, the fresh variable introduced in the third rule for
the subterm f(s1,...,s,) at occurrence u of a rhs s and A,, the atom produced
by this rule.

For example, the first rewrite rule of Example[d is transformed into

Py(s(e(z,y)), s(c(x, 2)), ple(ar, ©2))) = Py(x, 21), Pr(y, y, 22).

Theorem 4. Let R be a TRS, s a term such that s ~ (s',G). s =>* t iff t is a
data-term LP(R), = Gu and t = s’ where p is a data substitution.
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Table 1. Converting rewrite rules to clause logic

ifve Var
v~ (v,

$1~ (t1,G1) ... Sn ~> (tn, Gn)
F(s1,..0580) ~ (f(t1,...,tn),U; Gi)
s1~ {t1,G1) ... 8~ {tn, Gn)
f(st,. oy 8n) ~ (2,U; G U{Ps(t1, ..., tn,2)})
s~ (t,G)
f(s1,...,8n) = s~ Pr(s1,...,8n,t) — G

if feC
if feF

if f(s1,...,8n) 2 SER

The rules of Table [ slightly differ from those presented in [7] because [7]
deals with general TRS whereas we are working on constructor based TRS in
the present paper. Theorem Ml in [7] is also a little bit different because in [7]
the set of clauses Prq is added to LP(R) to be able to stop rewrite derivation
at any step. For computing data-solutions of a joinability equation, we need to
compute rewrite derivation until reaching a data term so P4 has been removed.

Lemma 4. Let R be a pseudo-regular TRS then LP(R) is a NG-shared-PR logic
program.

Proof. Each rule of a pseudo regular TRS is of the form
[, otn) = Clfa(&), ..o fr(Z)]
where C' is the irreducible part of the lhs of the rule, and f, f1,..., fix are func-
tion symbols. C' and each t; contain no defined function symbols. Therefore the
clause produced for this rule is
Pr(tr, .. tn, Claw, - . Ty ]) — Pp (Z1, %0, ), -+ Pr (Tk, Ty

Since all variables of f1(Z1),..., fx(Zk) are variables of f(¢1,...,t,), the clause
contains no existential variables. By extending the mapping 7 of the pseudo-
regular rewrite rule f(t1,...,t,) — C[fi(Z1),..., fu(Zk)] to # = 7 Ui<i<k

{Zw; — u;} we obtain that the clause is NG-shared-PR.

The data solutions of pseudo-regular joinability equations expressed as a
pseudo-regular language can be computed using the following algorithm.

Algorithm 1. Let R be a pseudo-reqular TRS and s L% t a pseudo-regular
joinability equation, T the wvariables occurring in s l}’% t. Let LP(s l}’% t) =
Idy(zs,xt), Gs, Gt where s~ (x5,Gs) and t ~ (x¢,Gy) (see Table[dl) and Idy is
a pseudo reqular predicate that define equality of terms like in Example [

Compute LP(R)

Compute LP(s |5 1)

Use = and Lemmald to compute a pseudo-regular program P from LP(R).
Use = to compute from P and the join definition P (¥) < LP(s 150
the PR program Pgz ;.

™ oo =
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Theorem 5. Let R be a pseudo-regular TRS and s | t a pseudo-regular join-
ability equation and P, 1Lt the resulting program of Algorithm [1l.

Poyre = psl;t’f(f) iff {Z); — t]; | 1 <i <length(%)} € SOL(s |} t).

Proof. From Lemma [ we know that LP(R) is a NG-shared-PR program. Ac-
cording to Lemma[Bland Theorem ] point 3 of Algorithm [l produces a finite PR
program that is equivalent to LP(R). The definition Py ; z(&) < LP(s 15 t)is
a general join definition since all predicates of LP(s |5 t) are defined by a PR
program and L£P(s | ) contains no function symbols since s and ¢ contain no
constructor symbol. Therefore, from Theorem [I the point 4 of the algorithm
produces a finite PR, program.

From Theorem [ we know that for any predicate Py of LP(R), LP(R) =
Pr(t1, ... tn,t) i f(t1,....tn) —=* t. Pr(...,2y,...) and Py(Z, z,) belong to
LP(s |5 t) iff either s or ¢ contains the subterm f(...,g(#),...) thus LP(s | t)
simulates the composition of functions contained in s and ¢. Moreover the atom
Ids(xs,x;) insures that the respective results of the rewrite derivations from s
and t are equal.

Solving pseudo-regular formulae can be done using the following algorithm
Algorithm 2. Let R be a pseudo-regular TRS and e a pseudo-reqular formula.

1. Solve each elementary formula s |’ t by computing Pgl';%t

2. If P. defines SOL(e) then P = P-. defines SOL(—e).

3. If Pe, and Pe, define respectively SOL(e1) and SOL(e2) then the program
Peines 0btained by a complete derivation of = with inputs Pe, U P, and
P. ney.z2(Z) «— Pey 3, (Z1), Pey z,(T2) where T = Var(e1Nez), is a PR program
that defines SOL(e1 N e3)

4. If Pe, and P., define respectively SOL(e1) and SOL(eq) then the program
Peyve, 0btained by a complete derivation of = with inputs Pe, U P, and
{Pel\/ez,f(f> — P€1,51(fl)7pe1\/62,f("f) — Pez,f2(52>} where T = Var(el A
e2), is a PR program that defines SOL(e1 V e3).

5. If P. defines SOL(e) then the program P3g. obtained from P. by a complete
=-derwation with Pge () < Pe .z (Z') as input definition is a PR program
that defines SOL(3xe) since it is a projection on all arguments of P,z but
the one defining the variable x.

Solving a Vxe can be done by using well-known identity Vre = —d—e.

Theorem 6. Let R be a pseudo-reqular TRS and e a pseudo-regular formula
and P, the resulting program of Algorithm @ P. = P.z(t) iff {Z];i — 1] | 1 <
i <length(%) } € SOL(e).

Proof. 1t is done by an easy induction on the structure of the formula. From
Theorem B, we know that for each elementary formula s | % ¢, P, 1Lt E P, 1% tf(f)
iff {Z]; — t]; | 1 <i < length(F)} € SOL(s |} t). Let e and ey be two formulae
such that P., and P., computes the solutions of e; and ey respectively.



Solving First Order Formulae of Pseudo-Regular Theory 123

— From Theorem [B] we know that P-., defines SOL(—e;) and is regular.

— Peiney z2(Z) «— Pey 7, (%1), Pey 3, (%2) is a general join definition since P, z,
and P, z, are defined by a PR program, therefore from Theorem [l P, ac,
is a PR program that defines the solutions of e; A es.

— P.ive, z2(Z) «— Pe, z,(Z1) and Pe,ve, #(T) < P, z,(Z2) are general join defi-
nitions since P, z, and F., z, are defined by a PR program, therefore from
Theorem [0 Pe, ae, is @ PR program that defines the solutions of e V es.

— Page, 5(§) « Pe, .z (&) is a general join definition since P, z (&) is defined
by a PR program, therefore from Theorem [ Ps,., 7 is defined by a PR
program. Moreover P, 7(¥) defines the solutions of Jze; since Pe, z (')
defines SOL(e1) and therefore Pay., 7(¥) defines SOL(eq)|x}.

5 Conclusion and Future Work

The main contributions of this paper are the definition of an algorithm to com-
pute the complement of a pseudo-regular relation represented by a logic program
and the use of pseudo-regular relations to solve pseudo-regular formulae. The rep-
resentation of tree tuple languages by logic programs simplifies the connection
between term rewriting systems and tree languages. Indeed, it would have been
quite difficult to obtain the definition of pseudo regular TRS and pseudo-regular
formulae without NG-Shared-PR logic programs.

Since we know other classes of logic programs that can be transformed into
a finite pseudo-regular one, allowing some function symbols in the body of the
clauses, it would be possible to weaken some restrictions on the possible redexes
of the pseudo-regular TRS as well as on the pseudo-regular joinability equations.

We should study the actual expressiveness of pseudo-regular TRS by encod-
ing some problems coming from fields like theorem proving or system verification.
For example, we already have encoded the semantics of the so-called process al-
gebra of [I0] by a regular TRS. We intend to study what pseudo-regularity can
bring to the model checking of process algebra.

It would be also interesting to implement the resolution of pseudo-regular for-
mulae. A prototype should be soon available since = and ~ (the transformation
of a TRS into a logic program) have already been implemented in Prolog.
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Abstract. Splicing Array Grammar Systems (SAGS) generating pic-
tures of rectangular arrays of symbols are introduced. The components
consist of two-dimensional tabled matrix Grammars working in parallel
and arrays generated in two different components of the SAGS are al-
lowed to be “cut” and “pasted” according to array splicing domino rules.
This model is motivated by the study of Dassow and Mitrana (1996)
on string splicing grammar systems. Certain properties of SAGS are
obtained.

1 Introduction

Grammar systems are known to provide a formal framework for modelling dis-
tributed complex systems [2]. A grammar system consists of several grammars or
other language identifying mechanisms, that cooperate according to some well-
defined protocol. Among a variety of grammar system models, Parallel Commu-
nicating Grammar Systems, in which the components are generative grammars
working on their own sentential forms in parallel and communicating with each
other by sending their sentential forms by request, have been of intensive study
[1] and [2].

Head [7] and [§] defined the operation of splicing of strings while studying the
behaviour of DNA sequences under the action of restriction enzymes and ligases.
Making use of this operation, a new type of grammar system, called Splicing
Grammar System has been introduced in [3]. The component grammars work
in parallel in this system as in a parallel communicating grammar system but
communication between components is done by splicing of strings.

Several two-dimensional grammars have been proposed and studied [I0] in
syntactic approaches to generation and recognition of picture patterns, consid-
ered as digitized arrays. As a simple and effective extension of the operation of
splicing on strings, a new method of splicing on rectangular arrays is introduced
in [9] . The idea here is that each of two rectangular arrays is “cut” between two
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specified columns (respectively rows) and the “left” (‘upper”) part of the first
array is “pasted” with the “right” (“lower” )part of the second array, resulting
in a new array and the “cut” and “paste” operations are according to a set of
domino splicing rules.

Freund [5] has introduced and investigated cooperating distributed array
grammar systems extending the concept of cooperation in string grammar sys-
tems and using array grammars. Here, motivated by the study of Dassow and
Mitrana [3], we consider Grammar Systems that describe Pictures of rectangular
arrays. The components of these Grammar systems consist of two-dimensional
(2d) tabled matrix grammars [I2] and domino splicing rules [9] with the gram-
mars working in parallel and splicing rules acting on arrays of two components
yielding rectangular arrays of symbols. The resulting systems are called Splicing
Array Grammar Systems (SAGS). Properties such as generative power, compar-
ison etc. are obtained.

2 Preliminaries

The basic notions and notations on arrays are now recalled [6] and [I1].

Let X be a finite alphabet. X* is the set of all words over X' including the
empty word A. A picture A over X is a rectangular m x n array of elements of
X of the form

ail - Qin

A =
Am1 *** Gmn

or in short A = [a;j]mxn- We write an array A without enclosing it in square
brackets when there is no confusion. The set of all pictures is denoted by X**.
A picture language or a two dimensional language over X' is a subset of X**.

Definition 1. For an array A of dimension m xn and an array B of dimension
m’ x n’, the column catenation APB is defined only when m = m’' and the row
catenation AOB is defined only when n = n'. Informally speaking, in row cate-
nation AOB, B is attached below A. In column catenation APB, B is attached
to the right of X. We refer to [6] and [T1] for a formal definition of column and
row catenations of rectangular arrays.

We now recall the definition of a Two-dimensional(2d) tabled matrix grammar
[12].

Definition 2. A 2d tabled matriz grammar is a 3—tuple G = (G1, G2, 2)
where

G1 = (Hy1, I, P1,S) is a Regular, CF or CS grammar,

H, is a finite set of horizontal nonterminals,

I = {81, 52, -+ , Sk}, a finite set of intermediates, Hy N I; = (),

Py is a finite set of production rules called horizontal production rules,

S is the start symbol, S € Hy,

G2 = (Gzl, GQQ, A ,ng) where
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Goi = (Vai, T, Py;, Si), 1 < i < k are regular grammars,

Vi, is a finite set of vertical nonterminals, Vo; N Vaj =0, i # 7,

T is a finite set of terminals,

Py is a finite set of right linear production rules of the form X — aY or
X — a where X, Y € Voj,a €T

S; € Vo, is the start symbol of Ga;.

Q2 = {t1,...,t,} for somen >1; Each t; C UPs; is a table of rules so that either
all the rules in t; are of the form X — aY or all the rules in t; are of the form
X —a.

The type of G1 gives the type of G , so we speak about regular, context-
free, context sensitive 2d matriz grammars if Gy is reqular, context-free, context
sensitive respectively.

Derivations are defined as follows: First a string S;1S:.2 -+ Sin € If is
generated horizontally using the horizontal production rules of Py in G1. That
is, S = Si1Si2 -+ Sin € If. Vertical derivations proceed as follows: We write

A - A,
I

Qi1 cc Qin

Bi -+ Bi,

if Aij — a;;B;; are rules in a table t;. The derivation terminates if Aj; — am;
are all terminal rules in in a table t;.

The set L(G) of all matrices generated by G consists of all m x n arrays
[aij] such that 1 < i <m, 1 < j < nand S =5, SuSi -+ Sin =5, laij]-
We denote the picture language classes of reqular, CF, CS 2d Tabled Matriz
grammars by 2dTRML, 2dTCFML, 2dTCSML respectively.

Remark 1. When the number of tables in (2 is just two, with one consisting of
all rules of the form X — aY and the other consisting of all rules of the form
X — a, then G in Definition 2 is a two-dimensional matrix grammar [11].

We now recall the notions of domino splicing rules and Splicing of arrays
using these rules [9].

Definition 3. Let V' be an alphabet. #,$ are two special symbols, not in V. A

. . a .
domino over V is of the form ; or ab for some a,b € V. A domino column

b
a
b

for some a,b € VU {#} . A domino row splicing rule over V is of the form
r = 01 # B2$ B3 # Bs where each B; = a b for some a,b €V U{#} .

We refer to aq,as,as, as of a column splicing Tule r = a1 # a2 $ as # ay
as the first, second, third and fourth dominoes of r respectively. Similarly for a
row splicing rule r = By # B2$ B3 # Ba. (1, B2, B3, Ba are the first, second, third
and fourth dominoes of r respectively.

splicing rule over V is of the form r = a1 # as $ as # ay where each a; =
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Given two arrays X and Y of sizes m X p and m X q respectively,

ayp -+ arj @141 ccc QAlp
¥ = az1 - a2, 424541 - A2p
Ami - am,j am,j+1 ot Amp
bir - b1k big+1 oo big
v bar -+ bag bog+1 - bag

bml e bm,k bm,kJrl e bmq

air, bis €V, for 1 <i<m, 1 <r<p1<s<gq Wewrite (X,Y) \43 Z
if there is a sequence 11,72, ...T1m of column splicing rules (not necessarily all
different) such that

i Qi j4+1 g bik bik+1

Ty =
i1, it 1,541 bivik bit1 k41

foralli, 1<i<m—1and for some jk1<j<p—-11<k<qg—1and

aip -+ a1 brgyr oo big

azy - G254 b2,k+1 b2q
Z = ) )

ami - am,j bm,kJrl e bmq

In other words, we can imagine that a 2 x 1 window is moved down the j*
column of X The sequence of dominoes collected are the first dominoes of the
rules r1,72, ..., "m (not all necessarily different). When a 2 x 1 window is moved
down the j + 15t column of X the sequence of dominoes collected are the second
dominoes of the rules ri,7o, ..., Tm. Likewise for the k" and k + 1°¢ columns of
Y When such rules exist in the system, the column splicing of the arrays X and
Y amounts to the array X being vertically “cut” between j** and j+ 15 columns
and the array Y between k" and k + 1% columns and the resulting left subarray
of X “pasted” (column catenated) with the right subarray of Y to yield Z We
now say that Z is obtained from X andY by domino column splicing in parallel.
We can similarly define row splicing operation of two arrays U and V' of sizes
p X n and g X n, using row splicing rules to yield an array W.

C11 Ci2 = Cin di1 dip -+ dip

U — Cr1 Cr2 - Cpnp VvV = ds,l ds,Z ce ds,n
Cr4+1,1 Cr4+1,2 " Cr41mn ds+1,1 ds+1,2 ds+1,n

Cpl Cp2 e Cpn ) dql dq2 tee dqn

Crj, dsj €V, for 1 <j<n,1<r<p 1<s<q.
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We write (U, V) |© W if there is a sequence r1, 79, - - - Ty, of row splicing rules
(not necessarily all different) such that
Tj= Crj Crjy1 # o Cryrg Gt § dsjdajin # o dsyrjdeprjn

forallj, 1<j<n—1and for somer,sl <r<p-—-1,1<s<qg-—1 and

C11 Ci2 -+ Cin

W = Cr,1 Cr2 *** Crnm
ds+1,1 ds+1,2 e ds+1,n

dpy  dgy - dgn

As done for the column splicing of arrays, we can imagine 1 X 2 windows
being moved over respective rows. The row splicing of the arrays U and V can
be thought of as U being horizontally “cut” between the v and r + 15 rows
and V between st and s + 1°¢ rows and the upper subarray of U “pasted” (row
catenated) to the lower subarray of V to yield W We now say that W is obtained
from U and V' by domino row splicing in parallel.

We illustrate with an example.

Ezample 1. Let V = {a,b},

a

RC:{pl:b # $ #

pzib# $ #Z}

a

R.={q:ab # $ # ba
@:iba # $ # ab }

Column splicing in parallel of an array with itself using the rules given is

shown below:
ab ab P ababd

ba ba | baba

Likewise, row splicing in parallel of an array with itself using the rules given is
shown below:

abab
abababab ‘@baba
babababa ababd
baba
A vertical bar ‘| > or a horizontal bar ‘—’ indicates the place where splicing is

done.
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3 Splicing Array Grammar Systems

We now introduce the notion of Splicing array grammar system in which the
component grammars consist of rules of 2d tabled matrix grammars.

Definition 4. A Splicing Array Grammar system (SAGS) is a construct

I'= Vi, X1, Vo, T, (S1, R}, RY), ..., (Sp, R, RY), M) where,

Vi is a finite set of variables called horizontal variables;

Vi is a finite set of variables called vertical variables;

X1 CV, is a finite set of intermediates;

T is a finite set of terminals;

Si, 1 < i < mn is the start symbol of the corresponding horizontal component;
R 1< i< nis a finite set of rules called horizontal productions

and the rules can be regular or context free or context sensitive;

RY,1 < i < n is a finite set tables of right linear rules called vertical produc-
tions; The productions in a table are all either of the form A — aB or of the
form A — a;

M s a finite set of domino column or row splicing rules of the form

m=o1 # oz S ag# ayorf# P28 P # B

where a; = Z and B; = c¢d for some a,b,c,d € V,, U{T}U{A}.

The derivations take place in two phases as follows :

Each component grammar generates a word called intermediate word, over
intermediates starting from its own start symbol and using its horizontal produc-
tion rules ; the derivations in this phase are done with the component grammars
working in parallel.

In the second phase any of the following steps can take place :

(i) each component grammar can rewrite as in a two dimensional matriz gram-
mar using the tables of vertical rules, starting from its own intermediate
word generated in the first phase. (The component grammars rewrite in par-
allel and the rules of a table are applied together). Note that the component
grammars together terminate or together continue rewriting in the vertical
direction.

(i) At any instant the array X generated in the it" component for some 1 < i <
n and the array Y generated in the j*" component for some 1 < j < n can
be spliced using column / row domino splicing rules as in definition 4, thus
yielding array Z in it" component and W in the j** component; In fact Z
will have a prefix of X column concatenated with a suffix of Y and W will
have a prefiz of Y, column concatenated with a suffix of X, the prefixes and
suffizes being given by the splicing rules. In any other components (other
than ith, j'" components), the arrays generated at this instant will remain

unchanged during this splicing process.

There is no priority between steps (i) and (ii).
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The language L;(I") generated by the ith component of I' consists of all ar-
rays, generated over T, by the derivations described above.

This language will be called the individual language of the system and we
may choose this to be the language of the first component and Ly(I") = \J;—, Li(I")
as the total language. The family of individual languages generated by SAGS
with n components of type X for X € {REG,CF} is denoted by IsaqsLn(X),
and the corresponding family of total languages by TsqqsLn(X) respectively and
YsagsLn(X) when Y € {I,T}. We basically deal with individual languages al-

though the results obtained apply to total languages as well.

Remark 2. The image splicing grammar system (ISGS)introduced in [4] in which
the component grammars are 2d Matrix grammars [12]is a special case of SAGS.

Ezample 2. Let I' = ({S,X,Y, 2} ,{A,B,E,C},{A,B,C,D,E,F,T,U}{.,z},
(S, R", RY), (S, R", R"), (S, R", R"), M)

where

R'M={S - AX, X - BX,X - BY,)Y - EZ,Z — C}

RY = {t1,t2, ..., t6}

t1={A—zA,B— .B,E— .E,C — aC}.

to={A—2A,B— .D,E— .F,C — zC}.

ts={A—2A,D— .D,F — .F.C — xC}.

tas={A—2A,D— 2T, F — yU,C — zC}

ts ={A—zAT—T,U— .UC—zC}

te={A—z,T— . U—.C—uz}

T

M=% T s T g
. i i .
y#x$x#x
EEREEE
. s s .
v * oo S a4 F

The horizontal rules in a component generate intermediate words of the form
AB"EC with the same value of n > 1 at a time. The vertical rules of the
components generate from an intermediate word rectangular pictures of digitized
token H surrounded in the left and right by z’s and the bottom border of the
form AT™UC. At this stage with domino splicing rules, column splicing of the
array in a component with the array in another component can take place before
rewriting is terminated in the components with terminating vertical rules. In fact
any picture generated in the individual language of this splicing array grammar
system will be rectangular pictures in which any row, except a middle row, will
be of the form x(.)*"z and a middle row will be of the form z((x)"y)*z for some
ke{1,2,3}. One such picture obtained is shown in Figure 1.
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Koo e e e e X
Koo e e e e X
XZTTYTTTYTTTYX
b b
b X
Xooooe e e e e b

Fig. 1. A Picture of Example 2

Example 3. Let I' = ({S,X},{A,B,E},{A,B,C,D,E}{.,x},(S,R" RY),
(S, R", R¥), (S, R", R"), M) where

Rh={S - EXE,X - AXB,X — AB}
RY = {t1,ta, 15, 4,15}

t1={A— .AB— .B,E — aE}
to={A—.C,B— .D,E—zE,}

ts ={C —-aY,D - bZ,F — zE,}
tha={Y —-Y,Z— .ZF— xE,}
ts={Y —.,Z—  FE—ua}

b T T a
andM:{.#xfo#
. T T
b#x$x#a
T T
# 78 7 g
T T

z# 5% p* v

The horizontal rules generate in a component intermediate words of the form
FEA"™B™FE with the same value of n > 1 at a time. The vertical rules of the com-
ponents generate from an intermediate word rectangle pictures of (.)’s with a
middle row of the form za™b™z, and the bottom row of the form EC™D™E,
the leftmost column being a column of z’s ending with F and the rightmost
column being a column of z’s ending with E. At this stage with domino splic-
ing rules, column splicing of the array in a component with the array in an-
other component can take place before rewriting is terminated in the compo-
nents with terminating vertical rules. One such picture obtained is shown in
Figure 2.

X' o iii i X
X o oiie e X
D' '
xaabbaabbaabbx
X' o iie e X
' '

Fig. 2. A Picture of Example 3
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Theorem 1. ForY € {I,T},

2dRML = Yisgs L1 (REG) C 2dTRML = Y045 L1 (REG)
2dRML C Y495 Lo(REG)

2dCFML = Y,y L1 (CF) C 2dTCFML = Yyq0,L (CF)
2dTRML C YiagsLo(REG)

2dTCFML C YyaysLo(CF)

YaagsL3(REG) — CS # 6.

Proof. The equalities in statements (1) and (3) are clear from definitions and
the proper inclusions are known [I2]. Statement (2) is proved in [4]. Inclusions
in statement (4)and(5) are clear. The proper inclusion in statement (4) is a con-
sequence of Example 2. In fact the picture language of the Example 2 even with
k = 2, cannot be generated by any 2dT RMG as the rules in both the horizon-
tal and vertical phases are only regular rules. Likewise the proper inclusion in
statement (5) is a consequence of Example 3even with two components since the
rules in the horizontal phase of a 2dCF MG are only CF rules but the pictures
generated will require CS rules.The last statement follows from example 2 as the
the pictures in Figure 1 require CS rules in the first phase to generate these.

Ezample 4. []

Let I' = ({Sly"'S'ruX}y{Ah"'7AnyBly'"7Bn7017~-~70n7}7
{A1,--+,An,B1,--+,B,,C1,...,Cp,D1,...,Dp},

{.,m,a, b},(S, Rh1>Rv1)’ (S’ ha’sz)’ ) (S, Rh"aRU")’M)

S G Lo do =

where

RM ={S — A1 X,X - B X,X — C1}
R = {A; — A1, A — 2,B1 — aD1,D; — .D1,D; — a,C; — 2C,C; —
x,D; —waifi>2andiodd,D; —bifi>2andieven,C; — x}.

Fori > 1 and 7 even

Rh ={S; — A; X, X — B; X, X — C;}
RV = {Al — J}AZ,AZ — J},BZ‘ — bDZ‘,D,' — .Di,Ci — .’I,‘CZ,}
Fori > 1 and i odd R" = {S; — 4; X, X — B;X, X — C;}
RYi = {Al — :vAZ,AZ — fE,Bi — CLDZ',Di — DZ,Cl — l’CZ', }

M={" # " s % 7
b x T

# T8 o 0

x x

# T s o 7

T

. x
Di#0i$#Ai}

We note that the top and bottom rows of the rectangular arrays generated
in the individual language will be of the form za™xb™xza™xzb™...x  as there
are m component grammars.
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Theorem 2. ForY € {I,T},

1. 2dRML = Y45 L1 (REG) C Yisgs L2(REG) C
e C Y;SgsLn(REG) C -

2. 2dCFML = Y4gs L1 (CF) C Yiggs Lo(CF) C
e C YisgsLn(CF) C .-

3. 2dTRML = Yaags L1 (REG) C YaagsLo(REG) C
- C YsagsLn(REG) (G

4. 2dTCFML = Yaugs L1 (CF) C Yeags Lo(CF) C
CYsagsLn(CF) C .-

The first statement has been proved in [4] using the Example 4. The remaining
statements can be seen similarly.

4 Conclusion

The splicing array grammar system introduced in this paper turns out to be
a powerful means of generating picture arrays. It extends the image grammar
system in [4] to tabled matrix grammars. It remains to compare other picture
generating mechanisms with these systems.

Acknowledgement. The authors thank the referees for their useful comments.
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Compositionality of Fixpoint Logic with Chop
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Abstract. Compositionality plays an important role in designing reac-
tive systems as it allows one to compose/decompose a complex system
from/to several simpler components. Generally speaking, it is hard to de-
sign a complex system in a logical frame in a compositional way because
it is difficult to find a connection between the structure of a system to
be developed and that of its specification given by the logic. In this pa-
per, we investigate the compositionality of the Fixpoint Logic with Chop
(FLC for short). To this end, we extend FLC with the nondeterministic
choice “+” (FLC™ for the extension) and then establish a correspondence
between the logic and the basic process algebra with deadlock and termi-
nation (abbreviated BPAj). Subsequently, we show that the choice “4”
is definable in FLC.

As an application of the compositionality of FLC, an algorithm is
given to construct characteristic formulae of BPA§ up to strong bisimu-
lation directly from the syntax of processes in a compositional manner.

Keywords: FLC, compositionality, verification, bisimulation, character-
istic formula, basic process algebra.

1 Introduction

As argued in [2], compositionality is very important in developing reactive sys-
tems for at least the following reasons. Firstly, it allows modular design and
verification of complex systems so that the complexity is tractable. Secondly,
during re-designing a verified system only the verification concerning the modi-
fied parts should be re-done rather than verifying the whole system from scratch.
Thirdly, compositionality makes it possible to partially specify a large system.
When designing a system or synthesizing a process, it is possible to have un-
defined parts of a process and still to be able to reason about it. For example,
this technique can be applied for revealing inconsistencies in the specification or
proving that with the choices already taken in the design no component supplied
for the missing parts will ever be able to make the overall system satisfy the orig-
inal specification. Finally, it can make possible the reuse of verified components;
their previous verification can be used to show that they meet the requirements
on the components of a large system.

* This work is supported in part by CNSF-60493200 and CNSF-60421001.

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 136-[I50} 2005.
© Springer-Verlag Berlin Heidelberg 2005
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The p-calculus [15] is a popular modal logic as most of modal and temporal
logics can be defined in it. However, [8] proved that only “regular” properties can
be defined in the p-calculus, meanwhile [14] proved that all bisimulation invari-
ant properties of Monadic Second Order Logic can be defined in the modal pu-
calculus. In order to specify non-regular properties, [21] extended the u-calculus
with the chop operator (denoted by “”). It seems that the chop operator “;”
was first introduced in process logics [126], then adopted as the unique primitive
modality in interval-based logics, see [IT28/7], for example. In an interval-based
logic, it is easy to interpret a formula like ¢; by partitioning the given interval
into two parts such that ¢ is satisfied in the first segment and ¢ is held in the
second one. But it is hard to interpret the operator in modal logics. Therefore,
in [21] the meaning of FLC is interpreted in second-order. [2I] proved that FLC
is strictly more expressive than the p-calculus as non-regular properties can be
expressed in FLC by showing that characteristic formulae of context-free pro-
cesses can be defined in FLC. Since then, FLC has attracted more attentions in
computer science because of its expressiveness. For example, [I6/17] investigated
the issues of FLC model checking on finite-state processes.

Let us assume a setting in which the behavior of systems are modeled by
some process algebra and behavioral properties of systems are specified by some
specification logic. In order to exploit the compositionality inherent in the process
algebra it is desirable to be able to mimic the process algebra operators in the
logic (see [I0]). That is, for any program constructor cons there should be an
operator cons of the logic such that

(a) P, = ¢; fori=1, -+, n implies cons(Py, -, P,) = cons(é1, -, dn);
(b) cons(Py,---,P,) = cons(¢1,---,¢p,) is the strongest assertion which can
be deduced from P; = ¢; fori=1,--- ,n.

It seems that FLC does not meet the above conditions. For example, the +
operator of process algebra has no counterpart in FLC and in addition it is still
an open problem if it is possible to derive a property from ¢ and  that holds
in P+ @ in FLC, where P = ¢ and Q = .

To achieve the goal, we first introduce the non-deterministic choice “+” that
was proposed in [T0JI8] as a primitive and denote the extension of FLC by FLC* .
Intuitively, P = ¢+t means that there exist P; and P, such that P ~ P, + P,
P, = ¢ and P, = 4. Thus, it is easy to see that we can use ¢+1) as a specification
for the combined system P+ ). Then we show that the constructors of the basic
process algebra with termination and deadlock (BPA§ for short) correspond to
the connectives of FLC™ . Subsequently, we prove that the choice “+” can be
defined essentially by conjunction and disjunction in FLC.

As a result, we can use FLC to specify systems modeled by BPA§ in an
algebraical way, typically, this may allow much more concise descriptions of
concurrent systems and more easy composing/decomposing the verification of
a large systems from/to some similar and simpler ones of the subsystems. As
an example, we now show that using “4” as an auxiliary operator could make
senses in practice:
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i) It means one more step to the goal to exploit the structure of process terms

for model checking.

ii) It enables a precise and compact specification of certain nondeterministic
systems.

iii) It is very easy to modify the specification of a system when additional alter-
natives for the behavior of the system should be admitted.

iv) It enhances the possibility of modularity in model checking which is useful
in redesigning of systems.

i) depends on if it is possible to work out a syntax-directed model checker for
FLC on finite-state processes. In fact, we believe that it may be done exploiting
the connection between FLCT and BPA§ that is presented in this paper. To
explain the issues ii), iii) and iv), we present the following example: Consider a
car factory that wants to establish an assembly line shown in the Fig.[Il,

put_car

adjust mount_windscreen

control
get car _O O O o
O< adjust control
get car O O ) O O—

mount_windscreen
put_car

Fig. 1. The Process P

which we denote by the process P, for one production step. If there is a car
available for P then P will either get the car, adjust the motor, mount the
windscreen, control the car, and then put the car on the conveyer belt or P will
get the car, mount the windscreen, adjust the motor, control the car, and then
put it back. Afterwards P may start again. The first option can be specified by

Specy = [get car]; (adjust); (mount windscreen); (control); (put car)

A(get car); true,
whereas the second is described by

Speca = [get car]; (mount windscreen); (adjust); (control); (put car)

A(get car); true.

We are now looking for a specification that admits only such systems that of-
fer both alternatives and that can be easily constructed from Spec; and Specs.
Obviously, Specy A Specs is not suitable whereas Spec; V Specs allows for imple-
mentations that exhibit only one of the behavior. Spec; + Specs describes the
behavior we have in mind and a system that offers this behavior repeatedly is
described by Spec = vX.(Spec; + Specs); X.
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Tt is easy to show that rec z.(P; + P2);x = Spec, where

Py = get car; adjust; mount windscreen; control; put car

Py = get car; mount windscreen; adjust; control; put car.

Let us now assume that the system specification should be modified to allow
for a third alternative behavior Specs, then this specification may be simply
“added” to form

Spec’ = v X .(Spec; + Specy + Specs); X.
If we establish P35 = Specs then we obtain immediately that
rec x.(Py + P2 + Ps);z = Spec’.

In addition, if we have to modify Spec; to Spec] such that P| = Spec], and
obtain

rec x.(P] + Py + P3);z = vX.(Spec] + Speca + Specs); X.

Some preliminary results of this paper have been reported in [27].

The remainder of this paper is structured as follows: Section 2 briefly reviews
BPAS. In Section 3, FLC™ is established and some preliminary results are given.
Section 4 establishes a connection between the constructors of BPA§ and the
connectives of FLCT . Section 5 is devoted to showing that the choice “+” can
be defined in FLC. In Section 6, we sketch how to construct a formula ¥p for
each process P € BPA§ according to its syntax and then show the formula
obtained by eliminating “+” in ¥p is the characteristic formula of P. Finally, a
brief conclusion is provided in Section 7.

2 Basic Process Algebra with Termination and Deadlock

Let Act = {a,b,c,---} be a set of (atomic) actions, and X = {z,y,z2,...} a
countable set of process variables. Sequential process terms, written P?, are those
which do not involve parallelism and communication, which are generated by the
following grammar:

E:=6]¢€e| x| al| Ei;E2 |Ev+Es | rece.E

Intuitively, the elements of P® represent programs: 6 stands for a deadlocked
process that cannot execute any action and keeps idle for ever; ¢ denotes a
terminated process that cannot proceed, but terminates at once; the other con-
structors can be understood as the usual ones.

In order to define an operational semantics for expressions of the form F1; Fs,
we need to define a special predicate 7 over P? to indicate if a given process
term is terminated or not. Formally, 7 C P? is the least set which contains e
and is closed under the following rules: (i) if 7(F1) and 7 (E2) then 7 (E1; Es)
and 7 (Ey 4+ E»); (ii) if 7(E) then T (rec z.E).
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a ! a /
Act Rec Efrec xE/a{cj _>,E Seq-1 B o E}
a— € recx.E — FE FEi;Es — Ey; Es
a ! a !
Seq—2 B = E2 /:T(/El) Nd a El/ - El a /
E1;E2*>E2 E1+E2*>E1, Es + E1 — E)

Fig. 2. The Operational Semantics of P?*

An occurrence of a variable x € X is called free in a term E iff it does not
occur within a sub-term of the form rec x.E’, otherwise called bound. We will use
fn(E) to stand for all variables which have some free occurrence in E, and bn(F)
for all variables which have some bound occurrence in E. A variable x € X is
called guarded within a term E iff every occurrence of x is within a sub-term F
where F is prefixed with a subexpression F* via “;” such that =7 (F*). A term E
is called guarded iff all variables occurring in it are guarded. The set of all closed
and guarded terms of P° essentially corresponds to the basic process algebra
(BPA) with the terminated process e and the deadlocked process ¢, denoted by
BPAg§, ranged over by P,Q, - - -, where BPA is a fragment of ACP [5].

An operational semantics of P# is given in the standard Plotkin’s style, yield-
ing a transition system (P?%, —) with —C P* x Act x P* that is the least relation
derived from the rules in the Fig.2.

Definition 1. A binary relation S C BPA§ x BPAS is called a strong bisimula-
tion if (P,Q) € S implies:

- T(P) iff T(Q);

— whenever P % P’ then, for some Q',Q % Q' and (P',Q') € S for any
a € Act;

— whenever Q % Q' then, for some P',P % P’ and (P',Q') € S for any
a € Act.

Given two processes P, Q € BPA§, we say that P and () are strongly bisimilar,
written P ~ @, if (P, Q) € S for some strong bisimulation S. We can extend the
definition of ~ over P? as: let E1, By € P° and fn(E7) U fn(E2) C {x1,- -+ ,zn},
if B1{P1/x1, -+, Pp/xpn} ~ Ex{P1/x1, - ,Py/x,} for any Pp,---, P, € BPAg,
then E1 ~ EQ.

Convention: From now on, we use A op B to stand for {E; op Es | E; €
A and Ey € B}, Aop E for A op {E}, where E € P*, A C P B C P* and
op € {+,;}.

3 FLC with the Nondeterministic Operator “+” (FLC™T)

FLC, due to Markus Miiller-Olm [21], is an extension of the modal u-calculus
that can express non-regular properties, and is therefore strictly more powerful
than the p-calculus. In order to study the compositionality of FLC, we extend
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FLC with the nondeterministic operator “+4”, which is proposed as a primitive
operator in [T0I18].

Let X,Y, Z,--- range over an infinite set Var of variables, tt and ff be propo-
sitional constants as usual, and / another special propositional constant that is
used to indicate if a process is terminated. Formulae of FLC™ are generated by
the following grammar:

¢ a=tt | ff 1V IT1 X |a] | {a) [ ¢1A¢2 | 91V2 | d15 02 | p1+¢2 | pX.¢ [vX.0

where X € Var and a € Act. The fragment of FLCT without “+” is called FLC
[21]. In what follows, we use (@ to stand for (a) or [a], p for tt, ff or v/, and o
for v or p.

Some notations can be defined as in the modal p-calculus, for example free
and bound occurrences of variables, closed and open formulae etc. The two fiz-
point operators pX and vX are treated as quantifiers. We will use fn(¢) to stand
for all variables which have some free occurrence in ¢ and dn(¢) for all variables
that have some bound occurrence in ¢.

Definition 2. In the following, we define what it means for a formula to be a
guard:

1. @ and p are guards;
2. if ¢ and Y are guards, so are p AN Y, ¢V Y and ¢ + Y;
3. if ¢ is a guard, so are ¢;v and 0 X.p, where v is any formula of FLCT .

X is said to be guarded in ¢ if each occurrence of X is within a subformula
Y that is a guard. If all variables in fn(¢) U bn(¢p) are guarded, then ¢ is called
guarded. A formula ¢ is said to be strictly guarded if ¢ is guarded and for
any X € fn(¢p) U bn(p), there does not exist a subformula of the forms X + 1,
(X Ox)+v, (X;0)+x or (X500 %)+, where ® € {V,A}.

Intuitively, a variable X is said to be guarded means that each occurrence of
X is within the scope of a modality @ or a propositional letter p.

Ezample 1. Formulae (a); X;Y,vX.((a)V(D)); X; (Y +2), ff; X are guarded, but
X (ay N X, pX (X +Y)Va], uX.({a); X V (b)); pY.(Y + (a)) are not. (a); X;Y
and ff; X are strictly guarded, however, vX.({a) V (b)); X; (Y + Z) is not.

We will use L+ to denote all formulae of FLCT that are closed and
guarded, and Lrrc for the fragment of Ly -+ without +. In the sequel, we
are only interested in closed and guarded formulae.

As in FLC, a formula of FLCT is interpreted as a predicate transformer
which is a mapping f : 28745 — 2BPAS We use MPT7 to represent all these
predicate transformers over BPAS§.

The meaning of variables is given by a wvaluation p: Var — (2845 — 2BPAS)
that assigns variables to functions from sets to sets. p[X ~ f] agrees with p
except for associating f with X.

Definition 3. The meaning of a formula ¢, under a valuation p, denoted by
[6],, is inductively defined as follows:
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[tt],(A) = BPA§
[/£1o(A) =0
[V1,(A) = {P € BPA; | T(P)}
[71o(A) = A
[XTo(A) = p(X)(A)
[[a]l,(A) = {P € BPA; | =T (P) AVP' € BPAS.P % P' = P’ € A}
[(a)],(A) = {P € BPA§ | 3P’ € BPA.P % P' AP € A}
[61 A ¢2]p(A) = [$1],(A) N [$2] o (A)
[61V ¢2]p(A) = [$1],(A) U [$2] o(A)

[p1; P21, = [#1], - [D2],
[p1+ ¢2],(A) = {P € BPA | P~ Pr + Po A Py € [¢1],(A) A Py € [¢2],(A)}

[uX.0], =1{f € MPTr | [d],x~p C f}
[vX.¢], =U{f € MPTr | ﬂ(b]]p[va] 2 f}

where A C BPAS, and - stands for the composition operator over functions.

Note that because € and 6 have different behaviour in the presence of ;, they
should be distinguished in FLC™ . To this end, we interpret [a] differently from
in [2I]. According to our interpretation, P = [a] only if =7 (P), whereas in [21]
it is always valid that P | [a] for any P € P#. Thus, it is easy to show that
€ = Nacaclal; ff, while A 4.,lal; ff is the characteristic formula of ¢.

As the meaning of a closed formula ¢ is independent of any environment,
we sometimes write [¢] for [¢],, where p is an arbitrary environment. We also
abuse ¢(A) to stand for [¢],(A) if p is clear from the context.

The set of processes satisfying a given closed formula ¢ is $(BPA§). A process
P is said to satisfy ¢ iff P € [¢],(BPA§) under some valuation p, denoted
by P =, ¢. If p is clear from the context, we directly write P |= ¢. ¢ = ¢
means that [¢],(A) C [¢],(A) for any A C BPA§ and any p. ¢ < 1 means
(¢ = ) A (¥ = ¢). The other notations can be defined in the standard way.

Given a formula ¢, the set of the atomic sub-formulae at the end of ¢, denoted
by ESub(@), is: {6} if ¢ = p, 7, X or@; ESub(¢1) UESub(@s) if ¢ = 1 op ¢
where op € {A,V,+}; if ¢ = ¢1;¢2 then if 7 € ESub(¢1) then ESub(¢2) else
(ESub(¢2)\{7})UESub(¢1); ESub(¢’) if ¢ = 0 X.¢’. It is said that 4/ only occurs
at the end of ¢ if v/ can only be in ESub(¢) as a sub-formula of ¢.

As [16] proved that FLC has the tree model property, we can also show that
FLC™ has such property as well, i.e.,

Theorem 1. Given P,Q € BPA;, P ~ Q iff for any ¢ € Lypo+, P = ¢ iff
QE?.

4 A Connection Between BPAfs and FLCT

In this section, we discuss how to relate the primitives of BPA§ to the connectives
of FLCT.
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4.1 Nondeterminism

From Definition [} it is clear that “+” of BPA§ corresponds to “+” of FLC™T .
The connection can be expressed as follows:

Proposition 1. For any P,Q € BPAS, if P = ¢ and Q |= ¢ then P+Q = ¢+.
4.2 Sequential Composition

In this subsection, we show that under some conditions, the sequential compo-
sition “;” of BPA§ can be related to the chop “” of FLCT .

From the definition of the semantics of BPAS, it is clear that as far as the
execution of the process P; (@ is concerned, () starts to be executed only if P
finishes the execution. A similar requirement on properties concerning P must be
considered in order to derive a combined property for P; @ from the properties
for P and Q). For example, let P = a;b, QQ = c;d, and it is therefore clear that
P = (a) and Q = (c), however P;Q }~= (a); (c). So, we require that the property
about P must specify full executions of P, that is, P = ¢;+/.

On the other hand, it is easy to see that € is a neutral element of “;” in BPAS.
However, 1/, the counterpart of € in FLC, is not the neutral element of the chop
“”. Thus, we have to replace y/ occurring in properties of P with 7 in order to
give a connection between “;” of BPA§ and the chop “” of FLCT. E.g., let P =
a;eand Q = b; 6, ¢ = (a);+/, and ¢ = (b). It’s obvious that P = ¢;/ and Q | v,
but P;Q [~ ¢; 4. Furthermore, it is required that 4/ can only appear at the end
of properties of P, because from Definition B 1/ as a subformula of ¢ makes all
subformulae following it with ; no sense during calculating the meaning of ¢, but
they will play a nontrivial role in the resulting formula. E.g. € = +/; [a]; (b) and
a;c | {a);{c), but € (a;c) ¥ (15]al; (b); ({a); {c)). In fact, such a requirement
can be always satisfied because all formulae can be transformed to such kind of
the form equivalently.

In summary, the following theorem indicates the connection between the
sequential composition “;” of BPA§ and the chop “” of FLC™ .

Theorem 2. For any ¢, € Ly o+ and any P,Q € BPA, if \/ only occurs at
the end of ¢, P |= ¢;y/ and Q |= ¢ then P;Q = ¢{7/\/};.

Remark 1. Generally speaking, the converse of Theorem [2] is not valid.

4.3 Recursion

In this subsection, we sketch how to relate rec  to vX. Thus, in the rest of this
sub-section all fixed point operators occurring in formulae will be referred to v
if not otherwise stated. To this end, we first employ a relation called syntactical
confirmation between processes and formulae, with the type P* x FLCT
{tt, I}, denoted by ..

Definition 4. Given a formula ¢, we associate a map from 2P to 27" with it,
denoted by ¢, constructed by the following rules:
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VE)SH{E|EeP AT(E)}
e =pe
(&) =0
FE) =€
X(E)={,E|Ec&}
(a)(§) 2 {E|3F € £.E % E'}
Ez\](é') = {(F|-T(E)AE is guarded ANYE''E % E' = E' € £}
$1 N 2(€) = 61(E) N $2(E)
$1V $2(€) = 61(E) U d2(E)
61+ 32(E) = {E | 3B, By B = By + By A By € 61(€) A Bs € $a(E)}
1 02(E) = p1 - $2(E)
o X (&) = {(rec x.F1); Es | By € ({e}) A B € £}

where £ C P*. R
Es (E,¢) =tt iff E € ¢({e}); otherwise, =s. (E,p) = ff. In what follows,
we denote g (E,0) =tt by E e ¢ and g (E,¢) =ff by E g ¢

Informally, P =, ¢ means that P and ¢ have a similar syntax, e.g.,

Ezample 2. Let F1=(a;z;x) + d, E2=x; (b + ¢);y, Es=a;b;c, p=(a); X; X,
Y=X5(b); Y and p=[a]; (b); (c). We have E1 [Fsc ¢, Ea Fse ¥, B3 Fsc ¢

The following theorem states that |=,. itself is compositional as well.

Theorem 3. Let / only appear at the end of ¢1, ¢2 and ¢. Then,
i) if By Fse ¢1 and By =g ¢2 then By + Ey Fge ¢1 + ¢2;
”) Zf K ':sc @1 and E» ):sc ®2 then Eq; Es ):sc ¢1{T/\/}; o2
1) if E FEsc ¢ then rec .FE |=g. 0 X.0{7//}.

Ezample 3. In Example[2] according to Theorem[3], we obtain B+ Es g ¢+,
Es; (E1 + E2) Ese v; (0 + 1) and rec z. rec y.Es; (E1 + E3) Ese vXVY.(0; (0 +
¥)).

Theorem M establishes a connection between |=4. and |, so that rec x is
related to v.X.

Theorem 4. If P € BPA§, / only occurs at the end of ¢ and P =4 ¢, then
P ¢y

Theorem [ provides the possibility to compositionally verify a complex sys-
tem and even this can be done syntactically.

Ezample 4. For instance, let E1, Es, E3 and ¢, 1, @ be as defined in Example 2
In order to verify rec x. rec y.Es; (E1 + E3) = vX.vY.(p; (6 + 1)), we only need
to prove Ey1 + Es g ¢ + % and Es; (E1 + E2) Ese ; (¢ + ¥). This proof can
further be reduced to Fy s ¢, Fa Esc ¥ and E5 =, . From Example 2] this
is true.
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5 Reducing Ly o+ to Lrrc

In this section, we will show that as far as closed and guarded formulae are
concerned, the + of FLCT can be defined essentially by conjunction and dis-
junction, that is, for any ¢ € Lp o+, there exists a formula ¢’ € Lerc such
that ¢ < ¢'. This can be obtained via the following three steps: firstly, we show
that in some special cases “+” can be defined by conjunction and disjunction
essentially; then we prove that the elimination of “+” in a strictly guarded for-
mula ¢ of FLCT can be reduced to one of the above special cases; and finally,
we complete the proof by showing that for any ¢ € Ly -+ there exists a strictly
guarded formula ¢’ € Ly ++ such that ¢ < ¢'.

The following lemma claims that in some special cases, “+” can be defined
essentially by conjunction and disjunction.

Lemma 1. Letn,k<m,{a1,- - ,an} and{c1,- - ,cr} be subsets of {b1,- - b},
where by #b; if i#j. Assume < a1, -+ ,an >=<0b1, -+ by > and < cy1, - ,cp >
=<by, by, >, wherel; € {1,--- ,m} for j=1---k. Then

/\/\ az ¢Z,j/\/\ wz/\(h /\/\ Cz Qoz,j/\/\ Xz/\q2

i=1j=1 i=1j=1

i ki m
= /\ /\ az (ybz,j /\wz /\ /\ 907,,3 /\Xl ) /\[bz]v (7;[]2 \/Xi) /\QI /\q2
=1

i=1j=1 i=1j=1

S

where q1 < tt or q1 < T, and g3 < tt or g & T.

Proof (Sketch). According to Definition B] it is easy to see that + and ; both
are monotonic. On the other hand, it is not hard to prove that 1. if P = (a); ¢,
then P 4+ Q E (a);¢ for any Q € BPA§; 2. P = [a];¢ and @ E [a]; 9, then
P+Q &[] (6V 6); 3. ([al; 0 A ()59) = ({a); (6 A ) A [al; @). Thus, it is not
hard to prove the forward direction.

For the converse direction, we first prove that given a P € BPA§, there exists
a @ € BPAj of the form ) ., Z;‘;l a;Qq,; or ¢ such that P ~ Q; then by
Theorem [II P satisfies the formula of the right hand in the lemma iff Q also
meets it; subsequently, we design an algorithm to partition all summands of @
into two parts Q; and Qs such that Y Q; satisfies the first operand of “+”
in the left formula of the lemma, Y Qo meets the second operand. Obviously,
> Q1+ > Qy ~ P. Therefore, the converse direction has been proved. -

By applying the above lemma, induction on the given formula ¢, we can show
that if ¢ is strictly guarded, then there exists ¢’ such that ¢ < ¢’ and no +
occurs in ¢/, i.e.

Lemma 2. For any ¢ of FLC™T , if ¢ is strictly guarded, then there exists ¢' of
FLC such that ¢’ & ¢.

In the below, we will apply some rewriting techniques to prove that for any
closed and guarded formula ¢ of FLC™T | there exists ¢’ that is strictly guarded
such that ¢ < ¢’, namely
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Lemma 3. For any ¢ € Ly o+, there is ¢/ € Ly o+ that is strictly guarded

such that ¢ < ¢'.

Proof (Sketch). In order to prove the lemma, we need to show the following
equations:

pX.01(@; 62[(X © ¢3) + ¢4]] & pX.01[(@; P2[puY.($1[@; ¢2[Y]] © ¢3) + ¢a]] (1)
vX.01[@; $2[(X © ¢3) + ¢a]] © v X.$1[@; P2[VY.(41(@; 2[Y]] © ¢3) + Ba]] (2)
X .91(@; 92[(X; ¢3 © d4) + ¢5]] & pX.1[(@; P2[pY.($1(@; ¢2[Y]]; d3 © ¢a) + é5]] (3)
vX.01[@; $2[(X; 3 © ¢4) + ¢5]] & v X.1[@; ¢2[vY.(91(@; $2[Y]]; p3 © da) + ¢5]] (4)

where ©® € {A,V}, ¢;[ | stands for a formula with the hole [ ], the formula at
the left side of each equation is guarded.

We will only prove @) as an example, the others can be proved similarly.
Since ¢1[@; d2[(X; 3 © ¢a) + ¢5]] is guarded, by Knaster-Tarski Theorem, it
is clear that uX.¢1[@; ¢2[(X; ¢3 © ¢a) + ¢5]] is the unique least solution of the
equation

X = ¢1{@; ¢2[(X; 3 © ¢4) + ¢5]] (5)

Let Y be a fresh variable and Y = (X;¢3 © ¢4) + ¢5. It is easy to see the
least solution of (B) is equivalent to the X-component of the least solution of the
following equation system:

X = $1{@; 92[(X; 03 © da) + ¢5]]
Y = (X030 ¢s) + 5

Meanwhile, exploiting some rewriting techniques, it is easy to transform solving
the least solution of the above equation system to the following one equivalently,

X = ¢1{@; ¢2[(X; 3 © ¢4) + ¢5]]
Y = (011@; ¢2[Y]]; 93 © ¢a) + &5

It is not hard to obtain the least solution of the above equation system as
(1X.01[@; P21 (01(@; P2[Y]]; ¢3 © P4) + 5], nY . (61(@; P2[Y]]; P3 © ¢4) + ¢5).
Therefore, [B]) follows.

Repeatedly applying (I)-@), for any given formula ¢ € L+, we can
rewrite it to ¢’ which is strictly guarded such that ¢ < ¢'. -

Remark 2. In the proof for Lemma Bl we only consider the cases that a variable
is guarded by a modality (@), and ignore the cases that a variable is guarded by a
propositional letter p, because according to Definition [B] it is easy to show that

;¢ < p.
From the above lemmas, the following result is immediate.
Theorem 5. For any ¢ € Ly o+, there exists ¢ € Lrrc such that ¢ < ¢.

We use the following example to demonstrate how to translate a closed and
guarded formula ¢ of FLCT into a formula ¢’ of FLC by applying the above
procedure.
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Ezample 5. Let ¢ = pX.vY.{(a);( X +Y); X;Y;(b) V(c). Applying (), it follows
¢ & uXvY(a); [nZ.(vV{a); Z; X; Vi (b) V() + Y] X5 Y (D) V(e) = ¢

ttifo=A

where ¢1[|=vY.[]; X5Y5(0) V (), ¢2[ 1=[ ], ¢3£{ff 0.W.

more, applying (), we can get

, $4=Y . Further-

o & pX Y. a): [ ZoW.((a): W2 X Y3 (0)V (0) + (0Vi{a): Z: X3 V2 (B)V ()
XYV = o
where 61[1 2 [ XY (9 ) 6al 12 izl ], o0 = {1021,

¢4 = vV{a); Z; X; V5 (b) V {c). Thus, using Lemma 2] we can eliminate “4” in
¢" as follows:

—~

o~
S

-~

¢" & pXwvYa); [nZ.vW. WV s X5Y5(0) v {e)

<
=
S
TN
E
=
-

—~~ —~

o~
&)
-

It is easy to see that ¢ < ¢* and no + occurs in ¢*. -

In what follows, we will use en(¢) to denote the resulting formula by applying
the above procedure to ¢ in which + is eliminated.

6 Constructing Characteristic Formulae for Context-Free
Processes Compositionally

Given a binary relation R over processes, which may be an equivalence or a
preorder, the characteristic formula for a process P up to R is a formula ¢p such
that for any process @, @ | ¢p if and only if QRP. [21] presented a method to
derive the characteristic formula for a context-free process up to strong (weak)
bisimulation by solving the equation system induced by the rewrite system of
the process in FLC. In this section, we present an algorithm to construct the
characteristic formula for a process of BPA§ up to strong bisimulation directly
from its syntax in a compositional manner based on the above results, in contrast
to the semantics-based method given in [21]. We believe that our approach also

works for weak bisimulation, but it is necessary to re-interpret modalities of
FLC.
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It is easy to see that A, 4.[al; ff (®s for short) is the characteristic formula
for 6, and / for e.
For simplicity, A,c 4c¢—alal; ff will be abbreviated as _ 4 from now on.

Definition 5. Given a process term E € P?, we associate with it a formula
denoted by Vg derived by the following rules:

Us = @5, v, =,
v, = X, v, = @7{a} A (<a> A [GD,
Q/E1;E2 = Vg, {7—/\/}’ Vi, Vg, + B, = Vg, +VE,,

Lprec z.E — VX&E{T/\/}

Regards Definition B we have

Lemma 4. 1. For any E € P*, \/ only occurs at the end of ¥g;
2. For any E € P*, E =3 Vg and E =5 YE;/;
3. For any P € BPAS, Wp; ./ is closed and guarded.

The following theorem states if two processes are strong bisimilar then the
derived formulae are equivalent.

Theorem 6 (Completeness). If By ~ Es, then ¥p, < Vg, .

We can show that en(¥p;+/) is the characteristic formula of P up to ~ for
each P € BPAj.

Theorem 7. For any P € BPA§, en(¥p;+/) is the characteristic formula of P
up to ~.

Remark 3. In Theorem[d the condition that P is guarded is essential. Otherwise,
the theorem is not true any more. For instance, vX.(X + ((a) A [a] A P_(43))
is equivalent to Wyec 5. (24a), nevertheless, (vX.(X + ({a) A [a] A P_(a1)));+/ is
not the characteristic formula of rec z.(z + a), since rex z.(z + b+ a) meets the
formula, but rex x.(x + b+ a) # rec x.(x + a).

Ezample 6. Let P=a;e and Q=b;6. Then, ¥p=((a) A [a] A P_(43);+/, and ,
WQ=({b) A [b] ADP_py); Ps by Definition [l

It’s obvious that en(¥p;+/) = ¥p;+/ is the characteristic formula of P and
en(¥q;+/) = Yg;+/ is the one of Q. Furthermore, by Definition []

en(g/rec z.(P;z;z;Q+P)) \/>
2 en(ly ((a) Aa] AP _qay); X5 X5 (((0) A D] AP_13y); Ds) 5.
= entiex.(, () et n i) Jiv)

) (@) X X5 () A B A D)) s A ),
& X <[ J(r v X3 X3 (8) A [b]Aqs_{b});qs&)A@_{a})]’“

~

which is exactly the characteristic formula of rec x.(a; z; x; b; 6 + a;€). .
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7 Concluding Remarks

In this paper, we investigated the compositionality of FLC. To this end, inspired
by [10/18], we first extended FLC with the non-deterministic choice “+” and then
established a connection between the primitives of BPA§ and the connectives of
FLC*, and finally, we proved that as far as closed and guarded formulae are
concerned, “+” can be defined essentially by conjunction and disjunction in
FLC.

Although introducing “+” cannot improve the expressive power of FLC, us-
ing it as an auxiliary can be applied to compositional specification and verifica-
tion of a complex system, some advantages have been argued in the Introduction.
As an application of the compositionality of FLC, we presented an algorithm to
construct the characteristic formula of each process of BPA§ directly according
to its syntax in contrast to the method in [21I] which derives the characteristic
formula for a process from the transition graph of the process. We believe that
our approach also works for weak bisimulation, but it is necessary to re-interpret
modalities of FLC.

Various work concerning compositionality of modal and temporal logics have
been done, for example, [II8] directly introduced the non-deterministic operator
“+” into the modal p-calculus like logics so that the resulted logics have com-
positionality; [3/4] discussed the compositionality of linear temporal logic [23]
by introducing the chop into the logic, while [24] investigated some logic prop-
erties of the extension; [I9I20] studied the compositionality of u-calculus; [26]
investigated the compositionality of a fixpoint logic in assume-guarantee style.
Comparing with the previous work, the logics studied in previous work can only
express regular properties, but FLC which is investigated in this paper can define
non-regular properties. [9] gave a method to define characteristic formulae for
finite terms of CCS up to observational congruence, [25] furthered the work by
presenting an approach to define characteristic formulae for regular processes up
to some preorders; Moreover, [21] gave a method to define characteristic formu-
lae for context-free processes up to some preorders based on the rewriting system
of a given process. In contrast to [21], in our approach characteristic formulae of
BPAj are constructed directly from syntax.

As future work, it is worth investigating the parallel operator and establishing
a proof system for FLC.
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Abstract. We develop semantics for modal logic programs in basic se-
rial multimodal logics, which are parameterized by an arbitrary combi-
nation of generalized versions of axioms T, B, 4, 5 (in the form, e.g.,
4: 0,0 — O0;04¢) and T : O;0 — O;¢0. We do not assume any special
restriction for the form of programs and goals. Our fixpoint semantics
and SLD-resolution calculus are defined using the direct approach and
closely reflect the axioms of the used modal logic. We prove that our
SLD-resolution calculus is sound and complete.

1 Introduction

Classical logic programming is very useful in practice and has been thoroughly
studied by many researchers. There are three standard semantics for definite
logic programs: the least model semantics, the fixpoint semantics, and the SLD-
resolution calculus (a procedural semantics) [9]. SLD-resolution was first de-
scribed by Kowalski [8] for logic programming. It is a top-down procedure for
answering queries in definite logic programs. On the other hand, the fixpoint se-
mantics of logic programs is a bottom-up method for answering queries and was
first introduced by van Emden and Kowalski [16] using the direct consequence
operator Tp. This operator is monotonic, continuous, and has the least fixpoint
Tplw=U;_,TpTn, which forms the least Herbrand model of the given logic
program P.

Multimodal logics are useful in many areas of computer science. For example,
multimodal logics are used in knowledge representation and multi-agent systems
by interpreting O;p as “agent i knows/believes that ¢ is true”. Modal extensions
have been proposed for logic programming. There are two approaches to modal
logic programming: the direct approach [GIT2JT0IT3] and the translational ap-
proach [4IT4]. The first approach directly uses modalities, while the second one
translates modal logic programs to classical logic programs.

In [4], Debart et al. applied a functional translation technique for logic pro-
grams in multimodal logics which have a finite number of modal operators O,
and <; of any type among KD, KT, KD4, KT4, KF and interaction axioms
of the form O;¢ — Ojp. The technique is similar to the one used in Ohlbach’s
resolution calculus for modal logics [15]. Extra parameters are added to pred-
icate symbols to represent paths in the Kripke model, and special unification

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 151165} 2005.
© Springer-Verlag Berlin Heidelberg 2005
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algorithms are used to deal with them. In [I4], Nonnengart proposed a semi-
functional translation. His approach uses accessibility relations for translated
programs, but with optimized clauses for representing properties of the acces-
sibility relations, and does not modify unification. Nonnengart [I4] applied the
approach for modal logic programs in basic serial monomodal logics. He also
gave an example in a multimodal logic of type KD45.

The translational approach seems attractive: just translate and it is done.
However, the problem is more complicated. Using modal logics adds more non-
determinism to the search process, which cannot be eliminated but must be
dealt with in some way. In the functional translation [4], the modified unifica-
tion algorithm may return many substitutions, which causes branching. In the
semi-functional translation [I4], additional nondeterminism is caused by clauses
representing frame restrictions of the used modal logic. In the direct approach
considered shortly, additional nondeterminism is caused by modal rules which
are used as meta clauses. Our point of view is that the direct approach is jus-
tifiable, as it deals with modalities more closely and “modalities allow us to
separate object-level and epistemic-level notions nicely”.

Using the direct approach for modal logic programming, Balbiani et al. [I]
gave a declarative semantics and an SLD-resolution calculus for a class of logic
programs in the monomodal logics KD, T, and S4. The work assumes that the
modal operator O does not occur in bodies of program clauses and goals. In
[2], Baldoni et al. gave a framework for developing declarative and operational
semantics for logic programs in multimodal logics which have axioms of the form
[t1] ... [tn]e — [s1]...[Sm]e, where [¢;] and [s;] are universal modal operators
indexed by terms ¢; and s;, respectively. In that work, existential modal operators
are disallowed in programs and goals.

In [10], we developed a fixpoint semantics, the least model semantics, and
an SLD-resolution calculus in a direct way for modal logic programs in all of
the basic serial monomodal logics KD, T, KDB, B, KD4, S4, KD5, KD45,
and S5. We also extended the SLD-resolution calculus for the almost serial
monomodal logics KB, K5, K45, and KB5. There are two important properties
of our approach in [10]: no special restriction on occurrences of O and < is
assumed and the semantics are formulated closely to the style of classical logic
programming (as in Lloyd’s book [9]).

The aim of this paper is to generalize the methods and results of our above-
mentioned work for the whole class of basic serial multimodal logics (BSMM).
A BSMM logic is an extension of the multimodal logic K,, with the axioms of
seriality D : O;pp — <;p and any combination of axioms of the form 7" : O;pp — ¢
or I:0;0 — Ojpor ¢ — 0;050 or O — O;0,p or O — 0;0,p, where 4,
j, k can be arbitrary or related somehow. Note that the last three schemata are
generalized versions of the axioms B, 4, and 5, respectively.

Using the framework presented in our manuscript [I3], we give a fixpoint
semantics, the least model semantics, and an SLD-resolution calculus for modal
logic programs in any BSMM logic. We prove that the calculus is sound and
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complete. Due to the lack of space, we do not present proofs involving with the
fixpoint semantics and the least model semantics.

From the view of SLD-resolution, our idea is to use labeled existential modal
operators to break a complex goal into simple goal atoms and to use modal
axioms as meta clauses. For example, we cannot break «— <;(A A B) into
— A, OB, but if we label the operator <&; by X then we can safely break
— (X)i(A A B) into — (X);A, (X);B. Additionally, for example, we use the
axiom O — O;0kp (and their reverse &;0,¢0 — ;) in the form of meta
clauses AO; O, A'E — AO;AN'E and ATD,A'E «— A0, A'E, where A and A
are sequences of modal operators and FE is a classical atom.

2 Preliminaries

2.1 Syntax and Semantics of Quantified Multimodal Logics

A language for quantified multimodal logics is an extension of the language of
classical predicate logic with modal operators O, and <;, for 1 < i < m (where
m is fixed). The modal operators O; and <; can take various meanings. For
example, O; can stand for “the agent ¢ believes” and <; for “it is considered
possible by agent i”. The operators O; are called universal modal operators,
while ©; are called existential modal operators. Terms and formulas are defined
in the usual way, with the addition that if ¢ is a formula then O;¢p and <;p are
also formulas.

A Kripke frame is a tuple (W, 7, R1,..., R,,), where W is a nonempty set of
possible worlds, 7 € W is the actual world, and R; for 1 < i < m is a binary
relation on W called the accessibility relation for the modal operators O;, <;.
If R;(w,u) holds then we say that u is accessible from w via R;.

A fized-domain Kripke model with rigid terms, hereafter simply called a
Kripke model or just a model, is a tuple M = (D, W, 7, Ry,..., R,,, 7), where
D is a set called the domain, (W, 7, Ry,..., Ry) is a Kripke frame, and 7 is an
interpretation of constant symbols, function symbols and predicate symbols. For
a constant symbol a, 7(a) is an element of D, denoted by a™. For an n-ary
function symbol f, w(f) is a function from D™ to D, denoted by f*. For an
n-ary predicate symbol p and a world w € W, w(w)(p) is an n-ary relation on
D, denoted by pM*.

A model graph is a tuple (W, 7, Ry, ..., Ry, H), where (W, 7, Ry, ..., Rp,) is
a Kripke frame and H is a function that maps each world of W to a set of
formulas.

Every model graph (W, 7, R1,..., Ry, H) corresponds to a Herbrand model
M= U,W,7,Rq,..., Ry, ) specified by: U is the Herbrand universe (i.e. the set
of all ground terms), cM = ¢, fM(ty,... t,) = f(t1,...,tn), and ((t1,...,t,) €
pMwy = (p(ty,...,t,) € H(w)), where ty,...,t, are ground terms. We will
sometimes treat a model graph as its corresponding model.

A wvariable assignment V w.r.t. a Kripke model M is a function that maps
each variable to an element of the domain of M. The value of t"[V] for a term
t is defined as usual.
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Given some Kripke model M = (D, W, 7, Ry,..., Ry, 7), some variable as-
signment V| and some world w € W, the satisfaction relation M, V,w E 1 for a
formula v is defined as follows:

M, V,wEp(ty,... t,) i (I[V],... tM[V]) € pMv;
M,V ,wE O iff for all v € W such that R;(w,v), M,V,v E ;
M, V,wEVz.p iff forallae D, (M, V', wE p),

where V'(z) = a and V'(y) = V(y) for y # x;

and as usual for the other cases (treating ¢, as =0;—p, and Jx.¢ as "V.—p).
We say that M satisfies @, or ¢ is true in M, and write M E ¢, if M, V.7 E ¢
for every V. For a set I' of formulas, we call M a model of I" and write M E I
if M E ¢ for every p € I

If the class of admissible interpretations contains all Kripke models (with no
restrictions on the accessibility relations) then we have a quantified multimodal
logic which has a standard Hilbert-style axiomatization denoted by K,,. Other
normal (multi)modal logics are obtained by adding certain axioms to K,,. Mostly
used axioms are ones that correspond to a certain restriction on the Kripke
frame defined by a classical first-order formula using the accessibility relations.
For example, the axiom (D) : O;0 — <;¢ corresponds to the frame restriction
Va Jy R;(z,y). Normal modal logics containing this axiom (for all 1 < ¢ < m)
are called serial modal logics.

For a normal modal logic L whose class of admissible interpretations can
be characterized by classical first-order formulas of the accessibility relations,
we call such formulas L-frame restrictions, and call frames with such properties
L-frames. We call a model M with an L-frame an L-model. We say that ¢ is L-
satisfiable if there exists an L-model of ¢, i.e. an L-model satisfying . A formula
o is said to be L-wvalid and called an L-tautology if ¢ is true in every L-model.
For a set I' of formulas, we write I' Fr ¢ and call ¢ a logical consequence of I’
in L if ¢ is true in every L-model of I'.

2.2 Basic Serial Multimodal Logics

A normal multimodal logic can be characterized by axioms extending the system
K,,. Consider the class BSM M of basic serial multimodal logics specified as
follows. A BSM M logic is a normal multimodal logic parameterized by relations
AD/1, AT/1, AI/2, AB/2, A4/3, A5/3 on the set {1,..., m}, where the numbers
on the right are arities and AD is required to be full. These relations specify the
following axioms:

Oy — Oy if AD(i)

Oy — if AT (4)

O — Ojp if AI(i,j)

o — 0,050 if AB(1,5)

O, — 0,0k if A4(4, 5, k)

<>7,§0 — DijQD lf A5(Z,], k)

It can be shown that the above axioms correspond to the following frame
restrictions in the sense that by adding some of the axioms to the system K,,
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we obtain an axiomatization system which is sound and complete with respect
to the class of admissible interpretations that satisfy the corresponding frame
restrictions.

Axiom Corresponding Condition
Oip — i Yu Jv R;(u,v)
;0 — ¢ Vu R;(u,u)

Dip — Ojp R C R

p— 0,050 Vu,v (Ri(u,v) — Rj(v,u))

Di(p - DjDkSD VU,U,U) (Rj(uv v) A Rk(U,U)) - Rz(uv w))
Cip — 0,0k Vu,v,w (Ri(u,v) A Rj(u,w) — Ri(w,v))

For a BSM M logic L, we define the set of L-frame restrictions to be the set
of the frame restrictions corresponding to the tuples of the relations AD, AT,
Al AB, A4, A5. We also use BSM M to denote an arbitrary logic belonging to
the BSM M class.

For further reading on first-order modal logic, see, e.g., [3I7].

2.3 Modal Logic Programs

A modality is a sequence of modal operators, which may be empty. A universal
modality is a modality containing only universal modal operators. We use A to
denote a modality and @B to denote a universal modality. Similarly as in classical

logic programming, we use the clausal form E(p < 1,...,%,) to denote the
formula Y(@(p V =11 ...V —h,)). We use E to denote a classical atom.
A program clause is a formula of the form E(A « By,...,B,), where n > 0

and A, By,..., B, are formulas of the form F, 0;F, or O;E. @ is called the
modal context, A the head, and By, ..., B, the body of the program clause. An
MProlog program is a finite set of program clauses.

An MProlog goal atom is a formula of the form ®E or ®@<;E. An MProlog
goal is a formula written in the clausal form « aq, ..., ar, where each «; is an
MProlog goal atom. We denote the empty goal (the empty clause) by .

Let P be an MProlog program and G = <« aq,...,a; be an MProlog goal.
An answer 6 for PU{GY} is a substitution whose domain is the set of all variables
of G. We say that ¢ is a correct answer in L for P U {G} if 0 is an answer for
PU{G} and PEL Y((aq A ... A ag)b).

It is shown in [II] that MProlog has the same expressiveness power as the
general Horn fragment in normal modal logics.

3 Semantics of MProlog Programs in BSMM

In this section, we present a fixpoint semantics, the least model semantics, and
an SLD-resolution calculus for MProlog programs in a BSMM logic L.

3.1 Labeled Modal Operators

When applying the direct consequence operator T, p for an MProlog program
P in L, if we obtain an “atom” of the form AO;E, where A is a sequence
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of modal operators, then to simplify the task we label the modal operator <.
Labeling allows us to address the chosen world(s) in which this particular E
must hold. A natural way is to label &; by E to obtain (E);. On the other hand,
when dealing with SLD-derivation, we cannot change a goal «— <;(A4 A B) to
— A, < B. But if we label the operator <;, let’s say by X, then we can safely
change «— (X);(AA B) to «— (X); A, (X);B.

We will use the following notations:

T : the truth symbol, with the usual semantics;

— E, F : classical atoms (which may contain variables) or T;

— X, Y, Z : variables for classical atoms or T, called atom wvariables;

- (E)Z, (X > <; labeled by E or X;

- V.0, < (E);, or (X)), called a modal operator;

— A : a (possibly empty) sequence of modal operators, called a modality;
— @ : a universal modality,

— A, B : formulas of the form E or VE, called simple atoms;

— «, [ : formulas of the form AF, called atoms;

w, ¥ : (labeled) formulas (i.e. formulas that may contain (E); and (X);).

We use subscripts beside V to indicate modal indexes in the same way as for
O and <. To distinguish a number of modal operators we use superscripts of the
form (i), e.g. O, 0@ vO g,

A ground formula is a formula with no variables and no atom variables. A
modal operator is said to be ground if it is O;, <, or (E); with E being T
or a ground classical atom. A ground modality is a modality that contains only
ground modal operators. A labeled modal operator is a modal operator of the
form (E); or (X);.

Denote EdgeLabels = {{E); | E € BU{T} and 1 < ¢ < m}, where B is
the Herbrand base (i.e. the set of all ground classical atoms). The semantics
of (E); € EdgeLabels is specified as follows. Let M = (D, W, 7, Ry,..., R, )
be a Kripke model. A <-realization function on M is a partial function o :
W x EdgeLabels — W such that if o(w, (E);) = u, then R;(w,u) holds and
M,u E E. Given a <-realization function o, a world w € W, and a ground
formula ¢, the satisfaction relation M,o,w F ¢ is defined in the usual way,
except that M,o,w F (E);¢ iff o(w, (E);) is defined and M, o, 0(w, (E);) E 1.
We write M, o F ¢ to denote that M, o, 7 F ¢. For a set I of ground atoms, we
write M, o E I to denote that M,o F « for all a € I; we write M E I and call
M a model of I if M, o E I for some o.

3.2 Model Generators

A modality is in labeled form if it does not contain modal operators of the form
Oy or (T);. An atom is in labeled form (resp. almost labeled form) if it is of the
form AE (resp. AA) with A in labeled form.

A model generator is a set of ground atoms not containing <;, (T);, T.

We will define the standard L-model of a model generator I so that it is a
least L-model of I (where a model M is less than or equal to a model M’ if
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Table 1. A schema for semantics of MProlog in BSM M

L=BSMM

Rules specifying Fxtr, and Saty:
A<E>106 — A
ADZ'Oé e AOZ‘CM
AD;a — Aa if AT(7)
Aa — N0 if AT ()
ADZ'O( — AD]'Oé lf AI(Z,])
ACja — AOa if AI(4,5)
Ao — AOO;a if AB(i,7)
AC;O;a0 — Aa if AB(3,j)
AD;a — ADjDkOé if A4(l,j, k)
AO;Ora — Ao if A4(i, 5, k)
AOZ‘CM — A\Z\joka if A5(i,j, k)
A<>j DkOé — ADia if A5(’l,j, k)

—~

—~
| el e e e e T e e e e

—~

Rules specifying rSatr:

AO;a — A{X);ar where X is a fresh atom variable (1)
AV;a — AD;« (2)
plus a rule a «— g for each k-th rule § — « specifying Satr,

k > 3, with the same accompanying condition (3)..(12)

Comments w.r.t. [13]:
=<1, is denoted by = and defined in page
No restrictions on L-normal form of modalities.
No rules specifying NFr, and rNFp,.

for every positive ground formula ¢ without labeled operators, if M E ¢ then
M’ E ). In the construction we will use the operator Exty, defined below.

A forward rule is a schema of the form a — 3, while a backward rule is a
schema of the form a < (. A rule can be accompanied with some conditions
specifying when the rule can be applied.

The operator Exty, is specified by the corresponding forward rules given in
Table [l Given a model generator I, Exty(I) is the least extension of I that
contains all ground atoms in labeled form that are derivable from some atom of
I using the rules specifying Exty,.

Define Serial = {@(T);T | 1 <i <m}.

Let I be a model generator. The standard L-model of I is defined as follows.
Let W' = EdgeLabels* (i.e. the set of finite sequences of elements of {(E); | E €
BUu{T}and1l<i<m}), 7=c¢ H(r) = Exty(I) U Serial. Let R, CW' x W’
and H(u), for u € W', u # 7, be the least sets such that:

— if (E);a € H(w), then R}(w,w(E);) holds and {E, a} C H(w(E););
— if O, € H(w) and Rj(w,w(E);) holds, then o € H(w(E);).
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Let R;, for 1 < i < m, be the least extension of R} such that {R; | 1 <i<m
satisfies all the L-frame restrictions except seriality (which is cared by Serial){l.
Let W be W’ without worlds not accessible directly nor indirectly from 7 via
the accessibility relations R;. We call the model graph (W, 7, Ry,...,R,,, H)
the standard L-model graph of I, and its corresponding model M the standard
L-model of I. {R} | 1 <i <m} is called the skeleton of M. By the standard <-
realization function on M we call the <-realization function o defined as follows:
if Rl(w,w(E);) holds then o(w, (E);) = w(E);, else o(w, (E);) is undefined.

It is shown in [I1] that the standard L-model of a model generator I is a least
L-model of 1.

3.3 Fixpoint Semantics

We now consider the direct consequence operator 17, p. Given a model genera-
tor I, how can Ty, p(I) be defined? Basing on the axioms of L, T is first extended
to the L-saturation of I, denoted by Satr(I), which is a set of atoms. Next,
L-instances of program clauses of P are applied to the atoms of Saty,(I). This is
done by the operator T;1, p. Then T, p(I) is defined as T,1, p(Satr(I)).

To compare modal operators we define < to be the least reflexive and tran-
sitive binary relation between modal operators such that ¢; < (E); < O; and
O 2 (X)i 2 0,

An atom V) ... V(™q is called an instance of an atom V1) ... V@)
if there exists a substitution @ such that & = /0 and V@ < V()9 for all
1 < i < n (treating V() as an expression). For example, (X);Oo F is an instance
of Oy (F)oF.

A modality A is called an instance of /\’, and we also say that A’ is equal to
or more general in L than A\ (hereby we define a pre-order between modalities),
if AE is an instance of A’E for some ground classical atom E.

Let @ and @’ be universal modalities. We say that & is an L-context instance
of @ if @' ¢ — @ is L-valid (for every v). This is defined semantically, and in
general, the problem of checking whether @ is an L-context instance of @’ for an
input BSMM logic L is perhaps undecidable. However, the problem is decidable
for many modal logics, including basic monomodal logics, multimodal logics of
belief [T1], and regular grammar logics [5].

Let ¢ and ¢’ be program clauses with empty modal context. We say that B¢
is an L-instance of (a program clause) @'’ if @ is an L-context instance of @’
and there exists a substitution 6 such that ¢ = ¢'6.

We now give definitions for Saty and 1,1, p.

The saturation operator Saty is specified by the corresponding forward rules
given in Table[Il Given a model generator I, Saty (I) is the least extension of I
that contains all ground atoms in almost labeled form that are derivable from
some atom in I using the rules specifying Saty. (Note that the rules specifying
Saty, are the same as the rules specifying Extr,, but these operators are different.)

! The least extension exists due to the assumption that all L-frame restrictions not
concerning seriality are classical first-order Horn formulas.
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When computing the least fixpoint of a modal logic program, whenever an
atom of the form A, F is introduced, we “fix” the & by replacing the atom by
A(E);E. This leads to the following definition. The forward labeled form of an
atom « is the atom o such that if « is of the form AC;E then o/ = A(E);E,
else o/ = a.

Let P be an L-MProlog program. The operator 1)1, p is defined as follows: for
a set I of ground atoms in almost labeled form, 71, p(I) is the least (w.r.t. C)
model generator such that if @(A < By,...,B,) is a ground L-instance of some
program clause of P and A is a maximally generaﬂ ground modality in labeled
form such that A is an L-instance of @ and AB; is an instance of some atom of
I for every 1 < i < n, then the forward labeled form of AA belongs to T, 1. p(I).

Define Ty, p(I) = T,1,p(Satr(I)). By definition, the operators Sat; and
1.r.p are both increasingly monotonic and compact. Hence the operator 17, p
is monotonic and continuous. By the Kleene theorem, it follows that 77 p has
the least fixpoint 77, p Tw = Ui:o Ty pln, where T, pT0=0 and T pIn =
TL’P(TL’pT(n — 1)) for n > 0.

Denote the least fixpoint 77, pTw by Iy, p and the standard L-model of I}, p
by My, p. It is shown in [II] that My p is a least L-model of P.

Ezample 1. Consider the multimodal logic L specified by m = 2, AD = {1, 2},
AT = {1}, AT = {(2,1)}, and AB = A4 = A5 = {). In other words, the logic
is characterized by the axioms: Ojp — <rp; Qo — oy Ojp — ; and
Osp — Oj. Consider the following program P:

1 = Oapla) —
P2 = O2(01g(z) « O2p(w))
p3 = Oa(r(z) < p(z),q(2))

We have T, p11 = {(p(a))2p(a)} and

Satr(Tr,p11) = {{p(a))2p(a), (p(a))2C1p(a), (p(a))22p(a)}

The program clause @2 has two L-instances applicable to Satr(Tr,p T 1): the
clause s itself and O;¢(z) <« Ogop(x). Applying these clauses to Satr (T, pT1),
we obtain Ty, p 12 = T1 p 71U {(p(a))201¢(a), O1g(a)}. Observe that the set
Satr(Tr,p12) contain both (p(a))ep(a) and (p(a))2q(a). Hence, by applying the
program clause 3, we have (p(a))2r(a) € Ty p13 and arrive at

Inp =Trp13 ={(p(a))2p(a), (p(a))2014(a), Dig(a), (p(a))2r(a)}

3.4 SLD-Resolution

The main work in developing an SLD-resolution calculus for MProlog in L is to
specify a reverse analogue of the operator 17, p. The operator Ty, p is a compo-
sition of Saty, and 1)1, p. So, we have to investigate reversion of these operators.

2 W.r.t. the pre-order between modalities described earlier.
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A goal is a clause of the form « aj, ..., ag, where each a; is an atom.

The following definition concerns reversion of the operator 1,z p.

Let G = « ai,...,04,...,a be a goal and ¢ = @(A <« Bi,...,B,) a
program clause. Then G’ is derived from G and ¢ in L using mgu 6, and called
an L-resolvent of G and ¢, if the following conditions hold:

— a; = NA', with A’ in labeled form, is called the selected atom, and A’ is
called the selected head atom;

A is an instance of a universal modality @' and @' (A «— Bi,...,B,) is an
L-instance of the program clause ;

6 is an mgu of A’ and the forward labeled form of A;

— @ is the goal «— (a1,...,;—1,A'B1,...,A' By, @it1,...,a;)0.

As a reverse analogue of the operator Saty, we provide the operator rSaty,
which is specified by the corresponding backward rules given in Table[Il We say
that 0 = rSatr(a) using an rSaty, rule o/ — " if o — [ is of the form o/ — 3.
We write 8 = rSatr(«) to denote that “8 = rSaty(«) using some rSaty, rule”.

Let G = « ag,...,q;,...,a; be a goal. If o = rSatr(o;) using an rSaty,
rule ¢, then G' = «— oy, ..., 01,0}, Qit1, ..., a is derived from G and ¢, and
we call G' an (L-)resolvent of G and ¢, and «; the selected atom of G.

Observe that rSaty rules are similar to program clauses and the way of
applying them is similar to the way of applying classical program clauses, except
that we do not need mgu’s.

We now define SLD-derivation and SLD-refutation.

Let P be an MProlog program and G a goal. An SLD-derivation from PU{G}

in L consists of a (finite or infinite) sequence Gy = G, G1, ... of goals, a sequence
1,2, ... of variants of program clauses of P or rSaty rules, and a sequence
01,05,... of mgu’s such that if ¢; is a variant of a program clause then G; is

derived from G;_1 and ¢; in L using 0;, else 6; = ¢ (the empty substitution) and
G, is derived from G;_; and (the rSaty, rule variant) ;. Each ¢; is called an
input clause/rule of the derivation.

We assume standardizing variables apart as usual (see [9]).

An SLD-refutation of P U{G} in L is a finite SLD-derivation from P U {G}
in L which has the empty clause as the last goal in the derivation.

Let P be an MProlog program and G a goal. A computed answer 6 in L of
P U{G} is the substitution obtained by restricting the composition 6 ...60,, to
the variables of G, where 61, ...,0, is the sequence of mgu’s used in an SLD-
refutation of P U {G} in L.

Ezxample 2. Reconsider the modal logic L and the program P given in Example[Il
Let G = « <gr(z). We give below an SLD-refutation of P U {G} in L with
computed answer {z/a}.

Goals Input clauses/rules MGUs
— Oagr(x)
— (X)ar(z) (1)

— (X)2p(2), (X)29(2) 3 {w2/x}
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a))2q(a) ©1 {X/p(a),z/a}
p(a))201q(a) (3)
)202p(a) P2 {zs/a}
a))2<1p(a) (6)
)2p(a) (4)
¥1

4 Soundness and Completeness of SLD-Resolution

In this section, we prove soundness and completeness of the SLD-resolution
calculus given for MProlog in BSMM, which are stated as follows.

Theorem 1. Let L be a BSMM logic, P an MProlog program, and G an MProlog
goal. Then every computed answer in L of P U{G} is a correct answer in L of
PU{G}. Conversely, for every correct answer 6 in L of PU{G}, there exists a
computed answer v in L of P U{G} which is more general than 0 (i.e. § = 6
for some 6).

4.1 How to Prove?

In [I3], we presented a general framework for developing fixpoint semantics, the
least model semantics, and SLD-resolution calculi for logic programs in mul-
timodal logics and proved that under certain expected properties of a concrete
instantiation of the framework for a specific multimodal logic, the SLD-resolution
calculus is sound and complete. The semantics of MProlog in BSMM presented
in the previous section and summarized in Table [I] are based on and compat-
ible with the framework given in [13]. For L = BSM M, we have applied the
following simplifications w.r.t. [I3]:

— There are no restrictions on L-normal form of modalities and the normal-
ization operator N Fy, and it reverse rN F, are just identity operators. The
word L-normal is also omitted in “L-normal model generator”.

— There are no restrictions on BSMM-MProlog, i.e. every MProlog program
(resp. goal) is a BSMM-MProlog program (resp. goal).

— The index L is omitted in the notations Serialr,, <r, and “L-instance” (of
an atom or a modality).

By the results of [13], to prove soundness and completeness of SLD-resolution
for MProlog in BSMM, we can prove Expected Lemmas 4 — 10 of [13] (w.r.t.
the schema given in Table[T]). The Expected Lemma 6 is trivial. The Expected
Lemma 10 and the part of Expected Lemma 8 involving with N Fy, /r N Fy, can be
omitted because N Fy, and rN F, are identity operators. The Expected Lemmas
7 and 9 and the remaining part of Expected Lemma 8, which concern proper-
ties of the operators Saty and rSaty, can be verified in a straightforward way.
The remaining Expected Lemmas 4 and 5 are given below as Lemmas [I] and 2
respectively, and will be proved in this section.

A model generator I is called an L-model generator of P if Ty, p(I) C I.
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Lemma 1. Let P be an MProlog program and I an L-model generator of P.
Then the standard L-model of I is an L-model of P.

Lemma 2. Let I be a model generator, M the standard L-model of I, and « a
ground MProlog goal atom. Suppose that M F «. Then « is an instance of some
atom of Satr(I).

4.2 Extended L-Model Graphs

To proceed we need extended L-model graphs and some properties of them. Let

I be a model generator. Define Ext’, to be the operator such that Ext} (I) is

the least set of atoms extending I and closed w.r.t. the rules specifying Exty,.

Note that we allow Ext} (I) to contain atoms not in labeled form and have that

Extr(I) C Ext (I). The extended L-model graph of I is defined in the same way

as the standard L-model graph of I but with Ext} (I) in the place of Extr(I).
We need the two following auxiliary lemmas.

Lemma 3. Let I be a model generator, M the standard L-model graph of I, and
M’ the extended L-model graph of I. Then M’ has the same frame as M, and
furthermore, if M = (W,7,Ry,...,Rm,H) and M' = (W,7,Ry,...,Rp, H')
then for every w € W, H(w) C H'(w) and H'(w) — H(w) is a set of formulas
containing some unlabeled existential modal operators.

The proof of this lemma is straightforward.

If a modality A is obtainable from A’ by replacing some (possibly zero) V;
by O; then we call A a O-lifting form of A’. If A is a O-lifting form of A’ then
we call an atom Aa a O-lifting form of /\'a. For example, O;(p(a));02q(b) is a
O-lifting form of (X )1 (p(a))1 < 2q(b).

Lemma 4. Let I be a model generator and M = (W, 7, Ry,..., Ry, H) be the
extended L-model graph of I. Let w = (E1)s, ...{Ek), be a world of M and
A = w be a modality. Then for « (resp. A) not containing T, o € H(w)
(resp. A € H(w)) iff there exists a O-lifting form A’ of A such that Na €
Ext; (I) (resp. ANA € Satr(I)).

This lemma can be proved by induction on the length of A in a straightfor-
ward way. We give below the main lemma of this subsection.

Lemma 5. Let I be a model generator and M = (W, 7, Ry,..., Ry, H) be the
extended L-model graph of I. Then for any w and u such that R;(w,u) holds:

— if O,a € H(w) then o € H(u),
— if a € H(u) then O;a € H(w).

Proof. Let {R} | 1 < j < m} be the skeleton of M. We prove this lemma by
induction on the number of steps needed to obtain R;(w,u) when extending
{Ry|1<j<m}to{R;|1<j<m}

Consider the first assertion. Suppose that O;a € H(w). By Lemma [ there
exists a O-lifting form A of w such that AD;a € Ext) (I). Since R;(w,u) holds,
there are the following cases to consider:
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— Case u = w(E); and R}(w,w(E);) : The assertion holds by the definition
of M.

— Case AT (i) holds and v = w : Since AQ;a € Euxth(I), we have Aa €
Ext} (I), and by Lemma [l « € H(u).

— Case AI(i,j) holds and R;(w,u) is created from R;(w,u) : Since AD;a €
Ext; (I), we have ADja € Ext; (I), and by Lemma Ml O,a € H(w). Hence,
by the inductive assumption, o € H (u).

— Case AB(j,4) holds and R;(w,u) is created from R;(u,w) : Since O, €
H(w), by the inductive assumption, ¢;0;a € H(u). By Lemma @l there
exists a O-lifting form A’ of w such that A'C;0,a0 € Ext) (I). Thus A'a €
Ext, (I). Hence, by Lemmaldl o € H(u).

— Case A4(i, 7, k) holds and R;(w,u) is created from R;(w,v) and Rg(v,u):
Since AD;a € Eaxt) (I), we have AOQ;0,0 € Ext) (I), and by Lemma [
0;0r,a € H(w). Hence, by the inductive assumption, Oy € H(v) and
o € H(u).

— Case Ab5(j,k,¢) holds and R;(w,u) is created from R;(v,u) and Ry(v,w):
Since O, € H(w), by the inductive assumption, ¢p0;a € H(v). Hence,
by Lemma M there exists a O-lifting form A’ of v such that A'Cr0;a €
Ext; (I). Hence A'Oja € Ext (I), and by Lemma F O;a € H(v). By the
inductive assumption, it follows that o € H (u).

The second assertion can be proved in a similar way (see [L1]).

4.3 Remaining Proofs

We also need the following lemma (labeled Expected Lemma 2 in [I3]), which
states that the standard L-model of I is really an L-model of I.

Lemma 6. Let I be a model generator, M the standard/extended L-model graph
of I, and o the standard <-realization function on M. Then M is an L-model
and M,oc EI.

Proof. By Lemma [ it suffices to prove for the case when M is the standard
L-model graph of I. By the definition, M is an L-model. It can be proved by
induction on the length of o that for any w € W, if « € H(w), then M, o, w E a.
The cases when « is a classical atom or a = (E); are trivial. The case when
a = 0;4 is solved by Lemmas Bl and Bl Hence M, o F I.

Proof of Lemma [0l Let I’ be the least extension of I such that, if By is
a program clause of P, ¢ = (A <« Bi,...,B,), and ¢ is a ground instance of
@, then @lpy, € I', where py is a fresh 0-ary predicate symbol. Let M and M’
be the extended L-model graphs of I and I’, respectively. It is easy to see that
these model graphs have the same frame. Let M = (W, 7, Ry,..., R, H) and
M' = (W,7,Ry,...,Rp, H'). Clearly, M is an L-model. By LemmaB] it suffices
to show that M F P.

Let El¢ be a program clause of P, p = (A < By,...,B,), and ¢ a ground
instance of ¢. By Lemma [6] M’ F @p,. To prove that M & P it is sufficient
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to show that for any w € W, if py € H'(w) then M,w E 1. Suppose that
Dy € H’(w).

Let A =wand @ = 0;, ...0;, be a O-lifting form of A . By Lemmal] some
O-lifting form of Apy belongs to Satr(I’). This O-lifting form must be @'py.
Thus @'py, € Satr({Epy}). Hence mpy, — @'py is L-valid and the program
clause @'v is a ground L-instance of Ep.

Let ¢ = (A’ < Bj,...,B}) and suppose that M,w F B] for all 1 < i < n.
We need to show that M,w E A’. For this, we first show that a O-lifting form
of AB; belongs to Satr(I) for every 1 < ¢ < n. Consider the following cases:

— Case B] is a classical atom: The assertion follows from Lemma [l

— Case B} is of the form O;E: Since M, w F B;, it follows that M, w(T); F E,
and by Lemma [ some O-lifting form of A(T);E belongs to Satr(I), which
means that some O-lifting form of AB] belongs to Sat ().

— Case B} is of the form ¢ E: Since M, w F Bj, there exists a world u such that
R;(w,u) holds and M,u F E. By Lemma [ it follows that O;E € H(w).
Hence, by Lemma [l some O-lifting form of AB] belongs to Sat(I).

Therefore, by the definition of Tj1 p, some O-lifting form o of AA”,
where A" is the forward labeled form of A’, belongs to 1,1, p(Saty(I)). Since
T p(Satr(I)) = Tr p(I) C I, by Lemma [ we have that M,o E «, where o
is the standard <-realization function on M. Hence M,w E A’. Thus M, w E 1,
which completes the proof.

Proof of Lemmal[2l Let M’ = (W, 7, R1,..., Rp, H) be the extended L-model
graph of I, @ = O;, ... 0;, and w = (T); ... (T);,. Suppose that « is of the
form ®E. Since M F «, by Lemma[3] we have M’,w E E. By Lemmal] it follows
that @E € Satr(I). Now suppose that « is of the form @<, E. Since M E «,
we have M, w FE O;F, and by Lemma Bl M',w £ <, E. There exists u such that
R;(w,u) holds and M’ ,u E E. By Lemmal it follows that ¢;E € H(w). Hence
@<, E € Saty(I) (by Lemma M.

We have proved Lemmas [Il and [2] which completes the proof of Theorem [l

5 Conclusions

We have developed semantics for MProlog programs in BSMM and proved that
the given SLD-resolution calculus is sound and complete. The class BSMM of
basic serial multimodal logics is much larger than the class of multimodal logics
considered by Debart et al. using the translational approach [4] and is very
different from the class of grammar modal logics considered by Baldoni et al. [2].
This paper is an extension of our previous paper on programming in
monomodal logics [I0] and is an instantiation of our general framework given
in [13]. The SLD-resolution calculus for BSMM presented in this paper together
with its soundness and completeness is, however, a strong and essential result.
The Saty,/rSaty, rules given for semantics of MProlog in BSMM are based
directly on the axioms of the used modal logic. This makes our fixpoint semantics
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and SLD-resolution calculus intuitive. The clarity of the rules suggests that our
methods can be extended for other multimodal logics.

Our SLD-resolution calculus for MProlog in BSMM is elegant like a Hilbert-
style axiom system, but similarly to using a Hilbert-style axiom system for au-
tomatic reasoning, it is not very efficient. For more specific modal logics, as
reported in [12I13], we have implemented the modal logic programming system
MProlog. It uses optimization techniques like normalization of modalities, better
orderings of modal operators, options for restricting the search space.

In summary, we have successfully applied the direct approach for modal logic
programming in a large class of basic multimodal logics, while not assuming any
special restriction on the form of logic programs and goals.
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Abstract. In this paper, we study an upside-down transformation of
a branch in SOL/Connection tableaux and show that SOL/Connection
tableaux using the folding-up operation can always accomplish a size-
preserving transformation for any branch in any tableau. This fact solves
the exponentially-growing size problem caused both by the order-
preserving reduction and by an incremental answer computation
problem.

1 Introduction

Given an axiom set, the task of consequence-finding [2] is to find out some
theorems of interest To efficiently compute interesting consequences, Inoue [3]
defined SOL resolution, which is an extension of the Model Elimination (ME)
calculus [I1] by adding the Skip rule to ME. When the Skip rule is applied to
the selected literal in SOL, it is just “skipped”. When a deduction with the
top clause C' is completed, those skipped literals are collected and output. This
output clause is a logical consequence of XU{C'}. Iwanuma et.al [5] proposed SOL
Tableaux, which is a reformulation of SOL within the framework of connection
tableaux [STI10].

In this paper, we study an upside-down transformation of a branch in SOL/
Connection tableaux. SOL/Connection tableau calculus suffers from redundant
duplicate computation which is induced by many contrapositives of an axiom
clause. Thus, the upside-down transformation studied here can shed some new
light on redundancy/efficiency of Connection (and thus, SOL) tableaux. We show
that SOL/Connection tableaux using the folding-up operation can always accom-
plish a size-preserving transformation for any branch in any tableau. This fact
solves the size-growing problem caused both by the order-preserving reduction
and by an incremental answer computation problem.

* This research was partially supported by the Grant-in-Aid from The Ministry of Edu-
cation, Science and Culture of Japan ((A)(1) No0.13358004) and (B)(1) No.17300051.

1 A survey of consequence-finding in propositional logic is given in Marquis [12], and
an application of consequence-finding to abduction is summarized in [4].
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This paper is organized as follows: Section 2 gives several definition of SOL/
Connection tableaux, In Section 3, we study an upside-down transformation
of a branch in a tableau. In Section 4, we investigate some application of the
upside-down transformation to two open problems in automated deduction.

2 SOL Tableaux

We follow several definition of Connection Tableaux [§], thus define a clause as a
multiset of literals. We write C,,,s to denote the inclusion relation over multisets
which is defined as usual.

Definition 1 (Subsumption). Let C' and D be clauses, i.e., multisets of lit-
erals. C' subsumes D if there is a substitution 6 such that C8 C,,s D. We say
C properly subsumes D if C subsumes D but D does not subsume C. For a set
of clauses X', ) denotes the set of clauses in X' not properly subsumed by any
clause in Y.

Definition 2 (Production Field [3]). A production field P is a pair
(L,Cond ), where L is a set of literals closed under instantiation from the Her-
brand Universe, and C'ond is a certain condition to be satisfied. When Cond is
not specified, P is just denoted as (L ). A clause C' belongs to P = (L,Cond ) if
every literal in C belongs to L and C' satisfies Cond. When X' is a set of clauses,
the set of logical consequences of X' belonging to P is denoted as Thp(X).

For example, if £ is the set of positive literals in a language, and P; is a
production field ( LT ), then Thp, (X)) is the set of all positive clauses derivable
from X. Notice that the empty clause ¢ is the unique clause in pThp(X) if
and only if X' is unsatisfiable. This means that proof-finding is a special case of
consequence-finding.

Definition 3 (Connection Tableau [§]).

1. A clausal tableau T is a labeled ordered tree, where every non-root node of
T is labeled with a literal. If no confusion arises, we shall identify a node
with its label in T'. If the immediate successor nodes of a node N are nodes.
ie., literals, Ly,..., Ly, then the clause Ly V ---V L, is called the tableau
clause below N; the tableau clause below the root is called the top clause. T'
is said to be a clausal tableau for a set X of clauses if every tableau clause
C in T is an instance of a clause D in Y. Additionally, in such a case, D is
called an origin clause of C in X. Finally, the size of a clausal tableau T is
the number of nodes in T'.

2. A connection tableau T is a clausal tableau such that, for every non-leaf
node L (except the root), there is an immediate successor of L which is
labeled with the complement L. A marked tableau is a clausal tableau T'
such that some leaf nodes are marked with the labels closed or skipped.
The unmarked leaf nodes are called subgoals. T is solved if all leaf nodes are
marked. The literal of a node L in T is called a skipped literal if L is marked
with skipped. We denote the set of skipped literals in T" as skip(T).



168 K. Iwanuma, K. Inoue, and H. Nabeshima

Notice that skip(T') is a set, not a multiset. skip(T") is sometimes identified
with a clause. In the following, we abbreviate a marked connection tableau as a
tableau if no confusion arises.

Definition 4 (Regularity, Skip-regularity and TCS-freeness). A marked
tableau T is regular if no two nodes on a branch in T are labeled with the
same literal. T is tautology-free if any tableau clause in T" does not have a pair
of complementary literals. T is complement-free if no two non-leaf nodes on a
branch in T are labeled with complementary literals. A marked tableau T is skip-
reqular if no node N in T is labeled with literal L such that the complement
L belongs to skip(T). T is TCS-free (Tableau Clause Subsumption free) for a
clause set X if no tableau clause C' in T is subsumed by any clause in X other
than origin clauses of C'.

Notice that skip-regularity is effective all over a tableau, so that it is effective
not only for subgoals but also for non-leaf and/or solved nodes in a tableau.

Definition 5 (SOL Tableau Calculus [5]). Let X be a set of clauses, C' a
clause, and P a production field. An SOL-deduction deriving a clause S from
X+ C and P consists of a sequence of tableaux Ty, T1, ..., T, satisfying that:

1. Tp is a tableau consisting of the start clause C' only. All leaf nodes of Ty are

unmarked.
2. T, is a solved tableau, and skip(T,) = S.
3. For each T; (i = 0,...,n), T; is regular, tautology-free, complement-free,

skip-regular and TCS-free for X U{C'}. Moreover, the clause skip(T;) belongs

to P.

4. T;41 is constructed from T; as follows. Select a subgoal K, then apply one
of the following rules to T} to obtain Tj41:

(a) Skip: If skip(T;) U{K} belongs to P, then mark K with label skipped.

(b) Skip-Factoring: If skip(T;) contains a literal L, and K and L are
unifiable with mgu 0, then mark K with label skipped, and apply 6 to
T;.

(c) Extension: Select a clause B from X U{C} and obtain a variant B’ =
Ly V---V Ly, by renaming variables in B. If there is a literal L; such
that K and L; are unifiable with mgu 6, then first attach new nodes
Ly,..., Ly to K as the immediate successors. Next, mark the node L;
with label closed and apply 6 to all literals in the extended tableau.
We say, the node L; is the entering point of the new tableau clause
Ly V-V Ly,

(d) Reduction: If K has an ancestor node L on the branch from the root
to K, and K and L are unifiable with mgu 6, then mark K with label
closed, and apply 6 to T;.

The following theorem is due to [3l/5].

Theorem 1 (Soundness and Completeness of SOL).
For the SOL tableau calculus, the following results hold [5].
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1. If a clause S is derived by an SOL-deduction from X 4+ C and P, then S
belongs to Thp(X U {C}).

2. If a clause F' does not belong to Thp(X) but belongs to Thp(XU{CY}), then
there is an SOL-deduction deriving a clause S from X + C and P such that
S subsumes F.

A skeleton of a tableau T is a labeled ordered tree obtained from T by
eliminating any arc of which destination node is not an entering node. The
skeleton of a tableau is significantly helpful for understanding the upside-down
transformation proposed later. If no confusion arises, we identify a tableau with
its skeleton throughout this paper.

Ezxample 1. Let us consider the set Y of the following clauses:

(1) mgoal VUV —-Q, (2)TVvVQQV-P, (3)SVPV-goal,
(4) -Pv =T, (5) =PV -QV-U, (6)-S, (7) goal

The skeleton of a tableau for X' is depicted in Figlll where the clause (7) is
used as the top clause. Each solid (or broken) line denotes an extension (or
respectively, reduction) operation. Each rectangle expresses a tableau clause,
and every incoming solid line indicates an entering point, i.e., a literal used for
an extension in a tableau clause.

3 Upside-Down Transformation

In this section, we investigate an upside-down transformation of a branch in
an SOL tableau. Connection tableau calculus suffers from redundant duplicate
computation which is caused by many contrapositives of a clause. For example,
the SOL tableau in Figl2is an alternative solved tableau for the same set X' of
clauses in Ex[Il which can be easily constructed with contrapositive clauses in

IE P —goal | (3)
A
1 1
(6) ':__,/,\
————— /i
o7 Lrr s a —p |
0 4
@) | =P =T 1.0
-
,/ P |
, /| —goal u —Q |(1)

Fig. 1. The skeleton of an SOL tableau
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Fig. 2. Another SOL tableau satisfying the order-preserving condition

general. This tableau is obviously redundant because of duplicate occurrences of
some tableau clauses, whereas the tableau in Fig[ll has the minimal size among
all solved SOL tableaux.

Notice that each of the right-most branches in the two tableaux has an upside-
down form for each other. The right-most branch of the tableau in Figlll con-
sists of the tableau clauses No.3, 2 and 1, whereas the right-most branch in
Figl consists of the clauses No.1, 2 and 3 in the upside-down order. This is an
very important relationship between both SOL tableaux, which can clarify cer-
tain redundancy hidden in SOL/Connection Tableaux. Thus, the size-preserving
upside-down transformation theorem, shown later, can shed some new light on
redundancy/efficiency of Connection (and thus, SOL) Tableaux.

Definition 6 (Upside-Down Trasnformation). Let T' be a solved tableau
for a set X' of clauses. The upside-down transformation of T is the operation
which transforms T into a tableau T such that

1. T" is a solved tableau for X' and,
2. for an sequence C1,...,C} of tableau clauses appearing in a branch in the

skeleton of T, there is an upside-down sequence Cy,...,C; occurring in a
branch in the skeleton of 7.

Figure Blillustrates a problem to be solved in upside-down transformation of
an SOL tableau. Given the left-hand tableau in Fig. Bl the right-hand tableau
is obtained from the initial one by transposing the right-most branch in a naive
manner. The problem is that some reduction operations are no longer possible in
the upside-down branch of a resulting tableau. In the approach of this paper, we
replace such broken reductions with extensions in order to avoid such a problem.
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1 _»p Reduction is no longer available —R

A
reduction
"N
~

—R

=P —=Q R

reduction literals

Fig. 3. A naive upside-down transformation of an SOL tableau

Figure @] and [B] show how to recursively replace broken reductions with ex-
tensions using some copies of subtableaux which are already completed in early
induction steps.

Figure @ depicts the basic transformation step, where the broken reduction
for the literal =P in the subtableau No.2 is replaced with the extension for
the subtableau No.l. Figure [l explains the induction step for the upside-down
transformation. The broken reduction for the literal =@ in the subtableau No.3 is
replaced with the extension for the subtableau rooted by —@ which is completed
in the previous induction step, i.e., in the step depicted in Fig[l The broken re-
duction for =P in the subtableau No.3 is similarly compensated. These repairing

operations are always applicable to any upside-down branch in any transformed
tableau. Thus we have the following;:

r
1
1
v

reduction is not available reduction is not available

Fig. 4. Upside-down transformation: an example of the base step
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Fig. 5. Upside-down transformation: an example of the induction step

Lemma 1 (Upside-Down Transformation). In SOL and Connection tableaux,
the upside-down transformation is always possible for any branch in any solved
tableau.

Notice that new serious drawback occurs after the above repairing operations,
that is, the size of resulting tableau grows up exponentially. We shall prevent
such an ill-growth of the size of a tableau by introducing a sort of lemmatization,
i.e., the folding-up operation [§]. Figure[@l and [7 explain the folding-up operation
in Connection/SOL tableaux, which consists of two phases: the first is for lemma
extraction and its embedding in a tableau branch; the second phase is for using

/
—--==R
- -
-

-7 ’,_»Q —|P\

s _- The lemma generated
7 . /
/ ,
1 7

by the folding-up op.

W P mment P
) Y
Reduction 7
~ 3
~ - o %
A sub-tableau
closed to be searchgd
An obtained
sub-tableau

Fig. 6. Folding-up operation: lemmatization of the non-unit lemma —P «— Q A R by
embedding the pseudo unit lemma P at the position of the ancestor literal @ in a
branch
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7/
R
Q=P
7Y Reduction with
/ N_ the lemma —P

P s p

closed

An obtained
sub-tableau

Fig. 7. Folding-up operation: reduction with an embedded non-unit lemma for other
subtableau

an embedded lemma in the form of the ordinary reduction, where an embedded
lemma plays a role of an ordinary ancestor literal in Connection Tableaux.

Let us consider an example depicted in Figlfl Assume here that the sub-
tableau under the left occurrence of the literal P is closed, and also that the
literals @ and R are all ancestor literals which are used in reductions and ap-
pear in the branch from the root to P. In this situation, we can generate the
non-unit lemma (=P «— Q A R) from the solved subtableau below P in Figldl
Thus the folding-up operation embeds the lemma =P «— Q A R as a pseudo unit
lemma P on the literal @ in a tableau. Notice that @ is the literal occurring at
the lowest position among the antecedent literals Q and R in the branch from

-—>

r
|
|
v

Fig. 8. The first application of the folding-up operation for an upside-down branch in
shown in Fighl
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the root. At the later stages, the pseudo unit lemma P is used as an ancestor
literal for pseudo reduction as shown in Fig[il Such a reduction operation pre-
vents unnecessary computation for an identical subtableau under the literal P
appearing in the right part in Figl7l

Now we can eliminate all duplicate subtableaux appearing in the previous
upside-down branch depicted in FiglBl by using the folding up operation. Assume
here that the tableau construction is performed under a depth-first and leftmost-
first strategy. Figure [§ shows the first application of the folding-up to the left
most occurrence of the literal =P and the succeeding reductions to the second
and third occurrences of —P. Figure [0 also illustrates the second folding-up
operation for the left occurrence of —@Q and the succeeding reduction for the

unit lemma
—> Q-

folding-up _ -~
”

¢« reduction

Fig. 9. The second application of the folding-up operation for another branch in shown
in Figlhl

unit lemma
. >
folding-up _ =~ Q .,
-,

-—— P .
Z-- P ¥ reduction

¢ , 0
..i * ]
R
reduction

Fig. 10. The final tableau of the upside-down transformation with the folding-up op-
eration
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right occurrence of =@ with the embedded lemma . Eventually, the upside-
down transformation with the folding-up operation produces the very concise
small tableau shown in Fig[IQl The readers can easily verify that the subtableaux
No.1, 2 and 3 appear just once in the final tableau in Fig[IQl respectively.

Strictly speaking, the tableau shown in Fig[IQ has no exact upside-down
branch in it: the subtableau No.1 is not below in the subtablau No.2. This is the
reason why we need the following modified definition.

Definition 7 (Essentially Upside-Down Trasnformation). Let T be a
solved tableau for a set X' of clauses. The essentially upside-down transformation
of T is the operation which transforms 7" into a tableau T such that

1. T’ is a solved tableau for X and,

2. for an sequence C1,...,C} of tableau clauses appearing in a branch in the
skeleton of T, there is a subtableau 7" in T" satisfying that
(a) the top clause of T is C and
(b) Ck-1,...,C1 occur in T” as tableau clauses.

Now, we have the following main theorem:

Theorem 2 (Size-Preserving Essentially Upside-Down Transformation).
In SOL and Connection tableaux with the folding up operation, the essentially
upside-down transformation is always possible for any branch in any solved
tableau. Moreover the size of the upside-down tableau is identical with the one of
the original tableau.

We shall omit the formal proof here, because the space allowed to us is
limited. Precisely speaking, in all examples shown in this paper, the original
branch does not involve the folding up operation. However, the same upside-
transformation is always applicable for a branch containing the folding-up with-
out any difficulty.

4 Application

In this section, we investigate some application of the upside-down transforma-
tion to some open problems in the research field of automated deduction.

4.1 Order-Preserving Reduction

The order-preserving reduction [I0] and the foothold refinement of ME calcu-
lus [I3] were proposed as remedies for redundant duplicate computations ap-
pearing in the Connection (or Model Elimination) calculus. The both methods
can eliminate, without losing the completeness, some redundancy which is in-
duced by contrapositive clause of a initial clause. Unfortunately, the allowed
and remaining tableaux are sometimes exponentially larger than the eliminated
tableaux. This is a serious shortcoming in practical automated deduction.
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Definition 8. Let X be a set of clauses, T a tableau for X and L a literal in
a tableau clause C' in T. Suppose that C’ is the origin clause of C' in X and
L' € C' is the literal corresponding with L € C. We denote L’ as L*. Given an
ordering < over the literal occurrences in X, the extension ordering <r for T
is defined as the ordering on the literal occurrences in 7" such that, for any two
literal occurrences L; and L; in T,

1. L; <1 Lj iff LZE =< LJE, and
2. L; and L; are equal in <7 if Liz = sz

The order-preserving reduction preserves the completeness of SOL tableaux

5.

Definition 9 (Order-preserving reduction [10]). Let <7 be an extension
ordering over literal occurrences in a tableau T'. A reduction step for a subgoal
L using an ancestor node N is said to preserve the extension ordering <r if the
literal occurrence L is not greater than the literal occurrence L', which is the
entering point of the tableau clause below N.

Let us reconsider the clause set X' in Example [Il and the SOL tableau T
depicted in Fig[ll We define here the ordering < over the literal occurrences in
X as follows: Let L and L’ be literal occurrences in clauses C' and C’, respectively.

1. L > L' iff the identity number of C is less than the one of C’.
2. if C and C are identical, then L = L’ iff L occurs at the left-hand side of
L' in C.

For example, the literal —goal in the clause (1) is greater than —goal in the
clause (3), and the literal =P in clause (2) is greater than the literal occurrence
—P appearing in clauses (4) and (5).

unit lemmas
~» Q-
folding-up /ﬁ —»P-. r?duction
\
Lo
- |
/
reZ:Iuc'tion

Fig.11. An SOL tableau compressed with the folding-up operation
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In the tableau T in Figlll the reduction for —goal in the clause (1) to the
ancestor literal goal in the top clause wviolates the order-preserving condition,
because the literal ~goal in the clause (1) is greater than the literal —goal in the
clause (3), at which the tableau clause (3) is entered.

The upside-down transformation without the folding-up operation can pro-
duce another closed SOL tableau T, already shown in Fig[Z] where the branch
of the tableau clause (3) to the clause (1) in Figlll is inversely transposed. In
the tableau T¢ in Figl2l all performed reductions satisfy the order-preserving
condition. Notice that no folding-up operation is applied in 7¢. Thus the size
of T¢ increases exponentially. This is a typical example of a serious drawback
of the order-preserving reduction and the foothold refinement [13].

If we apply the folding-up operation, then all duplication of subtableaux
can be eliminated. We can obtain the tableau TS, depicted in Fig[IT] with the
folding-up operation. Notice that the tableau T, has the exactly same size as
T in Figlll

Therefore, the following is an immediate consequence of Theorem [Il

Lemma 2. The order-preserving reduction does not increase the minimal size
of a closed SOL/Connection tableau if the folding-up operation is used together
with the order-preserving reduction.

4.2 Incremental Answer Computation

We studied answer computation in a multi-agent environment [6], where the
communication between agents is incomplete, e.g., answers/replies returned from
agents may be delayed and also be tentative, so answers might be changed at a
later stage. In such an communication environment, an incremental answer com-
putation becomes extremely important, because complete information is never
available before starting answer computation.

The use of answer literals proposed by Green is a well-known method for
computing correct answers [I]. A query — Q(X) is a clause of the form «—
Ly A -+ A L, where each L; is a literal. Let =Q(X) denote the disjunction
L (X) V-V AL, (X).

Proposition 1. [7] Let X be a set of clauses, — Q(X) a query and ANS a
new predicate symbol not appearing in X nor Q. For any disjunctive answer
QX))o V-V Q(X)0, of — Q(X), the following are equivalent:

1T EYQX)0 V-V Q(X)b,).
2. Y U{~Q(X)VANS(X)} = Y(ANS(X)0, V - -V ANS(X)0,).

Suppose that the production field P is the set of all positive literals of the
predicate ANS. Then SOL tableaux is complete to find out all disjunctive an-
swers provided that an appropriate clause is chosen as the top clause.

Now reconsider the incremental answer computation problem in a multi-
agent system. When new information P arrives at an agent in a certain stage,
the agent tries to compute an answer for a query @Q(X) which is related to



178 K. Iwanuma, K. Inoue, and H. Nabeshima

Top clause: Top clause:
—QX)VANS (X) P

—Q(X)VANS(X)

—Q(X)VANS(X)

Fig. 12. Two SOL tableaux of different top clauses

this new information P. In other words, the agent has no interest in computing
any answers irrelevant to the new information P. In order to achieve an efficient
answer computation, we have to investigate the selection problem of a top clause
in SOL tableaux. We have two alternatives for a top clause: one is the clause
P which is newly added to the agent; the other is the answer clause =Q(X) V
ANS(X) (see FigI2) B

The question is which form is better for efficient answer computation. In this
paper, we suppose that the search strategy of SOL tableaux is the ordinary iter-
ative deepening strategy which is very common in automated theorem proving.
There are several important factors to be considered in the search space.

1. The most important factor is the size of minimal tableaux each of which
produces a new answer being relevant to a newly informed fact P.
2. The second is the number of solved tableau irrelevant to a new fact P

The second question can be immediately solved as follows; SOL tableaux
with the top clause -Q(X )V ANS(X) quite often produces redundant answers
which are irrelevant to the new fact P, because there are lots of minimal solved
tableaux not containing any occurrences of P, in general. On the other hand, if
we use a newly added clause P as a top clause, then the solved SOL tableaux
must contain at least one occurrence for each of P and the answer clause, thus
never produce answers being irrelevant to the new information P.

Theorem [ solves the first difficult question. That is, Theorem [ clearly shows
that the size of minimal solved tableaux is identical for both cases of the newly
added clause P and the answer clause ~Q(X) V ANS(X) as a top-clause.

5 Conclusion

In this paper, we studied the upside-down transformation of SOL/Connection
tableau branch, and showed that SOL/Connection tableaux using the folding-up
operation can always accomplish a size-preserving transformation for any branch
in any tableau. This fact solves some open problems with respect to the order-
preserving reduction and also an incremental answer computation problem.

2 The both top clauses are admissible/complete for finding out all answers in SOL
tableaux.
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Abstract. In this paper we prove some properties of combinational pro-
grams which is an improvement of the results presented in our previous
work. We prove the derivation of loop-programs for combinational ones
by both event semantics and stability semantics. We give a normal form
for syntactically well-formed combinational programs, and show that for
them Dimitrov’s multiple parallel approach and Zhu’s shared store par-
allel approach are equivalent.

1 Introduction

The VERILOG hardware description language [4] has simulation-oriented se-
mantics based on events [I]. This event semantics can actually model detailed
asynchronous behaviour, but is too fine-grained and does not support formal
verification. There are some attempts to give operational and denotational se-
mantics for Verilog in [8] and [9] to serve as a formal foundation for understanding
and verification of Verilog programs. The first [§] uses shared store parallel op-
eration between threads and the latter [9] uses fully parallel operation between
them. They both capture a large class of hardware programs, but are too com-
plex for our purposes. To use standard software verification techniques, in [7] we
restricted ourselves to a small subset of hardware programs, and gave relational
semantics to the programs in this class. We considered a class of combinational
programs, which can model the behaviour of some kinds of sequential circuits. In
that work, for each variable in a program, we have to use an additional variable
called a signal variable for showing the change of its value. Therefore, the number
of variables may be large for a large program. To overcome these disadvantages
in this paper we introduced the stability control in term of variables, and show
that combinational programs are indeed loop-programs with stability control.
Then using relational calculus in [2], [3] we derive and prove some properties of
these kind of programs. We then show the equivalence of two types of parallel
operations for the subclass of combinational programs which do not have any
dependency cycle.

The paper is organized as follows: in the next section, we briefly recall the
definition of combinational programs and their relational semantics [7]. In the
third section, we introduce the concept of stability condition and stability con-
trol. Then, first, we prove that the stability condition and the stability control

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 180-{I34] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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are loop invariant for combinational programs. Secondly, we show that for them
the relational semantics and the stability semantics coincide. Then we can use
standard software verification techniques to prove the correctness of combina-
tional programs. In the fourth section, we generalize the definition of syntactic
combinational programs with no dependency cycle on variables, and improve on
some results in our previous work [7]. We give a more formal proof for the ter-
mination and uniqueness of the final states for these kind of programs. We also
show that for syntactic combinational programs the synchronous behaviour and
the asynchronous behaviour coincide. So, inside their atomic execution there is
no need for a clock, and threads can be connected arbitrarily with one another.

2 Combinational Programs and Relational Semantics

A sequential program is generated from multiple assignments and the SKIP
program by sequential composition, conditional and non-deterministic choice.
Global variables on index of the program are used to keep track of its execution.

Definition 1. (sequential program and index)

1. A finite sequential program is generated by the following grammar:
Se=H|v=F|8;8| S<b>5|85MS,

where
— II stands for the SKIP program, i.e., the program does mothing,
— v a vector of Boolean variables
— FE a vector of Boolean expressions having the same length as v and
— T a non-deterministic choice.
2. In sequential program, different assignments are indexed by different natural

numbers. Define
index(P op Q) =4 index(P) Uindex(Q) for op € {;,< b >,M}

For each Boolean variable, a signal Boolean variable is introduced to mark
the change of its during the execution. Combinational circuits are usually acti-
vated by some kinds of input changes. The input changes are shown by signal
rising variables and signal falling variables. An event control marks the change
of variables or program inputs, and is defined as a disjunction of their signal
variables and some expected kind of signal inputs.

Definition 2. (signal variable and event control)

1. The signal Boolean variable of a Boolean variable x is denoted by ~ x and
defined as: when x changes its value, ~ x =true. When x is a global variable,
the ~ x is a dimensioned logical vector, each its component ~ x[i] is used to
inform a change of x for the subprogram indexed by i.

2. An event control g(S) of a program S is defined as

— Let
e S be an assignment x := E with indezx 1,
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o © = (r1,...,2) contains those variables which can occur on either
the left or right hand sides of S,
® p1,...,p be those inputs which occur only in the expression E, and

e 1 p be Boolean variable expressing the rising of the value of input p
and | p be Boolean variable expressing the falling of the value of p.
— Define g(S) =g~ x1[i]V ~ z2[i] V...V ~ zg[i] VE(p1)[] V ... VE(p)[d],
where t(z) is T z or | z or ~ z or ff and i an index of S. The i'" compo-
nents of signal variables are used to keep information about changes of
the corresponding variables for the program S. So event control g(S) of
the program S shows there is or not any change of variables used in S
still triggering its execution.
~ Define g(PopQ) =qr 9(P)V g(Q) for op € {;, <1 b >, M}

Sequential programs are used to simulate combinational circuits. To con-
sider some properties of sequential circuits we introduce a parallel composition
of programs. Clearly, it is commutative, associative and distributed over non-
deterministic choices and conditional statements.

Definition 3. (parallel composition)

1. Parallel composition of two programs P and Q with disjoint index sets is
defined as

PlQ =4 (9(P) = P)M(9(Q) — Q)

2. Define g(g(P) — P) =4 g(P) and index(g(P) — P) =4 index(P). So
g(P|lQ) = g(P) V g(Q) and index(P||Q) = indexP U index().

By an appearance of the definition at most one of P or @) will be executed,
but its iteration simulates asynchronous parallel composition of them. Now we
deal with sequential circuits which are somehow synchronous outside and asyn-
chronous inside. It means that they are built from combinational circuits which
may have a feedback and are connected with one another in some way so a
change of outside inputs to the whole circuit can trigger its execution only when
it is waiting for supplying new input, but any change of shared stored level can
affect any part using it at any instant of time. The event control of a program
is used to repeat its execution. This is formalized in the following definition.

Definition 4. (combinational program)

1. Combinational program has the form Qg(S) S, where S = Py||P2]| ... | Pm,
and Py, Ps, ..., Py, called threads of S, are sequential or combinational pro-

grams with disjoint index sets.
2. Define g(Qg(S) S) =4 g(S) and index(Q g(5) S) =4 index(S).

If a change of some variable z makes ¢g(P;) changing from ff to tt, then we say
the new value of z triggers the event control g(P;), and the thread P; becomes
enabled.

In [1I] the behaviour of a combinational program with some threads is de-
scribed by an infinite sequence of simulation steps as:
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1. At the beginning of each simulation step a value for each input is supplied.
The new values of inputs may trigger some event controls. Corresponding
threads become enabled.

2. The environment chooses non-deterministically one of enabled threads to
execute.

3. The execution of a chosen enabled thread P;, which we call atomic step,
consists of following steps:

(a) Execute the program P;.

(b) Clear the event control to indicate that it has been used to trigger the
chosen thread.

(c) Broadcast the change over variables caused by the execution of P;.

4. If there are no more enabled threads, this simulation step terminates and
waits for the next input. If there is always at least one enabled thread af-
ter the execution of every atomic step, then this simulation step does not
terminate.

The behaviour of a simulation step can be modeled by an iteration of non-
deterministic choice of threads accompanied with some actions to clear and
record changes of variables. This internal atomic action of the executing thread
is called an event. The signal Boolean variable with index of executing thread
is set to false if the execution does not bring any change of the variable. At
the same time signal Boolean variables with all indexes of changed variables are
set to true to trigger all threads using them. In our paper [7], we provided a
relational description to it.

Definition 5. (event semantics) Let Q g(S) S be a combinational program with
n variables v1, . ..,v, and m different indezxes. Suppose that one of its threads P
has an index set I. Its event semantics with index set I is defined by

(9(P) = Pe1) =ar (9[P])"; (Pl prsevent(P, 1)),
where

1. The assumption b =qr 11 < b > T, where T is the miracle program, i.e.,
the program is impossible to carry out. Here g[P] is the assumption to start
the program P.

2. P|lprs@ represents the disjoint parallel composition of P and Q [3)].

3. Program event(P, I) is used to clear the event control once the thread P is
executed and broadcast the changes of variables caused by the execution of
P:
event(P,I) =4 Fvi,..., v, eresult(P) AVk:1<k<ne

~ vy, = (~ v, A clear(I)) V (bool(vi # v;,))™
where
— the bullet symbol means that bound variables satisfy a following state-
ment;
— result(P) is a predicate describing the program P, which mentions values
of its variables v1,...,v, before the execution and their new values after
the execution by the corresponding dash variables vy,. .., v!

n’
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— m is the number of different indezes;
— the Boolean expression bool(b) has the value tt if b is true, otherwise it
takes the value ff;
the m dimensioned logical vector (bool(b))™ dimensioned logical vector
has all component values of bool(b) and
— clear(I) is a m dimensioned logical vector such that
clear(I)[i] = ff if i € I, otherwise clear(I)[i] = tt
The program event (P, I) compares new and old value of every variable used
in P; if these values are same then it sets all components of this signal
variables’ vector with indexes in I to be ff, i.e., clears them; if these values
are different then it sets all m components of this signal variables’ vector to
be tt, i.e., broadcasts the change of the variable.
4. We use a denotation Pe 1 =qf (P|prsevent(P,I))

Now as in [7] we give a formal description to simulation step - an execution
of the whole combinational program from previous waiting and receiving new
values of inputs through its executing till to the next waiting. Indeed Simulation
step is an iteration of events executed by enable threads until all of them have not
been triggered. The program waits for new values of inputs and then starts the
next simulation step. Results of simulation steps give us external observations of
a program. A formal description of simulation step of a combinational program
fully characterizes it.

Definition 6. (simulation step) Let @ g(S) S be a combinational program, where
S = P|...||Q with disjoint index sets I,...,J, respectively. Define its simula-
tion step by the corresponding iteration of events made by enable threads

@Qg(S) S =aq (g(P)V...Vg(Q))*(9(P) = PerM...Mg(Q) — Qe,1)
or shortly

Qg(S) S =45 g(S) * Se and we also use a notaion Comb S =4 g(S) * S,
where g(S) = g(P)V ...V g(Q) and Se = g(P) — Py M...Mg(Q) — Qe,s.

For simplicity we omit variable’s declarations in this paper and suppose all
variables are global.

3 Combinational Programs and Stability Semantics

The actual behaviour of a hardware device available for an implementation of a
control system can be simulated by a program, and hence the same for the be-
haviour of combinational gates. This allows the correctness of a hardware device
to be proved by standard software techniques. Now we introduce the concept of
stability control of combinational programs, i.e., control is stable if variables do
not change their values and then we use it to check their effectiveness.

Definition 7. (stability control) The stability control of a combinational pro-
gram is defined syntactically as follows
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1. r(z := E) =g bool(x # E) or for abbreviation r(x := E) =g (x # E).
2. r(PopQ) =4 r(P)Vr(Q) for op € {;, M, [|}.
3. r(P<1b>Q)=0BATP)V(-bATQ)).

A stability control can be used as a test for a proper execution of the corre-
sponding sequential program. If the variables did not change, but the assignment
is still done, then there is no effect.

Lemma 1. If S is a sequential program with I = index(S), then

1. S=S< r(S) >1II
2. Se’[:Se,[<1 T(S) I>He’[

Proof. 1. Let S be an assignment x := E, then
S<r(S) >1II {P<b>Q=b—Pn-b—Q}
=r(S)—=SN-r(S)—1 {By Definition [T}
=rx#FE—z:=ENa=E—I {(t=E)";I=(x=EF)";(x:=E)}
=¢x#F—-z=FENe=F—z:=FE {b—>PMc—P=(bVc)— P}

=(@#EVa=FE)—z:=F {bV —b = true}
=true -z :=F

=zx:=F

=S5

Similarly for other cases.

2. Let Se.; = S||prsevent(S, I)), then
Se,[ < T(S) I>He’1

=7(S) = SesM—r(S) — I 1 {By Definition I}

7(S) — Se s M—r(S) — (| prsevent(I1, 1)) {-r(S)";S =-r(S)"; I}
{event(—r(S)";S,I) = —r(S)";event(I1,1)}

=7r(S) = Ser M —r(S) — (S||prsevent(S, I)) {By Definition [H}
r(S) — Al -r(S) — Se.1
(r(S) v =r(S)) = Ser
= true — S 1
= Se,I

The state of a program is defined as a vector of values of its variables and it
becomes stable with respect to a program, when its execution brings no change
of variables.

Definition 8. (stability) Given a combinational program CombS. Let VAR the
set of all variables and STATE: VAR — {0,1}.

1. (stable state) A state s € STATE is stable with respect to CombS if
(=r(S))s = true, where the Boolean expression (—r(S))s is obtained by re-
placing all free occurrences of variable x in —r(S) by value x in state s.

2. (stability condition) A stability condition c(S) for a program S is defined as
(a) If S = (x := E), then ¢(S) =g (—g(S) = —r(9)).

(b) If S =P op Q, then c(S) =ar c(P) A c(Q) for op € {;,<tbr>,1, ||}.
(c) c¢(Comb S) = c(5)
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If the stability condition of a program is its assumption, then it is waiting
for new inputs only at its stable state. The next lemma shows that stability
condition is invariant for an event executed by some thread of combinational
program.

Lemma 2. Given a combinational program Comb S = Qg(S)S. Let ¢ = ¢(S)
and S, = Se <1 g(S) > II. Then

T.q _ T.qr.
¢S, =c ;8,;cL

where L is the program responsible for a failure and the assertion c is defined
as c; =g II < ¢ > L. That means after execution of S, the assertion c is
achieved.

Proof. 1t is sufficient to prove for combinational program Comb S, where S =
P||Q. We use following abbreviation in the rest of the paper, when we deal with
a program S = PJ|Q.

s'=g(9) s =r(5)

P =g(P) p =7(P)

7 =9(Q) q =7(Q)

co=p —p 2 =q —q
= index(P) J = index(Q)

P =P, Q' = Qe,s

H] = eI and HZ He,J
I=@p —-1mIng - I)<s'>11

At first we show that event control p’ and ¢’ can be replaced by the stability
controls p and q: ¢"; S, =¢';(p — P'Tqg — Q') < s > II'. And then it follows
the invariant of stability condition.

e8! {Definition [6l}
=ci(p) =Png—Q)< s >11 {Lemma [}
T. / / / / / _
=c ;- P <pr)Ng —-(Q < q>I)< s >l{c=c1 Aea}
=clielieq; (P Ap— P'Mp A=p—II; T {es ANp' Ap=c1 Ap}
INg—=QNgN-q— 1)< s >II {eaNgd Ng=caNq}

=ci(p—=PNg—=Q NpA~p—IHNgANq—I)< s >1T
{s=pVq and by Lemma [ —p;IIy = —p; I}

=ci(p—>PnNg—Q)<as>p —HeyNqg — M. 5)< s >1II

=ci((p—PnNg—Q)<as>I')< s >1I {=&'T5 I = =s'T; 11"}
=cli(p—=PnNg—Q)<sAs I {cANsNs =cAhs}
=cli(p—PnNg—Q)<s> I {p—=P =p—Pip}
=ci(p—=Pip Ng—Qd )< s >1I' {p =p\;cL}
=c";((p— PleNg—QcL) {=sTi I ==sT; 105 -1 )
Qs >osy ;M el) {51 =-sy1;c1}

=ci(p—Png—Q)< s >1II');c,
=c'i Sl
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The stability condition is a loop invariant for whole combinational program,
too. A combinational program executes from a stable state to a stable state,
which have been proved in [6]:

Theorem 1. For any combinational program CombS with ¢ = ¢(S) and s =

r(S):

1. ¢";Comb S =c";Comb S;c.
2. ¢";Comb S=c";Comb S;—s,

Adding the stability control to the event control of a combinational program
has no effect on its behaviour as shown in [6]:

Lemma 3. For any combinational program CombS with ¢ = ¢(S),s’ = g(5)
and s =r(9):

c';CombS =c'; (s Vs)x S,

Proof. We have

cl; (s v s) xS, {(bve)*s R=bxR;(bVc)* R}
=c';s xS (s Vs) xS, { Theorem [II}
=c;8'xSlci ;s (s Vs) xS, {ci;ms| =cu1;8;-s1}
=cl;s' %8s ;81 (s'Vs) xS, {bi;e.=(0BANCc)L}
=c";CombS;(=s' AN=s)1;(s'Vs)* S, {-b;bxR=-b,}
=c';CombS

The stability control can replace the event control as a loop condition for
combinational programs. This loop program is really a software program with
no signal variables. From the stable state new input values are supplied and
the stability is broken. Next the simulation step occurs, it starts running and
continues the execution until reaching the next stable state.

Definition 9. (loop program) Iteration of a program S and its stability are de-
fined as S* =g v(S)* S and r(S*) =4 r(9).

A loop program is used to describe one simulation step of the considered kind
of sequential circuits as the iteration of events made by executions of the enabled
threads. Then the loop program fully characterizes the whole corresponding com-
binational program. Finally, hardware combinational programs can be derived
to equivalent software loop programs with stability control as loop condition.

Theorem 2. For any combinational program Comb S with ¢ = ¢(S) and s =

r(S):

c';Comb S=c";s%8
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Proof. Clearly

c';Comb S {Definition [6l}
=cls'* 8! {Lemma Bl}
=c’(s'Vs)* S {Theorem [II}
=clysx 8 (s'Vs)x S, { Lemma [2I}
=clysx8lcy ;s (s’ Vs) xS, {c1;78| =ci;8;-s1}
=clis* Sl ;s (s V) xS, {=s' ;s = (=8 A=s) 1}
=cysx8—(s'Vs)L;(s'Vs)* S, {-b;bxR=1}
=clysx S {Signal variables are redundant}
=c;s%8

Then for combinational programs the relational event semantics and the sta-
bility semantics are equivalent. Now we can use software techniques for formal
verification as in the next section . If in the simulation step of a combinational
program we give the priority of choosing enable threads to recently executing
thread, i.e., every thread or composition of some threads continuously runs until
it does not become enabled in execution of the combinational program, then it
leads to deeper results.

Lemma 4. Suppose Comb S = Comb (P1||Pz|| ... || Pkl ---||Pn) a combinational
program and Q@ = R to stand for the improvement ordering, comparing @) with
R (see [3]). Then

1. Comb S T Comb (Comb (Py|| P2l ... ||Px)|l---||Pn)
2. Comb S C Comb (Comb Py||Comb Pl ...||Comb P,)

Proof. Clearly by the event semantics of combinational program.

4 Syntactic Combinational Programs

The assembly of combinational circuits is subject to the constraint that the
output wire of each circuit can be connected only to the input of some other
gate, and that a chain of gates connected in this way must never form a cycle.
Partial order on variables ensures that the first occurrence of each output wire
name is on the left hand side of its defining equation, and that the behaviour
of the device can be simulated by executing the equations as a sequence of
assignments in a high level language. The constraint is syntactic checkable and
can be formalized.
At first we investigate the subclass of combinational programs, whose threads
are idempotent.
Definition 10. (idempotent program) A program P is idempotent if P; P = P
After execution of an idempotent program its state becomes stable. Clearly,
combinational programs have this property.
Lemma 5. Given any program P and any combinational program Comb S.
Then
1. The program P is idempotent, if and only if P = P;r(P).
2. The combinational program Comb S is idempotent.
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Proof. Obvious by Theorem [ and the law s % .S = s% S;(—s) .

If all threads are combinational circuits or sequential circuits which are sim-
ulated by combinational programs, then by the previous Lemma these compo-
nents are idempotent. So combinational programs with idempotent threads take
an important role.

Definition 11. (component-idempotent program) A combinational program is
component-idempotent if all its threads are idempotent.

In [6] we show that from an initial stable state component-idempotent com-
binational program with two threads can start from any component and follows
by another until it does not reach a stable state. That means in this case we can
eliminate parallel composition used in definition of a combinational program.

Theorem 3. Let S = P||Q, where P and Q are idempotent programs, then
c";CombS =c';Comb (P;QNQ;P)

Each gate has private input and output wires, and each wire has its separate
name. This can be formalized as follows:

Definition 12. (input, output variables) Given a program P in a normal form
of the parallel assignment (vy,...,v; := En,..., Ey). Define

Out(P) =df {1}1, RN Uk}

i.e., Out(P) is a set of all variables which occur on the left hand side of the
expressions of a normal form of P. We suppose that none of variables occurs
more than once on the left hand side of assignments of P.

In(P) =4 {vj|lv; appears in E;,Vi:1 <1<k}

i.e., In(P) is a set of all variables which occur on the right hand side of the
expressions of a normal form of P.
The pairs (v;, E;) are called updates of the program P.

Combinational circuits are connected via variables, output variables of pre-
vious circuits are include in input of next ones.

Definition 13. (precedence relation) Given a collection of programs {P;,i =
1,...,n}. Define a binary relation < on programs as follows

P, X P; if and only if Out(P;) NIn(P;) # 0
i.e., some outputs of P; are within inputs of Pj.

Naturally, sequential circuits are expected to terminate and behave correctly.
It is fine if these properties are syntactically checkable. Now we give a definition
of such class of component-idempotent combinational programs that all their
threads do not form a Precedence cycle and some of their threads may have a
feedback.
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Definition 14. (component syntactic combinational program) Given a collec-
tion of idempotent programs {P; | i = 1,...,n}, where Out(P;) N Out(P;) = 0
for all pairs of different threads. Then a combinational Comb (Py||Ps| .. .|| Pn)
18 called a component syntactic, if

1. The closure of the binary relation < is a partial order on the set {P; | i =
1,...,n} and

2. All non-minimal threads P; with respect to (=X)* have no feedback: In(P;) N
Out(P;) =0 and only its minimal threads may have a feedback.

For simplicity we always suppose that P; = P; =1 < j.

Definition 15. (syntactic combinational program) Given a collection of updates
U= {(vi, E;) | i = 1,...,m} and every update is used only for one of the
programs Py, Pa, ..., P,. Then a combinational Comb (Py||Pz]|...||P,) is said
to be syntactical, if

1. A combinational program Comb ((vy := E1)||(ve := Ea)||...||(vm = En)) is
a component syntactic, and

2. FEvery thread P; is constructed from some of these updates by any sequential
or multiple parallel or combinational compositions.

Given a component syntactic combinational program with threads in the form
of single assignments, i.e. given a collection of single idempotent updates with
no dependency cycle and only first precedence updates may have a feedback.
Then any combinational program reconstructed from them by some kinds of
compositions in some way is syntactical. We will show that a way, how threads
are built from these updates, does not effect to the final results.

Execution of a syntactic combinational program inside simulation step pre-
serves variable’s stability and their iteration brings the new variable to stable
states according to the associated partial order.

Lemma 6. Let Comb S = Comb (Pi||P2||...||P) be a component syntactic
combinational program. Then

(Ni<k=r(P) 5 Pj = (Ni<k—r(Pi)) T

1. s (Ni<e—r(Py)) 1, Vj.
2. (Nicj=r(Py)) "5 Py = (Nicj=r(P2)) T

bj
Py; (Ni<j—r(P)) L
Proof. Obvious by properties of a component syntactic combinational program.

If after each execution of single multiple assignment at least one of variables
becomes stable, then all variables will be stable during its iteration. Because
enable thread of a syntactic combinational program should be executed, then
every variable should become stable during execution of a syntactic combina-
tional program. It follows its termination.

Theorem 4. Any syntactic combinational program terminates.
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Proof. If there is only single component-thread (v := E) = (v1,...,vp =
E4, ..., E}p), then without loss of generality we assume that v; < v; = @ < j.
It follows that (v := E) = (v, := Ep);...; (v2 := E2);(v1 := E1). Then using it
and by Lemmal[f] (2) we have

-
i

T (v := Ep);...; (v1 := Ey);Comb (v :=E) {Lemma [ (2)}
1; (vp, == Ep);...;(v1 := E1); (v1 = E1)1;Comb (v:=FE)  {Similarly}
i
T (

vy = Fy Avg = Eg)1;Comb (v:=E) {Lemma [ (1)}
M<i<pvi = E;)1;Comb (v:=E) {Theorem [2 }

)
)"
)

Let n be a number of components. Suppose by induction we have proved the
theorem for fewer number of components and m be a number such that for all
combinations R of n — 1 components of the program: R™ = R™~ !, By first part
of the proof for any component P; let h; be a number such that P{”‘H = PZ“’
and h = max h;. Denote k = (m + 1).h. Then

c(S)";Comb S {Theorem [}
=c(9)";5*
=c(S)T;S*; 8 {By the assumption}
=¢(S)T; Sm+h, g { P, appears at least h times}
=c(9) ;8™ Py;...; 8™ Py S* {Lemma[6land P} = P}'; ~r(P1)}
= C(S)T; Sk; (—'T’(P1))J_; S*
=c(9)"; 8% (—r(P1)).L; S S* {Lemma[fl and P} = P};—r(P)}
=c(8)T38%; (=r(Pr)) 15 8% (=r(P2)) 15 8
=c(9)"; 8%k (=r(P1) A —r(P2))L; S* {By the iteration}
=c(9)"; 8"k (~r(P) A ... A=1(Py))1; S* {bi;e. =(0BANc)L}
= c(8) 158" (=r(8)) L57(S) S
=¢(S)T; 8™ (—r(9)) L

Lemma 7. A component syntactic combinational program terminates
Proof. Similar to second part of the previous proof.

In general different combinational constructions from single assignments give
differentially behaved programs as following example shows.

Example 1. Given two single assignments: x := p A =y and y := p A —z. Using
them we construct following combinational programs Comb ((x := pA—y)||(y :=
pA—x)) and Combd (z,y) := (pA—y,pA—x), where p is used as an input and z, y
as variables. In the first one we use the shared store parallel composition and in
second - the synchronous parallel or multiple assignment. From the initial state
with x = y = false and p = false the new value of input p = true will trigger
both threads of two combinational programs.
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1. In the shared store parallel approach the program Comb ((x := pA—y)||(y :=
p A —x)) terminates, but its final state is not deterministic:

— If first thread executes first and then second one: x := true A —false =
true and y := true A —true = false. The stable state (z = true,y =
false) is reached.

— If the second thread executes first and then first one: y := trueA—false =
true and z := true A —true = false. The stable state (x = false,y =
true) is reached.

2. In the multiple parallel approach the program Comb (z,y) := (pA—y, pA—x)
does not terminate. At first (x,y) := (true A —false,true A —false) =
(true, true) and then (x,y) := (trueA—true, trueA—true) = (false, false).
It does not reach a stable state.

Clearly, the behaviours of the two programs are not equivalent. There is a
dependency cycle on variables in two assignments.

But if a given set of updates is partially ordered by the precedence relation,
then any syntactic combinational program leads to the same result. At first we
show that component syntactic combinational program behaves like a sequential
composition of threads in order consistent with the dependency order.

Theorem 5. Given a component syntactic combinational program CombS =
Comb (P1||Ps]| ... ||Pn), where P, = P; = i < j. Then

1. ¢(S)T;CombS = ¢(S)"; Pi; Pa;...; P,
2. ¢(S)T;CombS = ¢(S)T;Comb (P,;P,y;...;P,), where iy, ia,... i, is
some permutation of 1,2,...,n.

3. c(S)T;CombS = ¢(S)";Comb (Pi|sPslls---|lsPn)
4. c(S)T;CombS = ¢(S)T;Comb (Comb (Py|...||P)|-..||Pn)

Where ||s is synchronous parallel composition of two output disjoint programs.

Proof. 1. Suppose P; X P; =i < j.

c(S)T;Comb S {Theorem [2I}
=c(S)T; 9" {Lemma [II}
=¢(S) ;8% (=r(9)) 1 {(anb)L =ayi;bi}
=c(9)T; 9% (=r(P1))L; (—r(9)) L {Lemma [II}
= ¢(S)T38%; (=r(P1)) 13 Pr; (=r(S)) L
=¢(S)";8%; Py; (—r(P2))1; (=r(9)) L {Lemma [}
=¢(8) ;8% Pr; (=r(P2)) 15 Po; (—r(S)) 1
=¢(9)"; 8% Py; Po; (—r(S)) L {By the induction}
=c(8)T; 9% Pi; Py;...; Py {By the termination from Theorem [}
=c(9)T; 8% Py Py;.. .5 Py, {By syntactical properties of Comb S:

(x:=ez:=g;x:=f)=(2:=g;2:= f), z not in g}
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2. We denote Comb Q = Comb (P;,;...; P, _,; Pi)
c(S)";Comb (Py;...; P, i P;)
=c(S)";(Py;...; Py, Pi); Comb Q {Lemma [61)}
=c(S)";(Py;...s Py Pi); (—r(Pr); Comb Q {Lemma [6[}
=c(9)" (P s Py s P ) (—r(PU) Ao A=r(Py)) L Comb Q
=c(S)"; (P s Py s P (—r(PO) A A—T(Py))L {Lemma [B(2)}
=c(S)5 (P Py s P ) (mr(PO) A oo A=(P)) 1 Prs Po; .. Py
c(S)T5(Pyys.. P, P Py Pos . Py {idempotent of minimal}
{(z:=e;z:=g;x:=f)=(2:=g;x:= f), x not in g}
=c(S)"; Py Py Py, {Part 1 of this Theorem}
=c(S)T;Comb (P ... || Pu-1llPn)
3. Clearly
c(S)T;Comb (Py| ... ||Pu1]|Py) {Part 2 of this Theorem}
=c(8)T;Comb (Py; Pyy;...; Pa; Py) {Pn;...;PL=Pills...||sPn}

=c(S)";Comb (Pi||sPls .. |lsPn)
4. Obvious from Lemma [Ml

Equivalent sequential executions of threads of a syntactic combinational pro-
gram are uniquely defined by their Precedence relation. It leads to its normal
form by a multiple parallel assignment.

Corollary 1. (normal form) Given a syntactic combinational program Comb S=
Comb (Py|| P - - . || Pn) with the collection of updates U={(v;, E;) |i=1,...,m}
such that v; X v; =1 < j. Then

c(S)";CombS = ¢(9)";(v:=F)
where F1 =df E1, Fk+1 =df E;H_l[Fl,...,Fk/vl,...,vk].

Proof. Clearly by the definition of a syntactic combinational program, every
thread P; can be constructed from some of these updates by any sequential or
multiple parallel or combinational compositions.
o(8)T: (vi= F)
{By definition of F}}
=¢(8) 75 (v1 = En); (v2 := Ba); .5 (g = BEg); ... (0m = Enm)
{Theorem [}
=c(S)T;Comb ((v1 = E1)||(v2 := E2)|| ... |(vk := Ep)| - .- || (vin := Ew))
{Construction according to P; and by Theorem [H}
=c(S)T;Comb (P||P|...||Pn)

So all syntactic combinational programs with the same collection of updates
have the same normal form by the multiple assignment. Then the effect of a
syntactic combinational program is based on the collection of updates with no
dependency cycle from which it is constructed but does not depend on a way how
it is built of. It follows for them fully parallel and shared store parallel coincide.
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Corollary 2. (equivalence of asynchronous and synchronous parallel) Given a
syntactic combinational program CombS = Comb (Py||Pz|| ... || P,). Then

c(S)";Comb (Py||Ps|... |Pn) = ¢(S)";Comb (Pi||sP:s .. |lsPn)

where ||s is synchronous parallel composition of two output disjoint programs.

5 Conclusion

The paper [I] describes an event semantics of combinational circuits so that the
execution of a combinational device, which is triggered by the change over its
input wires, will lead to a stable state. A well-designed sequential circuit always
terminates, and its behaviour is solely captured by the stable states. In papers
[6] and [7] the relational semantics to event and simulation step of some kinds
of sequential circuits is introduced where signal variables have been considered
in accompany with each state variable to keep information of its changes during
the execution. To overcome this disadvantage and fully use standard software
verification techniques in [2], [3] this paper presents stability semantics to these
sequential circuits and shows it is equivalent to the relational event semantics. We
examine some properties of combinational programs. We give more formal proofs
to some known results such that a syntactic combinational program terminates
and reaches unique stable state. The behaviour of a combinational program
depends on collection of updates from which it is built but not on how they are
combined if there is no dependency cycle on these updates. In this way the paper
presents their normal form and shows that for them Dimitrov’s multiple parallel
approach [9] and Zhu’s shared store parallel approach [8] are equivalent.

The author would like to thank He JiFeng for his valuable advises and
UNU/IIST for great support.
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Abstract. This paper introduces a tool that automatically translates a concrete
form of specifications into C code linked with BSPlib. The translation tool is rig-
orously developed with important safety properties proved. A LOGS specification
for Bulk-Synchronous Parallelism is a relation of an initial state, a final state and
some intermediate states. Nondeterminism and parallelism correspond to disjunc-
tion and conjunction respectively. Various advanced specification commands can
be derived from the basic ones. The translator checks syntax, freedom of commu-
nication interference, type consistency and communication dependencies before
generating the target code. Static analysis (including both static checkings and
translation) is presented in abstract interpretation. It is shown that a few laws are
complete for transforming any specification into a normal form. These laws are
satisfied by the abstract functions. We demonstrate the actual effects of the ab-
stract functions by applying them on the normal form. The approach has been
implemented using an object-oriented language.

1 Introduction

Bulk-Synchronous Parallelism [13] is a programming paradigm based on variable shar-
ing and global synchronisation. In BSP, processes are synchronised at corresponding
synchronisation commands issued by individual processes. Arbitrarily many local com-
putation commands are allowed between consecutive synchronisations. Most commu-
nications are delayed until the following synchronisation point at which their delivery is
guaranteed. Synchronization points partition the execution of any BSP program into so-
called supersteps. BSP has a simple model for complexity analysis. However the main
challenge still lies in parallel program development [12]. The following BSP program
consists of one superstep comprising two processes in parallel:

(z:=1sput y:i=x—15get x:=y+1¢sync) || (y:=2 3 sync)

We have omitted the syntax declaring x to be local to the first program and y to be local
to the second; put is a communication command that writes a value (calculated locally)
to a remote variable, and get is a command that reads the value (immediately before
the following synchronization) of a remote variable. Any communication is completed
at the following sync commands. Thus the final values of z and y are 3 and 0
respectively.

Traditionally BSP programs are developed in the SPMD style. One program is run
on multiple processors, each of which may process a segment of the input data. The

D.V. Hung and M. Wirsing (Eds.): ICTAC 2005, LNCS 3722, pp. 195-210 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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length and relative position of each segment in a large array must be calculated dy-
namically by the parallel program according the dynamic process’s pid. Such code is
difficult to write, as the size of the input data may not be exactly aligned for a particu-
lar partitioning method. Programmers must not only worry about the computation but
also the actual communications and the detailed partitioning. We try to develop tools to
automate these non-computation aspects of parallel programming in this paper.

Existing BSP implementations [9] actually allow MIMD programming. For exam-
ple, we can store different C procedures (as function pointers) in an array and use a sin-
gle program to call one of them according to the dynamic process’s pid number. This is
essentially MIMD programming: different processors run different program procedures
in execution.

A BSPIib-C program is a normal C program linked with BSPIib [9] that supports
several function calls. Command bsp pushr egi st er registers a piece of memory
to be shared for communications; command bsp popor egi st er releases a piece
of memory from registration; command bsp sync synchronises with other processes’
bsp sync commands; command bsp put sends some data from a local address to
an address on a remote process, and the communication is delivered at the following
synchronisation; command bsp get requests some data from an address on a remote
process to to a local address, and the data arrives at the following synchronisation.

Chen and Sanders [3] introduced an intermediate specification language LOGS sup-
porting MIMD program development in BSP and PRAM [7] styles. It makes explicit the
intermediate global states at synchronisation points. Communications are abstracted in
LOGS. A number of algebraic and refinement laws have been identified for the language
and applied to the reasoning and refinement of (data-parallel) matrix multiplication and
(task-parallel) dining philosopher problem. For a vector w of program variables, the
primitives of LOGS are commands on w taking n steps. The refinement of specifica-
tions corresponds to removal of nondeterminism. The following table lists the primitive
commands of LOGS.

(p),  m-stepcommand
P 5 @ sequential composition
P M @ nondeterministic choice (disjunction)
P U @ parallel composition (conjunction)
of recursion

An n-step command is written (p)  where p = p(w,wo, ..., wy_1,w). In it
each wy with k <n denotes the state at the (k+ 1)-th intermediate synchronisation
point. For example, (7 +1=2¢0=7 — 1 ); is a 1LOGS command in which the pro-
gram variable x is increased by 1 before its first intermediate synchronisation point
xo and increased by 1 again by termination. Another example of 0-step command
(T?+ 7% < 4), respresents a local computation without synchronisation, and the
final state of x is implicitly related to its initial state by an inequation. The sequen-
tial composition of two processes merges into a longer one in which the final state of
the first process is associated with the initial state of the second process, and then the
interface is hidden. No additional synchronisation point is inserted by sequential com-
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position. This reflects the fact that, in BSP, the sequential composition can be placed ei-
ther at a synchronisation point or between two consecutive synchronisation points. The
nondeterministic choice between two nLOGS commands is the disjunction of their in-
ternal predicates. The parallel composition of two nLOGS commands is the conjunction
of their internal predicates. More useful commands can be derived from the primitive
ones, including binary conditional, loop, repetitions, safety and liveness specifications.

A specification is concrete, if it is composed of only sequential and parallel compo-
sitions and a finite number of O-step commands, each explicitly expressed as
(W=f(w)),,and 1-step commands, each expressed as (w=g(w) A W=h(w,w)),
where f,g and h are expressions. The refinement from abstract specifications to con-
crete ones requires decision makings and is normally done manually [3]. A concrete
specification can be automatically transformed into program code. Chen and Sanders [2]]
studied the refinement laws from LOGS to a simplified BSP language. The method is
mainly suitable for manual calculation.

In this paper concrete LOGS specifications are directly transformed into MIMD
code for BSPLib in C. The resulting code has the appearance of a common SPMD
program. However the single main function calls different sub-programs (stored in an
array) on different machines according to the pid of the machine. In short, different
programs execute different commands during the same superstep and hence form a
MIMD program. Program code is generated for each machine separately. This allows
the translator to calculate the approximated values of some expressions (e.g. indices of
array access) for specific individual processes during the phase of static analysis and
hence results in faster and safer code. Compared to other code generation methods for
executable specifications, our approach does automate a few aspects of coding that oth-
erwise are difficult to write manually. They include the automation of inserting code
for registration/communication/synchronisation, pre-defined data partitioning and dis-
tributing, and individual process based safety and consistency checking. The resulting
C code is impossible to write manually, because for example the boundary constants
of the loops are already pre-determined (and safety-checked) by the translator for each
individual processor (resulting code whose length grows with the number of processes).

Before generating target code, the translator needs to check the syntax, freedom
of communication interference, type consistency and communication dependencies be-
tween processes. The methods are presented in abstract interpretation. Abstract inter-
pretation [56]] is a theoretical foundation of static-analysis methods based on deno-
tational semantics. For example, syntactical checking can be defined as an abstract
boolean function on program constructs. Code generation becomes an abstract func-
tion that transforms a program into a string in the target language.

Communication interference occurs in any shared-memory parallelism. It is repre-
sented as infeasibility and inconsistency in LOGS [3]], modelled as nondeterminism in
most BSP semantic models [2)8], and implemented as runtime exception in BSPIib [9].
It is possible to check communication interference for basic LOGS specifications stati-
cally. Advanced commands such as multiple parallel composition and loops may require
some degree of approximation (see section[3)).

Traditional type systems are founded in proof theory and defined with inference
rules in the style of operational semantics. Cousot [4]] showed that types can be checked
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using abstract interpretation. Simple (stateless) type inference rules directly correspond
to abstract functions on types, which can be regarded as abstract values. If type infer-
ence rules depend on the context (i.e. the state of the type checker), it is still possible to
encode the context as an argument of an abstract function.

How do we know that the definition of an abstract function is appropriate? Normal
form is a widely used technique in relational/predicative semantics [10/11]]. Under some
algebraic laws, the syntax of a language may collapse to a normal form. This is known
as the completeness of the laws with respect to the normal form in algebraic semantics.
In this paper, we try to demonstrate the effect of an abstract function by applying it to
the normal form of LOGS specifications and calculate the result. This suffices to show
the effect of the function on every specification, if every specification can be reduced to
the normal form, and the abstract function satisfies the algebraic laws.

1-step LOGS commands (those containing only one global synchronization) repre-
sent stepwise design of both PRAM and BSP programs with synchronisations, while
0-step commands is a specific characteristic of BSP’s local computation without syn-
chronisations. Here, we use two special 1-step commands:

)] = (pAw=1), early transition
(pANw=w), late transition.

An early transition (implementable with bsp put () ) is a 1-step command that may
change state before the synchronisation point but maintains a stable state between the
intermediate and final states. For example, the specification

(=Y +11U [y =7 —-1] (1)

is a parallel composition of two early transitions. The values of x and y are changed
at the synchronisation point. The new values remain unchanged in the final state. Most
numeric computations with data parallelism can be characterised with early transitions.
A late transition (implementable with bsp get () ) keeps a stable state up to the syn-
chronisation point but may have a different final state from the intermediate state. Other
processes can access a process’s initial state by observing its first intermediate state at
the synchronisation point. This is particularly convenient for task-parallel computations
such as the dining-philosopher problem [3].

A concrete 1-step specification (z=g(7) A T =h(z,z)), can always be trans-
formed into the sequential composition of an early transition and a O-step command
with a fresh temporary variable y: [Z =g(T)Ay =] s (¥ =h(T,%)),, or
similarly, the sequential composition of a 0-step command and a late transition. We
deal only with early transitions in this paper, although 0-step commands are already
implemented in our translator. The inconsistency in the original concrete specification
can be detected automatically, subject to a certain degree of abstraction (e.g. the abstract
interval analysis of array indices).

The LOGS translator is implemented in a highly flexible Object-Oriented language
language called FLEXIBO [1]. Although FLEXIBO is untyped, it simulates the
behaviours of types, allows ad hoc user-defined types (as objects) and checks type
consistency in runtime. Program constructs of the language can be inherited and ex-
tended for translation from a given source language (e.g. LOGS) into a more efficient
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target language (e.g. C/C++). Runtime checkings (e.g. type checking) performed by the
FLEXIBO program actually become static analysis for the source language. For exam-
ple, FLEXIBO’s if-then-else statements are objects of a class called
SenBi nar yCondi ti onal .Pre-defined methods such as evaluation and printing can
be overridden in its subclasses. When a reflected program is evaluated, user-defined
evaluation method instead of the pre-defined method will be invoked. FLEXIBO pro-
vides a platform on which various static-analysis methods can be systematically devel-
oped in an Object-Oriented manner.

2 Translation of Basic LoGS Commands

2.1 Syntactical Checking

FLEXIBO is essentially free of syntactical restrictions. For example, the operator
F1 # F5 represents a method invocation of F; with argument F5>. F; and Fb can
be arbitrary expressions. Even an expression like 1# 2 is syntactically correct, al-
though its evaluation would generate a runtime exception, since the integer 1 cannot
provide the service of a method. If we ignore syntactical restrictions for priority order
and parenthesis, FLEXIBO’s syntax is completely flat:

Fu:=F|F|F3F | if FthenFelseF | earlyF | FQF |
after F=F |F+F | FAF | -F | beforeF | z | v.

The program operators are, in order, the parallel composition || (MIMD parallelism),
sequential composition § , binary conditional i f - t hen- el se, early transition, logi-
cal and ® between internal predicates of early transitions, internal predicate in which
after I stands for the final state of an individual program variable F’, arithmetic plus
+, boolean and &, boolean negation —, initial state before F' of a variable F, pro-
gram variable € X’ and constant value v € V. Note that we have listed only the basic
program constructs used by LOGS. The operators -, A and 